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f.:l'l"Il'Onl,. (icolllctric:d oplic.',,: Kepler prohlem
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1. Inlrndurl'ión

Thl' particle's l!"ajeclo!"~,/can he. depending {ln lhe enag!'. a
hypcrhola (lúr E> {)j. a parahola (fOl"E = O¡ m an el1ipsc
(1"01" L~< {}). Furlhcrlllorc. in IllOI11CntUIllspace, l!le Ilodo-
graph i..•a cirele (;1, .l).

Thl' Kepk'r prohlclll in L'];¡~siL'al lllcchanics and lhe 1\.1aX\\'cll
lish-e)'e in gcolllclrical optics are syslcllls Ihoroughly si ud-
¡el! (sce. l'.g .. Rcfs, 1-7 and Ihe refcrcnccs cilcd thcrcin). On
Olh.' side. Ihc i\lax \Vc11ti<dl-CYC is a IT1cdium witll a rcfractive
indc\

\\'hcrc 11 ¡¡nd {¡ are constan!s ami r denotes lhe dislann: lo lhe
origino AII light rays crossing Ibis lllcdiuJl1 are cin.:lcs or ares
ti 1"c¡reles: furthcflllOl"C. ir ¡, > (J, Ihen. gi,.cn a poinl P in lhe
lllL'dilllll. Il1efe e\ists ,lIlOll1L'r¡mini. pi, opposcd lo P lhrough
lhe Ilrigin (lhe conjugatc 01' p), such Ihal c,"ery ray passing
lhrough P. passcs through 1". ünly ",hen lJ > O, lhe ray is ti

l'lI111pkll' c¡rele, FOI"instance, whcll b = O, lhe ray is a cir-
L'k p:lssing through Ihe origin, \Vitll Ihe origin l"l'llIO\'l'd; Ihe
liglll :lpproaches Ihe origino hUI lleve!" rcaches il (lhis hella\'-
io!" is ~olllcwhal similar lo \\,:l1al an ohserve!" oulsidc a hlaek
hulL' ,,"ould see \\-hen a liglll ray is entering Ihe hlaek holc; the
"'pl'l'd nf lighl lellds lo Il'["(l as thl' lighl approaehcs the hlaek
hoh: hori/on. so Ihal it takes <l1linlinile timc 10 noss il).

On Ihe othe!" side. in Ihe Kepler prohlcm. a parliL'le of
mas ..•1/1 mm'es lInder the aetioll 01' a central force given hy

:¿.
,.eH= '.J

~II"!.'I l'd'}

The lIallliltonian ror Ihe lighl rays in ;¡ lllediulIl wilh rdrac-
[iVL'index 11 can he takcll as [8. !)[

2. Th~ i\laxwell fislHY~

A proof nI' lile formal eljui\'alence het\Vecll (hese two sys-
(ell1s \vas gi\'l:ll hy Buchdahl in 197X [D]. In this paper lhis
lXluivaiL'lIee is dcrnollslraled hy IIIC<lnSof a simpler and e1e-
Illentary procedurc. \Ve <lIso pro ve the existcncc or eonjugatc
poinls in the Il1nJl1cntUJl1spacc or Ihe Keplcr prohlclll.

In Sl'C!. 2 lhe lighl rays in Ihe 7\1axwcll tlsh-eYl' are con-
sidi..~red showing lhal rOl"all valucs 01" II in Eq. (1). Ihe lighl
ra:'s are (arcs on cirL'les. The Keplc!" prohlclll is dcalt will1
in Sec!. J and Sect. 4 cOJllains 1\\"0 proofs 01" lhe existenec
nI' cOlljugale poinls in Ih!..'Kcpll'l" prohlclll, (lne is hased on
Hamillon's veclor ami Ihe olhe!" i..'lllploys Ihe stcrcographic
proji..'cli{JIl,

whne (. i:-.[Il(' spced of Iigllt in \';H':UUIll.1), are l!le COITlPO~
llellts (Jf the lllo111cnlulll p (whieh is langcnl to the lighl ray
and Ipl = 11 :It c:lch poinl ollh!..' .-ay). (,(1')) is lhe invcrse
01"lhe 1Il:llrix forlllcd hy the l..'Ol1lpOlli..'nlsof lhe Illelric lensor
and thl'rc is sllllllllalion un repl'ated indices. In Ihe case or
lhe f\la.\welllish-eyc. 11 is given hy El). (1) ami owing to lhe
sYllllllL'lry or Ihe prohlcm. il is con\'Cllienl 10 cmploy spheri-
i..'al coordil1iltes. 7\)oreovel". SillCi..'the rays must I¡e un planes
conl<lining Ihi..' origino \Ve s!lall cOllsidcr a ray on lhe plane

( I )

(k> O).

U

/1 = 11 + ,."2.

F = -~"./,.1
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The trajectory followed by the light is delennined hy the
Ilalllill<lIl equations

Suh,lituling Eq. (J) inlO Eqs. (4) \Ve ohlain

fI =- ii /'2, Ihen:fon.'}lo =- o and Eq. (2) reduL't.:s lo

( ")(' 'J Jr. /'
JI = - Ir + 2. --.

2/12 r,.:! '2

(11 I

( I 01

\, in ll1omen-

k
l" ., 'v.r- + .11-

Jly = (l SlIl \.

1)'1 + I':!r y

'2/11
11

fl,1' = fJ1"O~ \'

No\V, \Ve shall introduce polar coordini.1leS, p,
tum space,

As in Ihe previnus seclion, the orhit is on aplane passing
through the origin amI \Ve can assumc that lhe planc nI" lhe
nrhir is the .ry-plane. Thus, J):; = O amIO)

iJJI
D(Jí=dPi

di
iJf{
DPi'

Fqualiull (Se) illlplies Ihal Pe;) is a consl~lIll, whose v;¡lue \vill
he dl'lloled hy , .. In ordcr lO llnd the trajeclory 01' Ihe ligllt
ra)', \Vl' ll1aKt.:use nI' Eqs. (Sa) alld (5h), then, acconling lo tlle
chain rule.

d;: iJlI C/l;

dt Dp; ,.2//2'

dlJ; = _ üH = D,
dI Ü."

£Ir

di
("JI,.
-."¡¡- (5a)

(5b)

(5e)

Then.

P.l' d.r + JJ'I tly =- fI ("os \ d.r + p sin \ dy

= d(.rpcos \ + ypsin \)

- (.rcos \ + ysin \)dp

+ (.1'{Jsin \ - Y{Jcos \1d\.

\vhich sho\Vs [hal

1'1' == -.r("os \ - ysin \.

d."
dI'

d;:/dl
d,,/dl

L-.-, -.
,.- J',.

(6) 1\ == .t¡ISllI \ - .l/peas \. ( 12)

Jt ¡" L'asy to ,ce Ihat !he solution 01' !his equation COHcsponJs
lo;¡ e¡rele uf radius

E1iminating JI,. fmm Eqs. (6) and (7) \l,'e oh!ain the difreren-
[iall'quatioll

( 14)

( 1.1)

and slIbstitllling Eqs. (1 I ) ¡¡mi (1.1) inlo Eq, (1D). with 11 =
E. \Ve arrive at

/1 = '2111k.

Henee, Eqs. (14) and (7) are the same equation if \Ve idcnlify

togelher with fl amI \ are canonical eoordinales, which guar-
antees thal Eqs. (..O are applicahle to thelll. From Eqs. ( 12)
\Ve ohlain

(R)

(9a)
(l

n = 21LI'

b +,.:!
J' "/L" (., {).,'r a-r- - - r- + 1 -

" U ( (l )'¡>;. + ---::¡ =- -( -~ .
r- ) + r-

SirKe Ipl =- 11, from Eq. (1) \Ve havc

",hose center is al a distance

J. The Keplel' prohlem

fwm the origino Hence, for b > 0, the origin Hcs inside lhc
cirele, for /¡ =- O, tht: origin lies on the circle amI. 1'01'b < 0,
lile origin is outside lhe cirele.

\\"hieh L!cfllonstrates the equivalenee 01"the 1\\"0prohlems. The
hoL!ograph. which is the cun.e dcseribed by the particle in
fllOlllentum space, is Ihercfore a cirele 01'radius R whose cen-
ter is at a distance ti fmmlhe origin \vith [see Eqs. (9)1

d=Jn'-b (9b)

11I k
11 = TLT'
" = JR' + 211lE,

( l5al

( I5bl

Thl..' Harniltonian 01"the Kepler prohlem is

¡/ J.:
J[=---

2m r

From Eq. (151l) \Ve see lhal. ir E> 0, lhe origin lies nUlside
the cirele, ir E = O, the origin is on lhe eirele and il" E < O,
the origin is insiLle lhe cirele.

Re\'. Mex. Fls. ..J3(6) (1998) ~'¡6-5 ..W
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[i\'cl)', [hen hy cOlllhining Eqs. (22) and (2.1), \Ve lind Iha!

( ,) ,) ")-/'ofJ.1" _/'n/J'I -/'0/':;- -,-,--')' --.,--", --.,--.,
I /1- + /J(j /,- + /J(j P- + }J(j

P = /Ju ., .)
/Jo - /,-1--,--.,
/J- + ¡Ji)

which l'oincidcs \vilh [he exprcssillll ohlaincd abo\"('

110'1, (21 11.
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