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I\b~il\~ u.•e uf Ihe Hamilton-Jacohi equalion, tW(l Hamiltonian." in three-dilTlcllsillllal "pace tllat determine the palhs 01 a ligllt ray in a
cOllfOrlll,llly -"tatillllary graviwtionallicld :IIL'ohlaincd; one of these Hamiltollt,l/I-" coincide .• with Ihat 01"a nOIl-rcbti\i .•tic chdrgcd partid,; in
,1I\l;l~llt'tir ricld Sirnilarly ..it is shown thatthe orhil" 01"a non-/cTO I"\.'slmas s p;lrticlc in a "tationary gra\llationill lidd corrcsponJ lO tho"l'
tlr a J\(lll-lclati,-i .•tir eh;lrged partirle in ;1l1l'leclromagnelic lield_ JI is also "hoWll th,ll the Ilamiltoni<ln 01"the Kepkr prohlcrn for hounJcd
IllOlioll i" t'qlli\;ilellt to th;lt Of;l free partide in a sphere in I"ollrdilllen"i(lll" and a "implitied pJ'O(\fof lhe JaCOhl principk i" gi\'t'll.

}':¡'I'll'¡II"fI.\Ibmiltnn-Jacobi lhcory: ~e(ldesic,,: slati(lIlary spacc-times: Kcpler pnlhlclll

I ¡""11th,la l'cll<lci(lll dl' lIamiltoll-J,Kohi "c ohlicJlCll dos hamillonianas cn el csp,lCio tridilllcnsiollal que delerminan las traycctorias de un
r;lyn de IUI t'll UllCIIllPO gw\'ilacioníll conformeJllente eslacionario: lln;! ,le c"las h;lllliltonian<ls coincide con 1;1de ulla p,lIlíCll!a cargada no
rclali\'iq;¡ t'll Ulll":llllpOmagnético. Similarmcnle, sc muestra que bs órhilas dc Ulla p;¡rtícllla con masa el1 reposo distínt<l de cno en un C;lIllPO
gra\'il;lcioll;i1 t'stat"Íonario corre.'>pondcn ,1las de una partícula cargada no rcl;llÍvista en UIIcampo electromagnétICo. Sc lIlucstra l¡llllhién que
la !l"miltoni;ll1;1del pmblema de Kcpler para 1Il0\illlicnto ;lCotado equivale a 1"dc una partícula libre en lln~ll:sfera en ('U;l1rodimenSIOnes y
-"Cd;1una prueha .•implitlcada del principio de J,l(ohi.

/)n("/"II'f/JIT.1': Teoría de HamillOn-J;lcohi: geodésicas: espacio-tiempo estacionarios: problema de Keplcr

P,.\CS: O:.~O_+i: 04.20.C,.

2. Test parlides in gra\'itatillnal fidds

If lI(r/' ../'"/) i..•the Il;ullil1l)ni¡1Il ora systt'llI with /1 dcgrc-es
ollnTdolll, the CI1\Tl'sponding H.ll'qualioll is gi\'Cll hy

In Sl'Ct. 2, il is shmvn that lhe light rays in a conformally
staliollary spaú'-lirnl.' coincide wilh lhl.' orhit" 01"a chargcd
particll' in ¡¡ cl'rtain magnclic lield in a pos'iihly curved Ihrcc-
dilllcn..;ional "parc. This re..;ult was pre\,jollsly oht~incd in
Rel. --t hy a ditferent proL"l.'dure. \\'c <11,0sllm\ Ihal the palh
nf :1 11..'.•1 panicle with a 1l011-/cro l-....sIIllass in a "talionary
'pace-litllt' coincide" \\ith that 01"a ch:lr~cd pal'liclc in ~ Cl.'r-
lain cOlllhinalion of \,.'Icctrk and Illagnctic licld, in a rossi-
hly curn'd 1!lITl'-dillll'nsional spacl.'. In SL'CI. .', it is shown
rhat Ihe Kepln prnhlem \\'ith negalin' l'lll'rg)- is relall.'d lo
lhe prohlcm 01 a frec partirle (ln 11ll' unil "phcrc in I"our-
dillll'llsiollal space. This resull "how" Ihal the Kepll.'r prohlclll
ror hOllllded IIllllion is invari¡¡nt 1Illdl.'l"the group 01"rnlalions
in four dillll'llsioll'; ¡¡nd is <lnalogoll" lo Fock's lransforma-
li(J1] uf tlle Schnldingcr equ~tion lor lile hound slalCs of tlle
hydrogl'n alom inln all intcgral equatioll 011a ..•phere in four
dilllensillll'> 1,-,1. Fin;t1ly, in Sect. --1..¡¡ silllplilied proofofJaco-
hi ...•principie is gi\L'IL

1. Inlmdlll"lilln

,\ ..•is \\'t'JI kno\\'Il.. lhl.' Hallli!totl-Jacohi (IIJ) equation consli-
lutt'" ,In :lIlcrn;uin:- 10 Hamiiton's and I.agrangl."s equations
In .•ol\'t. Ihe l'qu:tlions 01"lllo(ioll of a Illt'l'Il<lllil'al syslelll. In-
.•lL'ad of tl1l' sy ..•lL'lll 01"ordinary di frcrcnlialeq lIat iOlls gi\'l.'n hy
lhe 1.agr;lIIgt' tlr 1111..'Hamill<ln equati{JI1s, lile flJ equalion is a
.•ingle tir,t-on!L'r parti~lI dilTcrenlial eqllatiPll and a complete
"inlutioll nI" [his equalioll gi\'cs (he solutioll of the equations 01"
iIlllti(lIl. :\11 ad\'anlage ofthe HJ equalion is Illa[. in the C;1"ie01
a syslelll \\'ith a tillle-independcllt Iblllilloniall .. the tilllc dc-
Ik'lldt'IKC call he L'lilllillJlcd fnllll tlle \'ery hq~inni ng (Iooki ng
l"nr I!alll i!ton '''i characterisl ic funcl ion) and lhc solulion of lhc
I"csllllillg L'quali()lI yields lhe orhils of tllL' Illcchanical syslCI1l.

In [itc caSL' pI a syslem with a till1c-indL'pL'IHlcnt Hamillo-
llian ..tl]L' HJ l'qUillioll a!so aIlO\\'''i liS In lind altl'rn<lli\'c (equi\'-
aknl) lIalllillonians Ihat Icad lo tht' sallll' orhih dctcrlllined
h~ Ih(' origin:t1 Hamihonian. In Ihis paper \\.1..' ("onsidcr thrce
nirl' ('\alllplcs of ¡!lis application of the Il..Il'qllatiol1. The pos-
•.ihilil) of rclating different prohlclll"i of classical 01"quan-
tlllll lllcchanics hy lllcans 01' coordinalc lransl"ormations has
ht't'll \.;11(1\\'11fnr ¡¡ long lime. SOIllC syslt'lll:llic procedures CIll-
plo)ed t(l (lhlain sLlch tran"fmlllaliolls are hasl.'ll 011 lile HJ
equatioll (sl't', ('.,1:., Re!". 1).. lhe Jacohi prillciple (SCl.', ('.!j.,

Rer. ~) anL! lile gellcralil.cd canonical IransforlllalioJls [:{].
HO\\'l'YL'r. l\\,(l of tlll' l'.\alllples gi\'cn hdO\\ do not jll\'olvc
cOllnlinale Iransl"orJnations: lhe a!ternativc Ilamiltonians cor-
n....•p(llHlltl difkrcnl paraml.'trizalions 01"lhe orhils.

1/ (,¡'. !JS 1) +iJqi ..
!JS

!JI
= 11. (I)
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which is a partial dillerelllial cquatioll rol' the principal rUl1c~
lion S. 11'8(/1'.11/./) is a complelcsolUlioll orlhe 111ellua-
litln (1), i.c .. <l SOllllitlll nf Eq. (1) cOIlI;linillg ¡¡ nOll-addilive
illdependent cOllslan!s 0/. lhen thc equaliolls DS/D/l, = ,JI.
\\ lle!'e lile ji ,Ire also constants. yield Ihe solUlioll lo lhe
L'qualions nI' molioll. H 11 Jnes nol depend c:xplici(ly 011 t,
Dile rnay loo~ for complele solUliollS 01' Eq. (1) 01' Ihe fmlll
,'..; = 11' ((11

, / 1/) - el, where \ l' is Ihe characterislic fllllCli(1Il
which conlains 11- 1 nOIl-addili\'c illdepclldelll cOllslanls and
ohl.'y"s lhe cOlldilion

( 811')" ,/'.-.)- = lO.
( {jI

Thcll.lheequaliollsi)ll'/Dn/ = /1' (i = 1.2,. ,/1- 1).
which do nol conlain Ihe lime. yicld Ihe cqualions 01' IhL' or-
hit.

The \HH'ld lillL' nI' a particle suhjcl'1 nnly lO the gr;l\'ila-
lionallleld call hl.' ohtaincJ fromlhc Hamiltonian
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Ir lhe ..•.pace-linK. is stmiollwy, lllerc exisls a coordinalc sys-
lem in \,•..Ilich Ihe Illelric components, Yn{3,are independent of
.ro: IhL'll. in SlKIl a c(Jordinalc syslelll. lhe Hallliltonian (6) is
indL'¡wndL'1l1 nI' t <tlld. hellee. cOllsen'cd. Sinee Ihe lIamillo-
nian (6) i", <lIHllllogcncous function 01"dcgree olle nI' lhe JI,.
Hamilton'.s el]udtiol1s are il1variant lindel' the Iransformation
IJi 1-----;. II/J,. \\hL're 1/ is é.lIlYcOII...•tant grcater Ihan lcro; th('rc-
rore. we can n(ll'1l1alilL' 11lL'/J, by reqlliring Ihal Ihe constanl
val tiC 01' 1, he l' (\Vilh Ihis choiL'C \Ve recovcr lhe normalil.a-
lion empl(lycll inlhe Hamill(Hlian rorllllllalion 01'gC(lfllelrical
optics in Ita! space-time. set.'. ('.,l.;.. Re'" 6).

Bdore disclls",ing thL' ~enL'ral case of a slationary sp¡lee-
time. il is cOllvL'nient lo considcr Ihe simpler suhcasc nf Ihe
stalie space-times. A space-lilllc is sll/lic ir there cxists a co-
ordinatc SYSIL'Ill in which lhe lllelriL' compone ni s are indc-
pendenl 01".1'0 ílnd rurtherlllorl~ fiol = O, \vhich illlplies thal
.ti0! = (l. !ltl = (YOO)-l and lile :~ x :3 malrix Cr¡i)) is lhe
ill\'L'r.;e nI' C(/J) [see Eqs. (9) hclllw]. Thus. assllllling thallh('
"pace-time i...slatic. in an approprialc coordinate syslem. the
orhilS nI' Ihe ligllt rays coincidc ",ilh (hose cnrrcsponding to
Ihe Halllil!onian I."'lT El]. (6)]

\\'hich has the lúrm (JI the HJ equatiol1 ( 1) rm lhe Halllilionian

"I1L're lile IO\\'L'r case Latin indices i.j.. . run frolll \0.1.
Iknce. \\'riting ./f = d. fmm Eq. (4) \\'e haye

(7)

Thl' lll'hits 01 lile Ibmiltollian (7) are lhe gL'lHlesics cor-
responding lo IhL' lllelriL' d(T~ == (-Y(lO)-lyl) d.rl d,r) =
(-,1/l1u) I (I/.!. where rll'2 = Y/.Id,rlt!.r) is Ihe spatialmel-
ric (indllL'L'd hy lhe "p,lce-lilllL' lllctric lIs'2 011 lhe hypcr-
",urfaccs I = ('1)11:-;1).i.c.. Ihe curves lha! l(leally mini-
mi,c lhe inlcgral .r drr = J( -Yllo) 1/'2 di. In rae!" Ihe HJ
el]lIalion rOl' Ihe lIallli1tílllian (7). with h = ('. alllounts to

(-'1r",)y"(')II)i).r')(OII),).rJ) = 1. which is the 11.1eqlla-
lion 1'01'Ihe Ilallliltonian (-./joO)yl) II/Pj. ",'hose orhits are Ihe
geodesics COITL'spollding lo 11lL'Illelrie da'2 It:l Eq. (3)]. lile
melric dlT'2 is S()II1ClilllCScall1.'d lhc 0plical Illctric and has scv-
eral relllarl\ahk propcrtie"i (sec. ('.g.. Rcf. 7 and lhe rcfercnccs
cill'd thercin l. Since ror ¡¡ light r;IY ¡f,..•'2 = O. ullder Ihe prl'SCnI

aSSlllllpli(lIl" \\L' ha\'c () = y",J(I,I'" d.rJ = !llJu(II.,.O)l+

.II/} r1,rJ d.,.) = .'/1l1l(d.l'°f + dI '2; Ihercforc. J (-.1100) -1/:.! dI =

J tI,ro = (..r tll. \vhich prm'es lllal in a static space-timc Ihe
Fermal principIe holds. Note thal 11 == (_Q()())-I/'2 play s
Ihe role 01' ;¡ rl'fracli\'e indL'\ ¡¡nd the nDrmali/ation f¡ = ('
amoLlnts 10 /yl) ¡I¡J') = 11.TIlL' Ferlllat principie also holds
in L'onfmll1all~ sl;¡lionary ~paL'e-lillles; as \Ve shall shO\v ne-
lo\\'. (TIlL' h']'II1,1I principk is L'ollsidcred in Illall)' (exlhooks
on gL'neral rL'laliYily; rOl';1 reL'L'nt Ircalll1cnl SCL'Rcl'. <-t and Ihe
referellce", L'ill'd Ihercin.)

Cioing hilL'I\ lo lile L'a"'L'nI' .•.I,llionary space-limes. from
ILlIniltpn'~ L'qll,l!ion", d.r/ Itll = Dh/DJli and Eq. (6) \\'e llnd
Illat

(4)

(5 )

= tI.

DS 8S }_ '1IHI1,i.l)___ .
. . D.rl 0.1'.1

(
iJS) (iJS)
D.rO 0.1'1

~ ( IJll ( O.)' ) '2 + .,,0,

'!..J O.ru

(ureek lov,'Cr L'aSl.'indices n.jJ.. . I'lIIl from O 10 3). where
Ihl.' malrix (y".1) is Ihe in\'ersc 01' (r¡nld. and lhe ,1/",; are
Ihe componen£'; 01' Ihe melric Icn",or 01' Ihe space-lillle in
",Pille conrdinale "'y",lel11. In othl.'r wonk lhe Hamiltoll eqU:l-
li(lll .•.. /1.1'°//1.\ = DI//u/)I}, (Ip'l/IL' = -Dl//D.,.ll. ll".'~ldlo
l!le geoLiesic equ;llions corre .•.ponding lo !he Illelric d ...•'2 =
.t1",jd/'d:l'iJ. Ir Ihe p<lrliclc has ;¡ non-vanishing rcsl mas ...•.
lhe parameler ,\ can he chosen :1.•.lile particlc's proper lilllC,
\dlich al1l01lnls lo thL' condilion IJ = _(,'2/'2. assllllling (hal
lhe Si~I1i.Hun: (Ir the melric is (- + + +). On lhc olile!' hand.
rm lero res! mass particles, 9"" /!n/'¡J = () and Iherdore
11 = 11.

The IIJ equali(lll ror (Ile lIamillonian (3). in lile
CISC 01' ICro rcst rnass particlcs (01' liglll rays) leads lo
~'1".i(iJS/iJ.,." )(i)S/n.,..i) = O oro cqllil'alcntly.

as' (' { o, ¡J,"" o o____ , _ + (l()
./1 - 00 .J ,), \ el .J(.tI 1.1'

I (. { 0,
1=- (111-

,tI0o' I

t6)
(8)
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on Ihe hypersurfaú' /1 = f'. Thcn. il can he rcadily verified.
Illaking use uf lhe formulas

T lhe lkliliuus '.Iilllc" conjuga!e to 11. fmm Eqs. (12) and ('J)

we ohlain

ti = Yony'<l = !/OO!/fl + yo)!/iJ.

0= .'/HI.(t" = !JiOYoO + !/ijY
o),

d.r' ¡JII '"( ,l/O)) ,lll-=-.-=(-!Joo)!I) 1')+- =(-!JuO)(!i)fI)-!J j.
dT (JI), !Ioo

( 1.1)

COlllparisOIl witll Eq. (X) shows Ihal

\
'} )".}o,)~(; = Y,O!! = !1Io!t + .tI,k!/ '.

[llalll1e inverse 01' Eq. pq is given hy
¡.l'., ('dI = (- .1100) (!/,A /)k - y!H ')d r: in particular. ir lhe sp.lce-
timc is sl<ltic. \\'C Gln lakc T = el. ~Ia"ing use of Eqs. (Y) ami
(13) OIlC can \'crif~i that tllL' d.r' IdT are the components 01' a
unit vec[or witl1 re.spect lo Ihe lllclric df1'21', = !li)(.i.l/e) + !JOI

- !loo ~ !lod.i.k / e) ,

('Ji

( 1 ())

11.,.' Ilk (lO I d.,.1
- = (-']00)('1 1" -!i )--.dT r dI

( 1-1)

and lIlaking use 01' Eqs. (9) one lInds thal this equation can he
\\'ritlell as

101! (IiD11' 1 ijulrDl1'
:-).11 - 1/ --, + -'1 --, --, = O_ . D.r' "2' D.r' D.r)

( 15)

.//0, "
--.1

.1100

(
!JO) )

IJ) + - = 1.
,1/00

( ) ') ( !JI" )-.l/fU) Y p, + -
.1/00

Lr/OlYO) - !/oo.tj,)) ~ ~

(-.1/00)'2 dT,1r

,
\\'here .1" tI.rl/dT. and Ihc Eukr-I.agrange equalions fOl"
L"1 coincide wilh tho'ie rOl"Ihc I.;lgrangian [sce Eq. (1 Sl]

which. inlUrn, arc the conl1ilions for

Thus, [he "rhils deterlllined by lhe HamilltHlian (12) are
lhose of a 1l0n-rebtivistiL' dwrged paniclc in ;¡ lIlagnctic
lield witl1 n:clor polclllial proportional [o YO¡j.'/()(1 in a Ihrce.
L1imcnsiona] space ",ilh IIlclric df1'2. On Ihe oliler hanl!. ir
[llerc cxists a runctioll ~(.r') 'iuch that Yo¡fyOO = J~/D.r',
thenthe magnetic llcld rnclliiolH.'d ahove WOLJldvanish. which
llleans [hat the cOl1\poncnts ,1/01 can he eliminaled by a suil-
able coordinale lransforlllalion and Ihe spacc.lime is ac(ually

stalic (in fact. ir yo¡jyoo = DE.I J.!"l, lhen tI ../' = ,1/00 (d,ru f +
'2!/Oi d.ro d.rl + !/I! d.r' d.r) = yoo(d.ro + dt)'2 + (YI) -

.(/OigO) /YOII) d.,.' d.r); hellce. by replacing .1'0 hy .,.0 + ~ onc
sllo,,"s that Ihe spacc-limc is sl¡¡lic). It can he silowll thal
.1/1.1 - Yo,Yu,I!/rl1l i'i a posilin'-dclinitL' Illclric. which is ill-
duced hy the space-limc melriL' f/",I i.ln Ihe thrcc-dimellsional
space mI hogon;:d 10 thc timel ike din:clioll D / D."o 181 (,ce also
ReL Yl.

Ckarly. tllL' lIamil!onian (1 ~l can he dcrin~d from the La-
grangian

(11)

( 12)(
!JI") ( !Jo) )¡J, + - JI) +-

Yuo !loo

1( '1 (011' .110') (Ol\", !i"))- -t/Ilo)!/' -.- +- -,- +-
:! (J,rl .1100 eJ.r) .1/00

\\ hich is the HJ cqllation for Ihc Hamillonian

\\'hich dilTers frolll the comrnonly cncoLJlltercd relatiolls bc-
1\\'L'en the \'clocitics ami thc mOI11cnta.

AItL'rnali\'c]y. assuming that Ihc spacc.lirne is stationary,
El}. (..1.) admils separahle solulions of the fmm 5(,1'°) =
\\'(.,.') - JI.['o. \\'Ilerc f' is a constan!. Sincc Po = DS/D.ro =
-}, ami tllc signatUl"L' 01' the Illctric is (- + + +). for a fu-
11I1'L'directed world linc 1' must hc positive amI \"il!loUI loss
ofgL'nL'rality \\'c can set 1/ = 1 (which is cqlli\';:lIcnt tUlIlaking
f¡ = r a'i aho\"e). Suhslilllling 5 = Ir - .ro in[o Eq. (--l) !lile
o!lt;:lill'i

if 11 = 1/'2. ThL' lIamil!onian (12) coincidcs with that nI' a
1I001-,."latÍ\'isric charged particle in a magnetic ¡¡cid \\iilh vec-
tor pOlenlial proportiona] In [/o¡fYo(j in a tl1ree-dimcnsional
:-pace \\'ilh mdriL' lensor df1"1 = L(/oo)-"2(YO,.I/01-
yoo,tll)) d.r' d.,.). \\'hose components rorlll Ihe inversc Illalri.\
01' [( - .//(l() ),1(1]; Il(l\\-'L'\'el',JI is !lol conjug;:llc [o lhe "truc" tillle
(01' a constanl lllultiple 01' it) in al] cascs. In fac!. denoting by

I

[(!/OIYllj - !/ooYij )( rI.r' 111/\)( d.¡-) / d /\) ] 1/'2 + ,l/o¡( d.r' / ¡J ,,\) tI,\

( -.t/<J())
( 1 (,)

RCJ'. Mn, ¡:ú,.w (61 (ICJ9XIS-lO-S-l5
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10 have a stationary \"alue among the curves .ioining Ihe poinls
\\'ilh coordinah's (.1"1) and (.r~). Since ti = fIn;! d.ro d.l'i'l =
.I1()!) (d.r())"2 + ~il()j d/ d."O + !Ji) d.r; d.".i rOl"" ¡¡ghl ray, Ihe

illlq~ral (16) is jusI I'.f(~.rl\) dt, Ihus sl1o\\"ing Ihal Fel"mal's

principie abo hulds inlhis casc.
1I is easy lo see Ihal, aClUally, lhe preceding rcsults are

also \'alid if lhe spacL'-time is cOl~/ánJlally st(/lj()1/(I1~\" [-11. j.c .•

ir l!len: cxists a cUllrdinale syslem such Ihal Ihe Illctric is of
Ihe forl11 I,'/-ilod' wlllo'rc Ó is SOIllCnun-vanishing funclioll and
¡)f/n.¡/D.r() = (J. si!lclo' lile factors 1>-'2 and (l/- drop out from
Eq. (..l) and from IhL' CtllH.Jilion (Y.Ilndd.rnd.ri1 = O. For ill4

SI;IIlL'l'. lhe Illelric 01"the Friedmann-Rohertson-\\'alker ('()S4
lllo1ogieallllOlkls can he \\Tillen in thlo' form

",ilh Ihe faclOr (- YO()) unspccilied, in accordancc wilh lhe
con formal invarianL'l' (JI' lile null geodcsics. Thus. as in Ihe
l.ase of lhe orhits or a chargcd particle in the Ilcld 01' a mag-
lIL'tic 11lonopolc. a light ray in a space-time wilh metric (19)
lies {ln a cone \\'ilh ils verte\ al l' = () in such a way Ihal lhe
ray hccollles a slraighl linc when the ('olle is unfoldcd. Choos-
ing -,1/1111 = 1. one can readíly \'crir)' that the Illclric (19) is
L'quivalenl lO Ihe Tallh-:'\UT .'\Olulion 01' lhc Einstcin vaCllUll1
lield L'quatiolls (sce. ('.,1: .• Rcf. ID)

,/,,' = -U-I dr' + (~I)'U(dl' + co< (1,¡,:)'

+ (1'2 + Jl)(rlH'1. + sin2 ed.;'1.).

whcrlo'

('=_ ~(lIIr+I')
_ 1 + ,) 1" •

1"- + -

which can he wlitlcn in the 1<1rInDS/ DI +11(.r'. DS/D.ri) = 11.
\\-'ilh

lo !irsl on!cr in l. \\"!len 11/ = O. making Ihe idcntificalions
,.'¡, ole (k / r) ,¡,: = ~I ,¡1.' ami 2/ = k / r. FUrlhcr examples are
gi\"L'll in Re!".-l.

In Ihe GISlo'01"particlcs with l1on-zero resl mass \Ve have
sumc similar resulls. In place ofEq. (4) \Ve no\\' llave

,/,,'=/10',,0(1) [-,/,' + '/r' + ('(r)('/H' + si Ji' (1,/'/)1. (17)

\\"herc Ro is a cOl1slanl, (/ depends ollly on t and ("(1') is cqual
lo r. ~ill r 01"sillil r. Clearly. Ihe Illelric (17) is conformally
sl;llionary (in rac!. L'llllformally slalie). Taking o'!. = ndr"(I)
:Illd {f/n.3) = llia¡.!;(- l. l. e. e sill'1.H). Eq. (12) corresponds
lo Illc liamil!oni;1Il 01" a non-relativistiL' 1"rL'~partkl~ in a
Illre~-dilllension;l1 space of conslant curvalure.

As in Re!". -l. \Ve can go in thc oppusile directioll. giv-
illg a magnetic lil'ld ami th~ Illclric nI" a Ihree-dimensional
space ami then linding ti space~limc melric ror which Ihe
light rays follow lhl' orhils of a charged particlc in lhe givcn
lll:lgn~lic ¡¡cid and lhlo'gh'en three-dimcnsional spacc. For e\4
:unplc. lile H:lllliltonian 01' a particle uf unit mass ami lInil
l'kclric charg~ in tlat Ihree-dimcnsional spac~. suhjecl lO tillo'
11lagnctic field of a Illonopole, wrilten in carlesian coordi-
l1alcs. has IhL' form (12) with [( - .'Ioo)y,j] = di::g;( 1. 1. 1) and
.110,/.'100 = -Ai/('. whcre..ti is ti veClOr polentia1 ror the field
nf:1 magncl;c llwnopole. l'.g ..

I 00 ( DS )' ", ( DS) (DS)-'1 -- + " -- --", D .() . ') .0 D d_.1 ( .1 .1

I , (DS) (OS)+-y) - --
~ D.I" D.rJ

.,
r-

2'
(20 )

+dr'+r'(dO'+Sill'(Id':')], (I~)

1 ""E' ""JlI' E , ,JI\" iJlI"
- 1I --:- - 1I -- - + - 1I ) -- -- =
2' 1.2 . ¡J/' ( ') DI' UI'J

,) .)

('- £-
+ ~ (-Yoo) = 2c' (22)

(
DI\" E y,,) )-,+--
n.rJ f' .'loo(

<JI\" E 'lo, )-,+--'-
(J./.' f' yoo

or, L'l)uivalcntly.

()n Ihl' olhcr h:lIld. in a slalionary SP;u.:c-time. in coordinalL's
"l1L'h thal 0.11".1/;).,.11 = (J. Ec]. (20) admils solulions of Ihe

fOl"ln S(.ru .. 1") = l\' (.,.') - :..1'0/( .. \\ herc ¿ is ti positin~ COll-

..•Ianl (asslll1ling lhat thc \\"mld linlo' is direCIL'd lO Ihe rllturc)
and

(1 X)'\ _ . (y. -.r. O). 1-1.----.
r(oler -:)

J •. is Ihe magnctic charge of Ihe 1ll011Op0lc and l'

J.¡-"!. +!J'1. + .:2. IkIlL'L'. [CI/oo)-'1.(,l/O,.f/O¡ - .fJOIl!Jij)]

,liil).:J l. 1. 1); amI
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which is Ihe HJ equation for Ihe Hamillonian

wherc k is a positive conslanl and from Eg. (24), wriling
5= 11'(1',) - El, one oblains

Now. I"ollowing Refs. 5 and I I and assuming E < O
(boundcd motion). the vector p = (P.r.Py.p:;) \\'ill b~ rc-
placeJ hy a point (UXllly, Uz• /tU') on the unil spherc in four
dimcnsions by means orthe stercographic projeelion, f.e .•

(25)

(27)

k

Jx2 + y2 + Z2'

(UX1 11y, Hz)
p::::Po-----,

1 - ltlL,

wherc

p} +Py2 +p:2

2M

_ k [(8W)2 + (8W)2 + (81V)2] -1/2 = E. (26)
81', 8py 81',

(Pi + ~YOj)
e 900

c2+ "2(-900) (23)

wilh j, = [2/(2e2) le! Eq. (12)J. This Hamillonian can
be intcrprercd as that of a non-relativislic chargeJ parti-
ele in a magnetic fielJ wilh veclor poten ti al proportional ro
YoJ 900 and an eleetrie ficld with scalar potcntial proportional
lo (-900) in a thrce-Jirnensional spacc with metric lensor

da"} = (goo)-2(90¡go) - 9009ij) dxi dxi. In Ihe present case
the "time" paramercr. r. conjugate lO JI is relared ro the propcr
time of Ihe particle. A. hy means of dr = dA/( -Yuo). By
contrast wilh the Hamiltonian (12), a Hami1tonian of (he form
(23) determines the space-tirnc metric 90:B up 10 a constant
(actor. Comparison of Eqs. (12) and (23) shows that when 900
is constanl, the orbits 01" test parlicles with zcro or non-zero
rcsl mass differ only in the valucs of the "electric chitrgc" and
of the "cncrgy".

3. Kcpler problem Po '" ..¡-2M E. (28)

An alternative to thc usual form al' the HJ eljualion is givcn
hy

wherc Ihe coordinates ql appcaring in the Hamillonian
H (q', 1'" t) are replaced h)' -8S/8pi' Equation (24) can be
derived from the usual HJ cquation (l) laking iolo accoun!
thal the coordinate traosformation q' ~ -Pi.]Ji H t¡' Icaves
Hami1ton's equations invariant (i.e., is a canonical Iransfor-
malion). In Ihe case 01" the Kepler problem, Ihe Hamiltonian
can be cxpressed as

H ( - g/~,Ji" t) + ~~ = O. (24 )

By expressing the unil vector (un Uy' U:;. uw) in tcnns
of sphcrical coordinates in thc form (sin X sill f.lcost,D,
sin X sinO sin $, sin X cos (}, cos X), one finds Ihat

(dp,)2 + (dpyf + (dp,f = [ .;'" ]2
25m (\/2)

x [dx2+Si,,2X(d02+sin20d,¡>2)],

which corresponds to the wcll-known (3.ct tha! Ihe sterco~
graphic projcction is a con formal Iransformation (note Ihar
dX2 + si,,2 x(d02 + sin2 Od1>2) is Ihe standard melric 01"Ihe
unit sphere). Hence

[
2SiIl2(\/2)]2

Po [ (
8\1')2 1 [(811')2 1 (81V)2])
8.\ + Si,,2 \ 80 + Si,,2 O 81> (29)

antl making use 01"Eqs. (27) antl (28) it follows (hat E'l. (26) amount, lo

~ [ (811")2 + _\ [(QI.!..:) 2 + ~ (QI.!..:)2].) = -21(,\/~k)2
2 8\ 5111- .\ 80 5111 O 8r!> 'u

(30)

(31 )

which is Ihe HJ equation corrcsponding lo the Hamillonian

1 [2 I (2 ,,])]It ~ - )J\ + ~ Po + -'-2- ,
2 Slfl \' SlIl ()

if " = ~(Mk/pO)2 Equalion (31) is the Hamil!onian 01"a
free particle af unit mass on (he unit sphere in four dimen-
sions. S3 (or of a free spherical top; note, h()\\'c\'er. that lhe
conflguralion space of the IOr, which can be idcntiflcd wirh

I
the group SO(3). corresponds to S3 with anl¡podal poinls
idcnlilicd). The orbits 01" the Hami!tonian (31), which is 01'
the fmm &!JijPil'j. where (gij) corrcsponds 10 the standard

mclric 01" 53, are Ihe geodesics of S3 [el Eq. (3)]. ¡.e.. grcat
cireles, which, under the stcrcographic projection (27) are
mapped onlo cireles Iying on planes passing lhrough the ori~
gin in p spacc [12J.

Re\'. Mex. Fís. 44 (6) (t998) 540-545
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with

one finJs lhal Eq. (26) is equivalenllo the HJ equalion for a
free partiele on lhe hyperboloid (33) in Minkowski space ('f
Rcf. 12)

(37)

(3X)(E - V)gij dqi dq'.

h=

wilh h = l. whose orbils. aoJo hence. those 01' (34). are the
geodesics oC the metric

Equation (36) is lhe HJ equation for the Hamiltonian

1 . al\' al\'
_g"_, -, + v = E (35)
2 aq' aql

[see Eq. (2)1 henee.

(herei,j, ... = 1, ... ,u)leadsto

(33)

(32)

The explicit invarianee 01' lhe Hamiltonian (31) under the
group 01'rotations in 1'ourdimt.=nsions, SO(4), shows that the
Hamiltonian (25) for E < O is invarianl unJer lhis group. In
a similar way. making use ol' lhe coordinatc transformation
P = u/11112 one finds lhal Eq. (26) with E = O is equivale nI
lo lhe HJ equation for a free particle in three-dimensional
space amI. in the case where E > O, taking

4. Jacohi's principie 5. Concluding remarks
The result of the preceding section is analogous to Jacohi's
principie, according to which lhe orbits 01'a conservativc sys-
temo with forces derivable fmm a velocity-indcpendenl po-
lential cncrgy, are the geodesics 01'a suilably defined mClric.
Jacobi's principie can also be easily derivcd rnaking use 01'
the HJ equation. The HJ equation for a syslem JescribeJ by
lhe time-indepcndent Hamiltonian

The cxarnplcs considercd here show that, even without a
changc 01'coordinates, lhe orbits 01'a givcn timc-indepcndcnl
dynamical systcm can he deterrnined by a huge varicly 01'
distinct Hamiltonians, which allows us lO f1nd relationships
bctwecn diffcrent dynarnical systems.
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