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Making use of Hamilton’s equations. the formal equivalence between the Maxwell fish-eye and the Kepler problem is established. The

analogs of some properties of the Maxwell fish-eye in the Kepler problem are also discussed.
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Utilizando las ecuaciones de Hamilton, se establece la equivalencia formal entre ¢l ojo de pescado de Maxwell y el problema de Kepler. Se
discuten también los andlogos de algunas propiedades del ojo de pescado de Maxwell en el problema de Kepler.
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1. Introduccion

The Kepler problem in classical mechanics and the Maxwell
fish-cye in geometrical optics are systems thoroughly stud-
ied (see, e.g., Refs. 1-7 and the references cited therein). On
one side, the Maxwell fish-eye is a medium with a refractive
index
~a i
n= g (1)

where o and b are constants and » denotes the distance to the
origin. All light rays crossing this medium are circles or arcs
ol circles; furthermore, il b > 0, then, given a point P in the
medium, there exists another point, P', opposed to P through
the origin (the conjugate of P), such that every ray passing
through P, passes through P'. Only when b > 0, the ray is a
complete circle. For instance, when b = (, the ray is a cir-
cle passing through the origin, with the origin removed; the
light approaches the origin, but never reaches it (this behav-
101 is somewhat similar to what an observer outside a black
hole would see when a light ray is entering the black hole; the
speed of light tends to zero as the light approaches the black
hole horizon, so that it takes an infinite time 1o cross it).

On the other side, in the Kepler problem, a particle of
mass 11 moves under the action of a central force given by

F=-

prid (k> 0).
The particle’s trajectory can be, depending on the energy, a
hyperbola (for E > 0), a parabola (for £ = 0) or an ellipse
(tor £ < 0). Furthermore, in momentum space, the hodo-
graph is a circle [3. 4].

A proof of the formal equivalence between these two sys-
tems was given by Buchdahl in 1978 [G]. In this paper this
equivalence 18 demonstrated by means of a simpler and ele-
mentary procedure. We also prove the existence of conjugate
points in the momentum space of the Kepler problem.

In Sect. 2 the light rays in the Maxwell fish-eye are con-
sidered showing that for all values of b in Eq. (1), the light
rays are (arcs of) circles. The Kepler problem is dealt with
in Sect. 3 and Sect. 4 contains two proofs of the existence
of conjugate points in the Kepler problem, one is based on
Hamilton’s vector and the other employs the stereographic
projection.

2. The Maxwell fish-eye

The Hamiltonian for the light rays in a medium with refrac-
tive index n can be taken as [8, 9]

"
H=—g"pijy — (2)
2ni®

,.

7
where ¢ is the speed of light in vacuum, p; are the compo-
nents of the momentum p (which is tangent to the light ray
and |p| = n at each point of the ray), (¢*/) is the inverse
of the matrix formed by the components of the metric tensor
and there is summation on repeated indices. In the case of
the Maxwell fish-eye, n is given by Eq. (1) and owing to the
symmetry ol the problem, it is convenient to employ spheri-
cal coordinates. Moreover, since the rays must lie on planes
containing the origin, we shall consider a ray on the plane
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) = /2. therefore pg = 0 and Eq. (2) reduces to

_e (2, Po) ¢
H = z'? (pr+F) 5" (3)

The trajectory followed by the light is determined by the
Hamilton equations

dq'  OH Ejﬂ B _Q_Ii 4)
dt — dp;’ dt — Og'
Substituting Eq. (3) into Egs. (4) we obtain
ﬂ = aH = (p)' . (5:’.\)
dt  Jp, n2
dpg 8H cpy
— = e e & 5h
dt  dp, r*n? (9]
ip., aH
R i (5¢)
dt Ay

Equation (5¢) implies that p,, is a constant, whose value will
be denoted by L. In order to find the trajectory of the light
ray, we make use of Egs. (5a) and (5b), then, according to the
chain rule,

o) o/ dt L
(]\‘u _ dl,,/ _ (())
dr dr /dt

r2p,

Since |p| = n, from Eq. (1) we have

o i a )'} o
PrT 03 b+ r2

Eliminating p, from Egs. (6) and (7) we obtain the differen-
tial equation

dp B b+ r?

dr ry/a2r2[L? — (r? + BER

(8)

It is easy to see that the solution of this equation corresponds
to a circle of radius

a
B=_. (9a)
2|L|

whose center is at a distance

d = /' R? —b (9b)

from the origin. Hence, for b > 0, the origin lies inside the
circle, for b = 0, the origin lies on the circle and, for b < 0,
the origin is outside the circle.

3. The Kepler problem

The Hamiltonian of the Kepler problem is

B p? k

2m

As in the previous section, the orbit is on a plane passing
through the origin and we can assume that the plane of the
orbit is the xry-plane. Thus, p. = 0 and

i = pf_ + p'_;’, B k
2m \ ”.sz B yg )

Now, we shall introduce polar coordinates, p, \, in momen-
tum space,

(10)

Py = PCOSY,

Dy = psiny, (1)
Then,

prdr + p,dy = peos xy dr + psinx dy
= d(xpcosy + ypsin x)
— (xcos y +ysiny)dp
+ (xpsiny —ypcosy) dy,

which shows that

Pp'= —TCO5 Y — YSINX,

Py = apsiny — ypcos x, (12)

together with p and y are canonical coordinates, which guar-
antees that Egs. (4) are applicable to them. From Egs. (12)
we obtain
2
.l'2+_r/2:[);';+%. (13)
PE
and substituting Egs. (11) and (13) into Eq. (10), with H =
E., we arrive at

2 o]
o . Py 2mk =
po+—=—=(——7-—=1 . 14)
o 0 (p-’ - sz) ‘

Hence, Eqs. (14) and (7) are the same equation if we identify

a = 2mk, b= -2mE,

which demonstrates the equivalence of the two problems. The
hodograph, which is the curve described by the particle in
momentum space, is therefore a circle of radius 12 whose cen-
ter is at a distance « from the origin with [see Eqs. (9)]

mk

R=—, (15a)
L]

d =+ R?+2mE. (15b)

From Eq. (15b) we see that, if E > 0, the origin lies outside
the circle, if £ = 0, the origin is on the circle and if E' < 0,
the origin is inside the circle.
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tively, then by combining Eqs. (22) and (23). we find that

2pope 2popy 2pap- )
o 2 CL G 3 X 5} 3
, = ]_)6 P+ pr'; 1_)3 + D5 P
P = Po- 3 5 —h=
Po— D »
P+ g
hence,
v 2mE
p===— :
P P

which coincides with the expression obtained above

[Eq. (21)].
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