
Er-:SE:\!,\NZA I<EVISTA \IEX1CANA DE FíSICA -l-l (:'1513~.':¡21 ()CTUHR.E ]9l)X

Inhihition oí' two-stream plasma instabilitics due to therlllal prcsslIIoc gradient

Carlos 1. Mcndoza ami Marce!o del Castillo-MlIssot
II/.'íritU1o dc Fúica. U"il'C/".üdad Nf/ciOfWI,\U1tÍflofl/O dc Mé.\ico

Apor1ado ¡u)s1al 20-36-1, 01 ()()(J '\/t>.rico. n.F. ,\/e.rico

Recibido el 19 d~ f~brcr(l de 199X:aceptado el I tk julio de ItJlJl';

\Ve prescnt a sllldy (Ir th(' r1asm<l inslabilitie:- in •• :-yslem l'Ollsi.sling of Iwo IlHHU:lllyllllerJX'll~tratill~ plasma Oc,lms. taking inlo ae<:OUIlI
lhe ~ffel'IS nf the thermal pressurc gradielll in tllWof thelll. \Ve discus:- how this gradiellt may de.slroy tl1ese instablJitics. Abo \\ie indude a
derivation 01"the díspcrsion rclalioll rOl" this sySICllland a cOllllllonly used nitni:l tn c1:lssify insl:lhilitics.

A'1'.nnm/.\': Plasma waves: two-slream instahilitics

I'resCIlI:UllOSun estudio de las inestahilidades d!.:rlasma en llll sislema qll!.:l'tlllsiSI!.:de dos pla",ma", Illullw.rnente intcrpcnetralllcs. tomando
en cuenta lo'; cf('t.'lns dd gradiclllc de presión térmica en llllOde ellos. Discutimos C(¡I\lO('sIl' gradiente puede destruir estas iIK'stahilidades.
Inc!uimo", tilla dcriv;lciün de la relación de dispcrsiún para l'",lc sislema a",ínllllo un lTill'lio conllínlllclIle usado para l'lasiticm las inestahili-
ddl!e",

f)¡',\'("I"i¡IIOI"I'S: onu as de plasma: ineslahilidadcs de dos corrientes

PACS: 52.J5.-g: 52.J5.Fp: 51.J5.QI.

2. Dispersiull reiatiulls

whcre O is lhe electric displacelllenl vector anJ p •.xt is Ihe cx.
ternal charge dCllsity. Thc lllosl gencral linear rclation iJmong
Ihe L'!cclrir displacclllcnl tic Id amI the tOlal electric licld is a
rCl¡¡Iioll of the rOl"lll

lhe l\\'o-slrealll plasma syslem dispersion rclaLion including
the thermal pressure gradicnt tenn and discuss quantilalivcly
ho\\' lhe inswbi1ities may he suppressed hy choosing appro4
pri,lle vallles J"nrt!lis lerm.

( I )

(2 )v. O = 41T(J"xt .

.{~dt' /dl"f"o(r.t:r'.t')E{J(r'.t'). (3)/J" (r.1)

Lelus discllss Ihe prohkm ol"cJectromagnctic wavc propaga-
li(lll and Ihe corrcsponding ¡!ispersion rclations. The variahles
in our prohklll (as for eX<lmple Ihe lield inlensilics) may he
exprcsscd as flllKli(lllS (lf Ihe spatial coordinales l' <Imllime f .
LIJ:ilis, as ('¡(r.I). Iflhe Illl'dium is homogeneolls in l' ami t,
onL' proceeds lo lo~,k rOl' solutions nI' Ihe fonn

\\'hich are pLJI1L'IlHJn(lcl1romaLic \I/aves.
Olle nOI"lIl:¡lly finds lhal solutions 01" type (1) may e.\isl

only ir ..••, and 1.. are approprialcly rcJaled. The eqllatioll which
delcrmincs penllissihlc I"e!alions is kllOWIl as lhe "dispcrsion
relalion.'. In lhe case of longiludinal clectroslatic waves prop-
agalill~ in a lIlcdiulll. the dispersioll rclation can he found
J'rolll Ciallss law.

1. Illtmductioll

The propagalioll 01' elcclromagnelic ami plasma w¡¡ves in
e(llllplcx media has heen a topic 01' intcresl in Illany hral1ehes
of physics. The \vide variel]' 01' possihlc tccllllological appli-
GltiOllS ami also Ihe rieh amounl nI' hasic physics irl\"ol\'cd
in lhese phelloll1entl has Icad 10 sludy thelll deeply and con-
stanlJy Ihrollgh the years [11. It is COll1JllOIllo deal wilh waves
whose amplitudes decrcase 01' remaill constant as Ihey prop-
agale. Ilowe\'cr, lhis is Iwt always lhe case since there are
.....ystems in which waves may grow as thcy propaga le. For cx-
:lI11ple. one 01' Ihe lllosl studied syslcms which may exhihit
t!lis kind 01' hehavior are plasllla streams ancJ particularly thc
case 01' 1\'/0 lTllltually inLerpenetrating plasma streams [2-1:q.

A thorollgh lJlldCrSlanding 01' the clectromagnetic w<lve
propagalioll in plasma systems rcquircs a dynamical descrip4
lioll uf Ihe chargc carricrs. suth as tlle simple hydn'dynamic
lIlodLl. In Ihis mmh:1 (lile includcs. bcsides Ihe elccln>llIag-
nClic ílnd dalllping forces acting 011 a carricr. Ihe force due
10 the c ••rrier thermal pressure gradient. This pressurc has
heen sho\\'n lo have an impOrlanl role in semiconductor hct-
eroslfllclures 11.1.-11. Since the thcnnal pressllre gradient has
not heen discusscd in delail rOl' (he lwo-slre<lm systclll. lhe
purpose 01' this paper is lO invcstigate in dctail ilS elTcels 011
the syslelll. For Ihis purposc. we procced in the followillg
way. First. we introduce lhe hasic rramework hy prescnting
a short derivation nI' (he dispcrsion relalion for longiLudinal
normallllodes 01' the eleclric liclt!. Then. we present wavc ill-
slahilitics hy classifying waves according 10 their spatial ami
lemporal hehilvior ami we choose (lne of the simplesl crile-
ria lIscd lo decide whclher ;¡ solulion 01' lhe dispcrsioll rcla-
lion correspollds to an instahilily 01' no!. Finally. \ve derive
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I :l( jI! RE l. \\';lVC pilckct cOllt(lUr~ U( JO. t) fOI";1cOllvcctíve ill~tahi 1-
Ily in (lile dill1Cll~iol1. U. f. and .1'are tlle constanl paralTlell'l"~ in
p:lI11'I\(a\. (h) ;1m!(e) fespectívely (aftel" PO/IlL'1:t[¡GJ).

fIlm'es lhrollgh lhe lllcdiulll. 13ul ir inslL'aJ 01' Lhis impulsL'
WL'pcrturh IhL' samc IIledilllll wilh a stcady-state oscillalillg
sOllrcc which is spalially localizcd, l!len \\'c CXPCCLto see
il qeady-slale oseillatinn nI' the I1lCtliUIIl at any fixcd poinl
hUI (he \\'a\'e fmm shows an cxponcnlial growth in amplilUdc
;1\ Ihc W;\\"l' propagatcs awa)' from lhe souree as showlI in
Fig. 3<1.This Ilscillation can hl: descrihed as a Wi.WCwitll real
rrcqUL'llcy....,' huI cOlllpleX ,; \vhich is precisely an alllplifying
\\,l\'L'. 011 lhe olller hand, to conslrucl lhe cOllveelivc W;¡\'L'
p;lch:age showll in Fig. l. il is ncccssary lo havc a sllperpo-
\itioll or wavcs with SOIllL'01"lhcrn heing alllplilicd. In holh
r<lSl~Slhe I1Il:diulll is Ihe sallle hUI lhe inilial conliilionsare dif-
krel1l. Therdore. a lllediullI lhat supporls amplifyillg waves
Illay exhihil conveclive inslahililies. 111other wonls, lhc slatc-

FlliUUE 2. \\'a\'c P:K''''l.:!l"Iln!our~ U(.,.. t) for an nbsolute ínslahiJity
in !lIlC dlllleJl.\ioll. l'. f. ;lml ," ¡¡re (he cOllslallt paramelcrs in P,IIlCls
(al. (h) ,1lKI(e) I"C~IWl"1ivcly(artel" I\vhd;¡ 11G]1.

IllL'nt Ihal lh~ syslclll SUPP0rlS amplifying waves is synony.
1ll0US wil!l lhe slalclllt:nl lhal Ihe syslclll cxhihils cOllvectivc
inslahilitics.

At Ihis poil1t. il is Ilccessary lo clllphasil.c Ihal Ihe si gil
01"lhe illlaginary pan 01' /; cannol he Ihe critcrion for distin-
gllishing hL'(wCCII :llllplifyillg and evanescenl W;Jves. This i~
dlle, in par!. hL'C<lUSl';¡change in lhc sellse of propagalioll 101'
a giVL'1ldircctioJl is equivalcnl lo a change in lile sign uf 1.:.
NonL'll1clcss. IIll'rc is ;1 llIore suhllc reason lhat arises \vhen
hOIIJ..•.: and 1.. arc complc.\. In order lo scc Ihis poinl let liS
l.tlllSidcr lhe \\';l\'C he!lavior of a localil.cd oscillaIOI)' sourcc
whosl' ;ullplitudL' grows cxpollelllially in lime. Ir l!lis grmvlh
is nlll very rapid, the rllm\ (lr lhc curve is similar ti) lhal shmvn
in I:ig . .'a. But ir Ihe i.llllplitudc 01' Ihe oscillatory source grows

kiT. ¡\lc.\'. F/.\, -t-t (5) ( IlJlJX) 513-511
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/\-n
. \/',ource V ,

",herc /', i... lhc collisinn frequelll'Y. E ,1I1d B are Ihc lolal
ek'ctric and IIwgnclic lields in Ihe po",itioll nf lhc carricr. and
\""P, is lhe l'kl'lron thl'rJllal pressurc )!radicnL

Ir \\'1.' ,.11\'cunsidcling 1\\'0 plasma heams willl charges 01"
[he same ",¡gn alld abo l!lal the sy,[em is eleLlricall) Ilcutral.
"in Ihat Ihere is no cleclric lield in Ihe 1I1lpcrturhed stale. Ihcll
\Ve sl10llld assulllC a 1I1liftH"lllc!largl'd hackground wilh cllarge
nf opposile sign of !Ilat 01"lllc oeams:

(al lo) ( I~)

I~J(;lll~J,3 SpaJi:llly IllCalizcd oscillatory sourcc with (a) COllst;lIlt
;llIlplillldl', lb) r,¡pidl)' ~rowil1p:amplitude.

anl! 11;: and /11, are lhl' (cl1nstan¡) lknsil!' and cllarge 01' lhe
hackground. rl'SpCC[iH'ly. Th.:rcfore. Ihe {lnl! eicclric l1eld i..•
áE amI il ,,,lislics (i;IUS'" la\\' ¡I'-JI:

.ineariling Ihis equalion \\'e can \Hile lhe equalion 01"mo[ioll
ror [he perlurha[ioll áv.,:

where we \\'I"ole f1.~ :::::: I~~I+ t5I),. wilh r)~1lhe unpcrtmhed
elcclron prcssllre.

'1'0 complele lhe syslclll of eqllations it is Ilcccs ...•ary [o ill-
elude Ihe cOlllinuilY equali()ll ...•

1I is also supposed Ihal lhere is 110 lllagneliL' licld in lhe 1111-
perlurocd sIal e amI lllal Ihe Illagnl'lic lields produL'ed hy Ihe
carriers C<111be negleclcd, Finally. ir \Ve disrcganl collisiol1s
(I',~ = O). IbL'n Ihe transpon equalioll 01"an averagc carricl" in
lhe slrcam ...•can hl' \\'rillen as

( 161

( 17)

( 15)

\ ¡)F'..
I/I.~II~.

'\ f',•

~I)E-
111 .~

.2..::...-E -
111,

¡)v, 1)- + (v '\)v =nI " ,.

¡),)v,
---¡¡¡- + (\", . \"")¡) \",

4. Wavcs (In plasma strcams

in líJ1ll' ",unicicnll)' rapid, Ihe ampliludc (lose lo Ihe somcc
l',1I1h: Inade largcr Ihan Ihe amplitude far I"mm lhe SOU1Te-
Ilw lillkr ha\'ing gro\\'n oecause or IhL~cOllvcclive inSI;¡hilily
(1\ a IlllKh lo\\'el" starling leve!. 111Ihis \Vay Ihe spalial gradient
(Ji" [he ;ulIplilUdc can be rcversed. corn~spollding lo Ihe rever-
salol" [he imaginar)' pan of 1,' as shown in Fig . .3h. \Vilh this
beis in Illind. \\'e can [!link 011a procedure 10 Jccide whcll1er
a SOllllioll tlr 111l~di",persion rclalion with rcal ../'.:ami cOlllplcx
1.. COITL'sponds to iln ins[ahilily or lo an cvancscenl wave; first
\\'c laKe ,-,-'",ilb a Jarge posilivc imaginary par!. corresponding
lo gro\\'[h in tilllc 01' the \\'a\'e amllhen lcllhis imaginary par!
lClld ItI/CI"O. Ir inlhe process Ihe imaginal)' part ol' lo changc..-
...ign. 1!le11(he syslelll is conveclively unslahle, There are olhcr
pnlCl't1urcs [o f;nd oul ir a soluliull uf Ihe dispersion rela[iolls
l'lllTL'SPOlld or nol lo an inslahilily, for example, Slurrock dc-
sl'ribc'i a lTileri<l [:! I hased 011;¡ cerlain diagram 011cumplex ~.
pl;ulL' IlJal can hc conslrucled from kllmvledge of lhe dispcr-
..-ion relalion. Sincl' lhis crilcria can he diffkult lo apply we
havc dlOsell Ihe crileria descrihcd aom'c due to ils silllplicity.

\Ve pn1ceed [o ohtain Ihc dispcrsion relalions I"or ;¡ 'iyslem
ctlnsisling 01" two Illulually inlerpenetrating plasma heams.
\Ve do [his hy considcring each plasma heam as a chargeu
tluid formcd 01"¡1Il speciHc lype nI" chargcd p:nticles desig-
nalcd by ..•(= l. :!). Partirles 01' type ,'" have mass l/l .•, and
charge /1.,. \Vc ",ill assumc Ihal in lhe ul1pcrturhed statc, lhe
density and velocilies 01' species .-;are n~and {I~. In prcscllcc
pr;¡ pL'nurhalion, lhe densilY and velocity 01"carrier ..•are

and

1,,, = II~ + t5 n,' .

v., = v~~+ t5 v s .

(1 1)

( 12)

0/1 ,¡¡¡+'\'(H,v.I=IJ. (IXI

These can ¡¡I...•o be linL'ari/.ed and writlen ror Ihe tluc[ualiolls
(Ir L'arrier dL'llsity

¡Mil.. (J • (1Df + v" . \()II .•..+ 11.,V. ¡)vs = (), (llJ)

Carrying out a Fourier analysis 01" lhe equalions of mo-
[ion, lha[ is. looking 1m planc-wa\'c snllltions solllal lhe tir~t-
orderquanlilies vary liS (lxp(i(k ' r-II'I)],lhe lineariled Huid
eqllaliolls IEqs. (15 l. ( 17) anl! (1l.J) Ilakc lhe form

Thl' lIlotiOIl uf an average carricr in slrcam 8 is givcll by
,he Iranspor1 cqllalioll

ih'. 'f. ( ,1 )-,'JI +(v,,'\)v.=-' b+-v,xLl
. 1/1" e

v fl.~
- ---o -IJ,~ V8 ' (13)

I/I.,its

"nd

fi.,,, .)ikáll.,
-1', -¡le--
111" .•.. II~

(20)

(21 )

(22)

Re\'. /14('.1. ¡:'\'. 44 (5) (11)l)H) 513-521
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In writing Eq, (21) il was Ilcccssary lo simplify lile pres-
sun: lerlll. Ihal appcars in Eq. (1 J). which \Vas writtcll as

Comp~lring lhis clJlIalion wilh Eq. (6) \Ve can identify Ihe 1011-
gilUliillal dil'lL'ctril' rUllClion

l' = 1'0('.'.::)'=
" II~

.'" p~)+ ál'.,. (2.1) "'-'inc,(k.w)=I- .,
[( k 0), j""']",-'- ' . vI - f i fl'-

Thererorc. ir \Ve are looking for longituuinal modes nf the
SyslCIll (E par~lIkl lo k 1.WL~musl !lave

when:

'Yr2áf\ = --,-) (5f1,~.
11 "

Then,

(24)

.,
u.J¡;2

[(w - k . v'~)'-d.;k'], ,

(29)

'\/1, = vál', =

Ir \\'l' deline Ihe l.:o11slant /3; so that /1.= = I P2/'11I! 111" \Vl'
arri\"l:. lina!ly. 10 lile simplilkatioll nccded lo wrilc Eq. (21).
,i! depends on the propertics of lhe eleclron gas. for c.\alll-
piL'. if \••..c arc considering a semiconductor at zero Kch.in de-
~lees lhen lhe clcctron gas is highly dcgellcralc, Ihe exponenl
1 = .',j:l ¡¡",I

1. (301

\\ilh ~~F Ihc 1I1lpcrturhed Fermi cnergy. alllJ I'SF the ferllli
wl()cily. 011 the olher hand. if we are dealing with a c1assical
Holl/.lllanl1 eleclron gas, Ihcn

(.1.1 )

(.12 )

(.14 )

-1.

- .,
()'

(- ,.)' 'J""=1...4: - l. - ,. -".-

.,
..uJ~J

(~' - ,'~k)' - d;k'

_ .¡., 1 ••.., I'rt>/' = - - -- --~~- l. - I'~ k - c~.

1
-:-:;-+
~"

.,
u':'~1-+
•..•..1

Introducing a "llormalized ph¡¡se vclocily" dctlned as

\vllere wl'" = /.J¡rlJ.1n2/JII .• is Ihe plasma frequellcy 01'
slrealll ...•.

Dispersioll relalioll givcn hy Eq. (30) is a ver)' genera]
one in Ihe scnSl' tllat \I,:e Illay han.' arhiIrary vclocilics v? and
v~ (hllt ofcour.se ill the llon-rc1alivislic limit). As pointed out
hefore. \Ve call choosl' a reference syslcm in which olle orIlle
vclocilies hCl'0l11eS zel"O, thal is. \I,'l~consider a plasma healll
llloving through a plasma al rest. Also, for the sakc of silll-
plicity, \Ve arl' going lo considcr onl)' wavcs \Vilh wave vec-
lors parallcl to (he velocity 01' lhe strcam and that lhe plasma
al res[ is "cold", Ihat is. thc pressurc tcrm for this plasma is
zero. Thercforc. lhe dispersioll relation for this simple case
hecolllcs

whcrc 1\,> is lhl' phase velocity \Ve can write an allcrnath.c
fonll 01' Eq.(J2):

In order lu silllplify the notalion, il is convcnicnllo introduce
lhe dilllellsionlcss.' variahles (,2 == ;,;.,'"1. /:.....,1 al = (IJ/,'O)'

1'2 1'1" - "2'

.:..' == '-'-"/'-'-'}II' and k == ¡'1k/:.J,Il. Then.lhe dispersioll relalion
can be simply wriucn as

(26 )

(2X)

(27)

áv"

willl !tu lhe Bo1tzmann constant, Ts lhe tcmpcrature 01"Illl'
gil.';' and V;T lhe rool mean square vclocity. These expres-
sions changc slightly whell we considcr a frcquency regilllc
l11lJch highcr lhan Ihc collision frcqllcllcy. In Ihis C:lSC. lile
(lile dimcnsional nalurt.' 01" lhe oscillalioll is mainli.¡jncd and
lhe acouslical vallle ') = 5/3 rOl' i.lgas of particlcs with 3 c.,-
lerna!. hulnot interna!. dcgrecs 01"frce<.lom is nol valid. Silll'e
-,= (11/ + '].)/11I. where /JI is thc Illlmhcr of dC2rces of free-
dOI1!. \Ve have ~, = :~and d; = ;lI';.¡:J ror lh'-e dcgellcrale
clL'l'Il'On gas and /1.; = /1;. ror lhe Boltl.l1lann gas.

Equalions (21) and (22) Icad lo Ihe follO\ving expressiolls
lúr lhe vcloeity and dcnsily perlurhalions:

(
T1IstJ~ )

i /I.~E - --0-811 .•ik
"s

11/ .• (..u - k . v~)
iJl~q.'jk ' E

111.,[(..u - k. V~~) 2 _ rJ;k"2]
SlIhsli(Uling Eq. (27) inlO Eq. (20) and ordcring lerms we gel

[
' "o,}' ),k.El-,j7r¿ " =11

,~, 1/" [(w - k. v~)' -IJ;k'] .



~IX

5. Ih'slIlts allll disclIssiun

~.I. (.01<1 ht.'am

CARU)S I ~1Ei\DOZA Ai\I) ,'IAR( 'LU) 1)EL CASTlLU )-M !JSS( rr

]-'jIS!. \\'e are ~oin~ lo L'xhibil IIlL' possibilily 01' inslabiJilics
~'\llll;lí I1l'd i11I:q. (3..J.) ignoring lhc elTec(s {JI"thermal prCSSlll"L'
~radil'l1l ( ¡= O). \Ve L'an do l!lis by lIleans 01' a simple graph.
Fi~. -~a sho\\'s Ihe lert hand side (LHSl 01' this cqllation. As
\\l' L';lII SL'L'.thc curvc pn:scllts 1\\'0 ¡mies (ICros 01' Ihe de.
11tllllill;\lllrs) locali/ed al the points I\~= (l. ami I\~= 1.
TIlL' l"i~llI hand side (RHS) 01' Eq. (.'4) is plotlcd as hori/oll-
I;d lillCs. ThL'SL' Jines inlersecl lile curve al dilfcrcnl poinls:
\\ 1ll'1lI,,! l,lkes \'alues aboye n:rt¡lin critica] v~llIC labeled I,},
Ihe hmi/{llllallilles Illeet lhe cm\'c in four poinls. This rcprL'-
Sl'l\!s four W;l\'es IIla1 pmpagale wjtholll gmwlh or decay. hui
\\hel1 1,'".!lakL's\'alucs helo\\' l:;. Ihal is, when the hori/olllal
lilll' lies jll 11ll'shaded regioll. il crosses the curve in jusI I\\'{)
pllillls. i\'íl\\". Eq. (3..J.) is a h)lIrtl1 urder cquatioll in 1\, and il
lid'.. I"l';¡ll'oL'!'liL'icnts. Ihcn there Illusl be four solutiolls lor /', ..
llil'rl'lorL', 1\\'0 (lf Ihe solUliolls lIlllSt he a complc\ conjugalc
p;llr nllTL'sponlling lo COIllP!cX rreqllcncies. olle or (hcl1l rcp-
resel1\s a molle that g:rows cxponclllially in timc. and Ilencc
íllslahilily'.

5,2, \\'an11 heam

o .,

, (l=-l)..\

lo)

v.

v.

:'\1\\\' \\'l' are ~lliIH! lo il1\'esli~alc lhe clTccls of takin~ ¡nlo ae-
l'UlIlIIlllL' lhc~-llIalprcssurc g'-radiclll (crin (a f:. O) .. fhe polc ...•
(111l1l' ctll'\'e in !hi..; easc an:: 10calil.L'd al Ihi..::poinls 1-'0 = (J.
;1I1d/'" = 1 ::f: ,j as ean hl' :-ccn from Eq. (34 )._Sevcra] pos-
.•.ihililic~ l.an on:ur as shown in Fig. -Ih---k: if 3 is smal\. Ih..:
~l'llcral hdlaviur 01" Ihe I.ero thcrmal prcssure gradicnl casc
is pre..;crved alld it is similar lo Ihal or lile c(lld he;~1ll showll
in P;llll'l (;1). 111panel (h) we use a sl11all vallll' 01"ir Fol' llic
1l'~i(l1101 illlcresl [posilivc vallles 01"IJIS of El[. n..J.)1 lIlL'l"l'
is 1101qu:i1il;lti\'c ehange. lhal ¡s. tllL'rl' is sliJl a crilical \'allll'
(11 I...! kltl\\" 01"whieh Ihere is a pair of cumple\. eonjllg:lIl'd
SOllllíOIlS tille of Ihcm repl'csenling aJl amplifying wa\'e and
IhLTl'lol"l'. I"mm lhe re:..ults of SCc!. J, lhe syslcllllllay :"~Ippon
rllll\L'di\l' inslahililics. H \Vc illcrcase Ihe value nI' .J. (\\11
l"lilir:li \':lIUl.-'Slor ¡~.'.!.nalllcll 1,.;[ and ¡~';''.!,appear dlle to IIlL'
11lrl'l'-[)ok' ..;Iruclllrc of the curVC. This slrllelurc is also prCsCJll
ill ¡:i~. -lh hUI il is nol Shll\\'ll lhcrc hecallse il is loealed in
llll' l1l'~alivl' regioll of the vCrliL':11axis, The shaded regioll
PI" 11;1IIel(e) (j,.;1 < j,.;-. < j,';.,J indicates Iha( lhere arc 1\\'0
Il':lI mols and two complex roots-one 01' thcsc [ypreselllillg
;11}instahililY. Finally. ir \\'l.' increase Ihe valuc ol";j cvcn IlHlre
[.•.el' [):lIIcl (d l[. alt mots arc real, ami therefore no inslal1ílitie,,",
11I;IYl)ropagaIL' in this casc. In Illher \\'ords. \Ve ha\'e arri\-cd
[ti tlll' illlptlnalll rcslIlt Ihal illsl¡¡hililies can he annihilall.-'d hy
iIlLTe;lsill~ 11lL'value of.J. Sim."l' ¡J:! = (.jll'~)'.!. in (lrticl" to
h:l\'l' insldhi[ilícs. wc need slllall \'a]llL's 01";1 or large \ahll's
,,1 lile \l'[m'ily I,~I.

II is l'uslOlll lo plol lhe dispel"sioll rclalioll_ in a diagral11 01
.~' \'S. 1... In urdel" lo do lhcse plo!S, \Ve lind ¡,. from El[, (32)

.,
v.

le)

v.

(d)

1,'I{illl<l' -L 1'10[" 01' 111l'1.IIS pf Eq.n-l-) (1ahekd as (1) rOl" lour dil-
kl~'lll \',llucs nI" ,l. Tlw "IJ;Likd arC,lS rqm:~.sC1l1Ihe n:~i(llls wllnc
ill~[<lhi[itic" \lCl'UI
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FIl;UJ{E 5. Dispersiorl rc!alioll [Eq.05l] rOl"fl = ()(open circks)
:llld 11 = n.J (stllid c¡reles): (:1)W 1'.1. Re {,lllll (h) 0..: I'S. ¡J]]l fl. JI)

llll.\l' plnb \\T l1sed (f2 = 0.1.

Fl(;URE (l. Dispel"sion rchuions IEq.(J5)) ror j) = O (opelleirc!c:--)
ami ,1 = (),,~J (sulid c¡reles): (:1)":' 1','. Re f ami (h):': 1',1'. Ilnl f¡. In
lIK'S('plols \n'llsL'd (fO! = 0.1

\\ Ilich i, a "l'cond unicr eqllatinn in 1.. willl solulions:

\\'l1l'rL' tht: tünclion sgn(.:) is delinL'd as .:/1.:1 wirll .: an <11'-
hitrary compkx lltJl11her dillerent fmm /ero anJ \Ve ha\'l' ;lS-
'llllll'd thal ::.:'2 i- 1 and ¡j'2 f:- 1. In Figs. )-7 panels (a) !(hl]
\\'C "hm\" the solulions nf Eq. (35) wher~ \Ve input real valllcs
of ,.•.: lo get possihk ctlmple.\ valut:s ur 1... Since Ihe solUliollS
l';1Il he L'ilher real (~r cumplex coniugated pairs. Wl' jusI sho\\'
in pancl" (h, PUl 1..1. In ¡¡JI Ihese plols wc compare thL' ca,c
¡ = ti \\'ilh 1 ~ (l. In Fig. :' we plol ,0lutiollS of Eq. (.\5)
f(lf I = (] allt~ ,1 = l).;~. 1I is clcar I"mm Ihis figure Ihat for
c;H:11\"alut: (}r; L'tlllsillL'red. tht:rc are I"llllr (lilTerenl hrandlL''':
l\\'o 01' IhCIIl llave a vanishing imaginar)' pan or 1,' ¡¡nd rcp-
I'e:--L'ntwaves that propagate witholll growll1 or deca)' and art:
1th.:atL'din Ihe rallge":" > l. The remaining t\\'o branche" are
ulIllpk.\ conjugalL'd 01' each o[l1er and correspond to an insta-
hilily and an C\'anescent wave. figure 6 is Ihe same as Hg, :)
hlll rOl' i = 11..-1.JI i, Sl'en Ihal Ihcre is " shin in Ihe region
\\ I1nL' cOllvL'clivc in"lahilities occur and Iht: range rOl' whiclJ
llll' waw" pmpagall' wilhmll deca)' (vanishing 1m /,-) i" rww

/. l' "'(I-¡I'))I . + .., I
•..•...'- -

L'.\tellded lo~' == 11.S. Finally. in Fig. 7 \Ve cI100'L' a s(iJl
larger ValllL' nj l. \Ve ohserve ti ver)" rich slructure 01' IhL' di.s-
pL'rs..ioll rclttliol) \\'hCIL' \\'l' can SCL'ti smal! regioll in which
1m 1,. i" I\nl1-/crtl indicaling lhc c.\islencc of lwo evallc"cenl
\\"aves, Tllis is .sho\\"n in lhc inset 01"Fig. 7a.

In ordCf !tI L'stahli"h Ihe characler 01' (he instabililics \\'e
apply Ihc criteria descrihed at Ihe end nI" Sccl. 3 to Eq. (35).
f'igure X shO\\'\ a plol nf the imaginar)' pan oí' ¡. as a rllllClioll
orlhe imaginary pan 01'''::'''(1111-...,')rOl"a given valuc orille real
parl 01' ~,( B(, ..1:). This value 01' Re ~, is chosen so Ihat in lhe
limil \\'Ilcrc 1111';"i" lero. ~VL'I"all in a region \vhert: 1m 1,' is
nlln-/L'Hl, lor l'\;llllpk. ir ¡ = II \\'c can chn"L' rm Rc"¡" any
\'aluc hel\\'eL'11 II ;llld l. r\S ca]} he 'L'cn I"rolll Ihe Fig. Xil-XC.

one 01"Ihe tWtl ,oIUlioll' 01' Eq. (~5l. Ihe one Ihal ch:lnges sigll
"" 1m ';; gpcs lo /cro. UlITcsponds lo a cOll\"ective instahilily,
The otl1L'l"Olll' l'OITl'SJlonds lo ;In evanescenl wave. Finall)'. in
Fig. Xd \w sllow 111<11llJt: Cllr\'l'S shown in the illSct 01' Fig.. 7a
C(llTc"p(lIld III evanescent wa\'cs. This result is l:onsiSlell! wilh
Ihe one 01' Fig .. hl .shich shows Ihal no instahilitics are possi-
hk.

It i, illll'rl'."ling. lo disL'uSS Iht: origin of inslahililics in lhe
two-slretllll sy.sklll. Again, \Ve l'oll,il!cr lirsl the situalioll in
which lhcrl' is 110 Ihermal pres.'lll"l,' gradient It:rm. Slarting
\vilh tlll illilial pL'l"lurhalioll. OIlL' ha" lo invesligalL' tllL' l'fkCI
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FI(;URE 7, Di~pn ....i(lll Iclalion [Eq.(35)] 1m iJ = O (open cirdcs) dJ](J ¡j = 2 (~olid cirdc:-L (a)":') 1',\. Re 1, dlll! (h):';'" I'S. jIm kl. In Ihese
plul'" wc uscd i'i:.! = ().l.
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FI(iLlRE S. Plo(~ 01 Ihe imaginary parl 01" ¡, a~ a funcrion oflhe imagínary pan of":" 1m a ~1\'t:1l\'alue ollh(' real pan of ;", (aHe) Re .;,:= 0.9
amI (d) Re':" = l.Ul. Thc cur\'e~ thal ch;mgc sign corresponJ [o COll'.'CClí\'cill~tahililit:s ami rhe ones th;ll do no! change .sig:n(orrcspond 10

l'\';1l1l..'Sccnt wavc.s.

produccd hy Ihc 1\••..0 slreams on Ihc elcctroslalic pn(cnlial
01"the sy\ICIll, Sincc particles Illoving in eilher slrcaJ11 are
...hl\\eJ do\\"n al lhe (OP01' (he POlclllial hill, lheir dcnsily' there
",iJl exceed Ihc particle density at thc hOllom. ",here Ihcy
1l\00'C raster. The Iarger eleetron dellsity. on lhe olher halllL
l'nhances lile clectrostatic potential. This fcedhack Illccha-
nislll Icads lo lhe cxponentially growing po[ential wavc. In

otllcr wnrds, lhe cleetrie ficld 01"thc propagaling wavc accel-
erales the he<llll particles G\lI\in!! it nucluation in lhcir den~
sily, Al lhc sallll' lime. SOIllCof Ihe particles are carried hack
lowards lhe nriginal poinl of disturhanee hy the I.ero-order
\treaming Illolion nf lhe heams rroducing a hUllching 01' the
particles. Tbis hUllching leads 10 pOlcnliai \','clls which fur~
lher cnhancL' Ihc hUllching. Tllerdore. lhe free slrcitming cn-

Ni'\'. Mi'.\, Fi.\. +1 (5) (199R) 513-521
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l'l"~Y is rapidl)' COllverled lo tic Id energy. and particlcs he-
l'Ollll' lrapped in Ihe pOlcnlial wells. Ir Ihe Ihermal pressure
i" induded lhen il is harder for Ihe parlic.:lcs lo inncase Ihcir
dell"ily al lile lOP 01' Ihe polential hill and thercforc \\'c 00-
"el'\'l' ;\ Icndellcy lo reduce lhe I\\'o-slrealll inslanilily. Whcll
[hermal pn:ssllre gradielll is large ellough. tlle inslaoilily IS
linally de'droyed.

ú. CUIlc!lIsiulIs

111lhi." work. \Ve presellled an inlroduclion to Ihe inleresling
'iUhjCl'1 01' pl;ISl\lOl inslahililies. ;lIld in particular. \Ve sludied

l . ."In: rOl C;<;:ll11p[e:R. FllChs amI 1'. I1:1[evi. "Basic COllCCplsam[
h,rm:l[islll (JI' Sp;ltia[ Dispersion": amI R.p. \Vallis ami B,Ci.
.\Llllill. "Elkcl (Ir a DC Current 011 Elcclrom;lgllelic Surface
Wa\'l's". in SI'I/filll /)isll{'nioll ;11Solid.\ (///(/I'/l/.\/lU/,\. edited hy
l' 11:lk\'i. (Nlll'l!J Ilo[1<11Id.Arn.'>!cnlam. 1~92). ami rt.'fen:ncl's
Illcrein .

.) P.A. S1urrol' 1-.."hall/a j'/¡y.\'Í('.\. :1/1 /nfmt!lIrtio!/ (o tllt' Theor\'
II(A,\fm/Jj¡\'SIC'(//. Gco/Jhy.\'ica/ (lfIl/ /...a/JllI"lI/ory Plas/Illl.\. (Calll-
rl1lJ~e llni\'cr ...ily hess. Camhridge. 1~(4): Ph\',1". Re'l.. 112
(19:,X) [-lXX

:t TII Sli .•...1HIl'('.\ 11I j'/a.H/U1.\". (American Institulc of Physics.
0:l'W Yorl-.. I ~9~)

.J. R. 1)l:lldy. l'lw/J/(j I'/¡y.ün. Afl Introductor\' CourS/'. (Cam-
hridgc Uni\'l'rsil)' I'rcss. CamhriJge. 19tJJ).

. J 1:. .\1, Lif ...hilz amI L.P. PÍl:lc\'skii. P/¡\'úm/ Killc/ics. IPergamon
Prl'ss Lid .. (hf'lnL 19X]).

(j L\, Drullllllond. 1'/(/.\'11/(/ Pltysi¡'s. UvkGraw-lIill Book Com-
pan)' Illl'., Ncw )\'1'1-.:. Il)(JI).

l. R.A. Cail'lls. I'/(/.\/J/(/ l'h\',\Ies. (Blackic & Son Limiletl. (llas-
gow. 1t)X5).

,'{ D.R, Nid1o["oll./lIlmdllcrilm (o 1'/(/slII(/ T!I('O/y. (John \Viky &
Sons. :'\Ic\\' York. 19X)),

a l\\'o-slream plasma sysh.::m consisling 01' a w¡¡rm elel'll"On
healll and a c(lld plasma al rcst. lllutually inlcrpcnctraling.
Slarling (mm hydrodYllalllic equa¡iOlls. we ohlaillcll lhe dis-
persioll rel;lIiollS for l!lis systelll. Using a simple inllliliu' ni-
leria. l!le L'Oll\'l'Clive charaClcr pf lhe inslahilitics prescnl 011
l!lis sysleJII \Vas eSlahlished alld we disclIs"ed lhe p!lysical
origin (Ir lhem. \Ve ill\'esli!!ated in delail lhe cffcCIS. on lhe
dispL'rsion rclali(lIlS. 01' lile cleclron ¡hermal prcssure gradi-
ent. E\'en for Ihe simple I\\'o-slrcam systclll. \••..e found a \'cr)
dch slruclure ror ¡hese relalions (!lal silo\\' a redllclion alltlli.
nally an in!Jihílioll 01' Illl' illslahililies as Ihe lhermal prcssurL'
gradielll le l'IlI is increased.

!J. Pe. ClcllllllOW ul1d J.I'. Doughcrty. j:'/cctrodY"{/lIIics (!F /NIrti-
cf(,.\' l/lid 1'lwlI/{['\. {/\ddi~on- \Ve~[cy Puhlishing Comp;lIlY. 11ll'..
Rcd\\'Olltl ('jly. {'A. [tjl)()j,

lO ei, Schnlldl. "11\',\11".\ I!f /ligll Telll/w/,¡/flfre Plmml/s. (,-\cadclllie
I'rcs~.l'\l'w YtHl-.. (1)7())

11. A.I,\I-.hil'/L:L 1'( 1/1.. Col/edil'l' Oscill(lfiolls i/l (/ I'la.HI/l/. (Per!!-
ó111111llPrcs" LId.. (hford. ]()h7).

12 \1. (;lieblllall. "I'[a"llla ...in Solids". in So/id St{//e Phrsin. Vol
~{).cdilcd hy 11,Ehrcnrcich ('( al .. (r\cadcmic Prcss. Ncw York.
Jlnl\.

1:~ J.(j. Lil1h;lll. 1'lmll/tI 1'!lnIo. (;\'{)f(h.Holland Publishing eo ..
AllIslcrdan. [I){)()).

11. ('.1 .\!endo/a. ,\1. [kl C;1'-lj[[O-;\IllSSOI. ami G.J, \';l/LjUO.

1'11\'.\ Nr'l: ¡;:;-t 11t)I)(,)7(¡-l-7.

[:,. \Ve ,lll' lI"in!! (ialls" la\\' I~q. (2) wrillcll in lhe a[(crnati\'l' 'mili
\" . E =iJrI"P'. wl1Cl'e111'" i" lhe lotal charge density.

[(j. J, PO/.h,'b. "PI"sllla and Currenl Inslabililics in ScmiCOlldlll'-
1(11.•••.•. /lIf{'/11 .llfT SI'/. Solid S((il('. Vol. IX (Pergamoll. Oxt'ord.
II)XI ).
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