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Thl' Ilodograph 01' lhc l\.l'pkr-CouJolllh prohkm. lh~ll is. lhl' palh Ir¡Kl'd hy il...•\,t.'locily Vl'clor. is sho\\'1l lo hc ,1rircil' amI lhl'1l il is u"'l'd
11) illvl'sligale Ihl' pn1pl'rties 01' lhe IlHlli(lll, \Ve nhtain the C(JIltigur¡¡lio:l spacc \llhil ..•(11thl' prohlem ...Ialling t'nll\l initial c(lIldili(1I1Sg.iven
using lIothing IIH1ft'Ihan lhc rnethoos (Ir synthetic gcolllclry so el(lse lo .\'c\\'lon's arrrllat'il The method \\orb \\ilh elliptic. p:lraholir ano
h~perholic (IrniIS; il c;ln C\'l'n he useJ lO deri\(' Rllthcrf(lnJ"s rcl<llion from whirh thc seallt'ring cross "eclion cm Ol' ca<;ily cvaluatt'd, \Ve
thin" our di."cu"sioll is oolh interesting ,md IIs('ful inasmllch as it scrw ...In relate thl, initial conditions wilh lhc l'orrc ...ponding tra.ll'l'toril's in
,1purcly g-colllctriral way ullcovering in lhe process somc ílllcn:sting ('llnnections scld01ll dISl'USSC¡Jin slanddrd In',ltlllt'Jl1S.

A'1'\'II'on/s' GClllllctrir lllCtIJOOS:Kepler-Cllulo1110 prohlem: \'clorily SP,Il'C

Iknlllstrarno, que 1:1hlldúf'rafa Jel pmolerna de Keplcr-Coulornh.eslo Cs. la tra~edol-j¡¡ que siguc Sil \'cLtor \clol'ioad. es una cirellllkrclKia
y la usamos para c."t¡¡oleeer geométricamentc otras propied,Kk ...lkl ll}(l\'imicnlo, OhlcllClIlo.-.b rel:Kiún clHrl' la hooógraLl ~ 1;1úrhll:1 en
cl eSI'acio úc las ennligur,lcionc ....para el prohlema dc Kcplcr-Colllolllo, partiendo dl' COJldll'ionc, lllieidil's dad,ls y clllplc:ll1Jo !lada Ill,ís
qUl' los método.-. dc la gl'ulIlclría sintélic:l tan CllOS a ;-...'CWlt\ll.E1111l;[odoque pnlpolll'llhl" 11lt'luyc. I;1Il1\l~lLis ('U'OltaS",'Iípllca, l"Ill1l0a Ids
p,lrahúlic:IS e hipnhúliclS. y puede t,lI11hiénusarse para deducir la rcl:ll'j6n de RlIllll'rl\lld: [;1quc es la n:bt'il'lll cla\l' para ohtcllL'r la scn:iún
clicll de dispcrsiúll. i'CllSílIllOSque nucstro enfoque es t;'mto inlnc";lllte COIllOlítil. ya qllt' pnmilc tr,II;III;¡s lrayel'lllrias LJsandn ...úlo métodos
geométricos y. adcm¡ís. rcconoccr alguna, re!al'illlles ljut.' no sOl1l'vidl'nll', en lo, lr;ltamil'1l10Snüs usualc ...

p:\cs m.20,+i: t)'i, lO,e

1. Introdndion

\\'l' h~l\'c hl'en analysing an approadl 10 sol\'e the Kl'pkr-
C(lulurnh prohlclll elllploying the propcrtil's 01' its hodograph
amI ils relation"hip lo lhcir orhits 11-11. Picase recall lhat
hodopr¡¡p1J is lhe Ilallle given to the palh Iracl'd hy lbe vL'1ocily
\'L'l.tor of a systelll in vc!ocil,Y spaí.:e. In lhis \\'OI"k \\'(' purport
lo express al! our arglllllenls in gcolllclric tel"lns in a sort 01'
r\'l'\\'lonian fashion. The hodograph as a lIlean towards untkr-
"t,1I1dil'ig Ihe dynalllics 01' a syslem \\'as IIllroduced hy Hamil-
Ion F¡J~h(' en.'n i1l\'cllled lhe lerm-during lhe lasl cClllury.
Ibmilton \\'a" ,lhk lo "ho\\' that (he hodograph lindel' an ill-
\'t'ISL' Sí.lllan..'dú'nlrc (Ir r\lrCL'I.~-il(lr, as \ve call il here. i[llhe
Kcpln-Colllolllh prohklll is al\\'a)'s a circle. Jt is curiolls lo
r10llcl' thal Halllilton pnl\'cd l!la!. in a \Vay. lhe ancien! (il'ce"
¡¡"trolllllllers \\'eIT right. the mol ion of pl;Ull'ts arollnd tlll' ...un
i" indeed cirl'ul<lr. 111L'YjusI got wrollg lile space sincc thl'
h(ldograph inhahih \'l'Iocily ralhn l!lan configuration Spat'l'.
11(l\\'c\'cr. C\'L'n ir (llll' I\no\Vs thal the KCJ1kr-Coulolllh hodo-
graph is circular in "llape. jI is nalural lo \\,(lnde!" !lo\\' L'an
lhal cin.:1c he relalcd \\'ilh thc wcll-"nowll orhils in conligura-

tioll SP,I',:C.Ll't LIS!lote lila! 11lL'probklll is easily sol\'l'd in an
an:tlytic;t1lrc,lll1lcnt "i\lee \\'l' l';1II lI"l' the polar angular coor-
dinalL' in tlll' pl,lIle orthe orhil. (J. rOl' I"c1ating lhe tr;¡jcctory in
/'-spacl' \\'ilh lllc trAieelory in r-"'I';,ln'I~-1). r:unhcnllorc.lt:l
liS poinl oul 111;11tlll' prohklll posed ha ...heen alrl'ady "olved
geolllclrieal1y. :-.inn' lhL'i"Cexi,sl hL':Iuliflll melhods dt'\'c1npcd
h,Y ~1a.\\\'elll(;1 ílnd hy FeYl1l1lan ["";1to "olve il.

In lhi" "'01').;, \\'C disCllSS ;¡-we c\pect-no\'c1 gcolllelric
approach 10 llll' rc1alionsl1il' ht'l\\'ú'n lhe hodoglaph and lile
mhit í.ll' lhe Kl'pkr-Coulomh I'rohkm. \\\: hegin cSlahli:-.l1ing
lile cirCIII:lr shapc nI' lhe prohlclll'" hodograph lI"i ng sland;lrd
analytieal IIll'lhods ;1I1dt11l'1lrl'\\'1l1K lhe path rrolll lht: hodo-
grapl1 10 tlll' orbit ll.Iiing lecllnit[lIl's Ihal-wc 1!linK-arc akin
10 1l1o"e in llll' Principia I~:l].In (lur \¡l'\\'. Illis gcol1ll'lrie ap-
I'roadl 1IIK(l\l'['" tllL' gCl1rllClric,lI hl':lut~ aS"th:ialcd with Il1l'
pI1YSil'" (Ir llll' plohlclll \\hich nll dllllhl cOlllrihlltcd lo lhe al-
Iral'linn Idl Itl\\',ml'i il hy lllallY I'l'oplc lrough lhc n'nlurics.
froll1 the ancil'lll i\layan a"lnHltHlll'r...; lolheir Illoderll COllllter~
part..;. \\'l' do thinK this typc 01' ,lppro,K'h cOlllrihu!l's lo a hl'l-
In lIní.krslanding ur lile inlerplay hL'I\\'eell lhe gculllt'lry and
lile physkal pl'Olk'r1ies 01"thc solulion to lhe Kepler-Colllolllh
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The cqllalioll nI' lllotion of a partirle inlcracting wilh an in-
\'crsc sqllarcd centre of forcc is

11' \Ve are given lhe posilion I'n amI Ihe veiocilY Vo al a
ccrlain lime to, Ilow can we conslruct lhe Jlamilton vector
ami Ihe hodograph? In this seclion \Ve show how this can
he done lIsing a \'ery simple gcolllelrieal construction. Bc-
fore hegillning with Ihe geolllctrical construclion, we firsl
nced lo calclllale Ihl~ Icnght 01' Ihc an~ular mOlllentlllll veclOr:
L = '111'01'0 :-ill 1"5.whcrc O ::; á ::; rr ¡s the angle hctween Ihe
inilial positinn ami velocily. Bul, I~ is just thc area orthe recl-
:lIlglL' spantled hy "0 and the componcnl 01"Vo orlhogonal (o
ro limes 11I, that is. il is Iwice lhe areal velocily of Kepler scc-
ond law. \\'e abo Ill'úl lhc 'Iellclh' /lll = 01 L~rel1lcl1lher
lhal t!lis ratio has really dimcnsions of vclocity.

Tt.J tJllderstand lhe geomctrical l't.Jnslrucli(lI1 lhal follows
il is cOllvenicnl lo keep Fig. I in sighl. Lel Ihe poinl Q oc
the posilion oflhe cenlrc off0rce. Draw thc line segrnenl QB
eOITc"pollding lo thc inilial position ro (in facI, Ihis is always
lile Il:lJIIC given lo Ihe line scgmelll rerrescnling (he initial
posilioll in :111Ihe disclIssions Ihal follow). EXlcnd lhe seg-
Illcnl Q1T up 1O:1Jlarnitrar)' point O-Ihis just corresponds;o
choo ...ing Ihe origin in veloeit)' space. From Ihe /'-space ori-
gin 0, draw lhe linc segmclll or cOITesponding lO Vo (or i.;
always lhc nalllC of lile li!le seglllelll rcpresellling lhe inilial
velocity in all lhc discllssions Ihal follow) and draw, perpen-
dicular 10 QIT, a Iinc scgmcnt 00' 01"knghl H/¡-Ihal ¡s, we
are dr:l\\.-'ing -ni/. t~u(recal1 thal we dellncd e() = (~::X el.'

whcre t!:: == 1.1L). NOlirc (hat the previolls cOllstruction as-
sUllles ootl1 an :lllraClive intcr;¡ction alld all Ihe cOllvcntions
IIIClllitlned, To analysc ;¡ rcpulsivc inleraelion lhe ¡mint o'
had lo be chosen in lhe opposilc dircction U.c., in such e;lSl'
we sliould draw +111 L ú(/).

Usíng Ihe p;¡ralleltlgrarn rule, sllm ()P lo ()O' lu gel lhe
poinl C. The Hne seglllcnt OC rcprescnts (hc H:llllilton vC'ctor.
ILiving ootaincd 11, lo gel lhe hotiograph draw, with ccntre al
C. a rirele 01' radius h'¡,: Ihis represl'nlS the hodogmph.

cCllln: is al the lip nI' h and, Ihcrdore, (he Halllilton vec-
lor delines a dynamical symmC'lry axis 01' the hodograph-
dyn:lI11ií,:al sYllllJlclry illlhe sense thal it is not onl)' a geolllet-
rical property, the intl'ral'tioll inlervcnes direclly: for eOI11-
parisoll nole lhal lhe resi 01' Ihc diamelers are just gcometric
sYllllTletry axes. This property of Ihe hodograph sho\Vs thal
Ihe orhil has also a dynamícal sYllllllc(ry axis: such axis is
found oy geolllelric Illeans in Sed .. ~ hdow.

As Ihe hodograph is a closed cur\.e-at least whcn il hap-
pens lo he Ihe wholc cirele, ¡.c., in preciscl)' lhe case of
houndcd orhits-Ihcn aH lhe hOllnded orhils 01' lile proolem
ha ve 10 he ncccssarily periodic. How are other rcatures of lhe
hodograph relaled [o Ihe properties 01' Ihe oroil'! As we ex-
hihil hdow in Secls. 4.1 lo 4.5, Ihe gcol11clric shape and the
oOlltlded or unhollndcd nalurc of Ihe orhits ehangc according
((l whcrc the¡'-space nrigin is posilioned in relalion to lhe
hodograph. f\lany of Ihcse fcatures are disclIssed in 1110dern
langllage ror the case 01"an atlraelivc interaclion in [:!] and
for Ihe scattering case in [3 .. 11.

3. From Ihe inilial conditinns lo Ihe hodngraph

(I)

(4)

(.11
n

h = v - -('íl
L

" =

¡Jv (} ~
/11-& = - ,.2 el"

whcre 11I, n, v ami el' are, rcspectively, lhe J11ass01"Ihe parti-
ele, a conslanl characterizing the intcraction strenght (which
is POSilivc if Ihe intcr:IClion is altracti\"e or negative if it is
repulsive), the veloeily vector, and the unit vector in Ihe ra-
dial direclion in conf1guralion spaee. In Ilw Kepler-Colllorno
prohlelll, descrihed hy EC). (1), thc ellcrgy E and Ihe an~lI1ar
1110111CnllllllL = /1/1' X V = lIIr"2ée~ = I.¡~::are conserved
(we cl100sc Ihc dircelion of L as .:-axis). The lllolion is Ihus
sccn 10 he conlincd 10 aplane orthogonal lo L. In this orhilal
planc \Ve lIIay choose a polar coordinate syslelll wilh lInil vcc-
IOrs e,. and (!/¡ = c:: x (-~r, ror descrioing Ihe motion. (¡iven
Ihis information, showing lhal the hodograph is a e¡rele is nol
difllcu1t. Ihis has heen done hy FallO amI Fano [101 lIsing ti

nice hut nol complelely gcolIlelrical approach. As posing and
solving dyn:l1nical problcllls in gcolllclrical tenns is, 110\\/-
('ver. vcry unfamiliar lo llIodern readers, \Ve have dccidcd to
-.Iar! l!le discu~sion using convcntional differcnti:ll equatioll
Il'c!lniques: al'cording lO l!lis, \ve hegin hy giving standard
pnlofoflhe hodograph's Illain propcrlies [2]:

If \Ve lIlultiply (1) limes L, Ihe equalion of lTlolioll he-

\,,'here \\ie IIsed C(} = -()t~,.. From (2), il rnust he clcar lhal
Ihe Hamilton \'CClor [2,111

proolclll. 11is lo he nOled lha!, Illostly, lhe constructions pre-
senled he re require no more than straight edge and cOlllpass
lo he realited. Bul. hefore emharking in Ihe discllssion. lelllS
cOIl\"ene Ihat lhe trajeclory in eontlgur:nioll space he ahvays
called ¡he orhi( \v!lcrcas lhe trajcctory in vclocily spacc oc
always called lile hodogrnrlJ.

The Iwdograph ofthe Kepler-Crmlomh proh-
lem

is a cOllslanl nI' lllotioll in Ihe Kcpler-Coulolllh problelll. As
can he seen in this equ<llion, the Hamil!on vcclor is always
parallel lo Ihl'. n:locily al pericenlre \'p [.1. 1:21. ThL' Illagni+
tude nf (he Hamihon veclor

increases when Ihe cnergy E inereases or when the lIIagni-
lude 01" Ilw angular ll10lllenlulIl L dccrcases. i\lorcover. as
follows fmm (1), lile vclocily lays in a circular are \I,:illl ra-
dius N" == ni L amI whosc ccnlre is al tlw lip of hin veloc-
ily sp:lCe, Thc Coulol11b-Keplcr hodo¿!riJplJ is a eirck whose
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FIGURE l. Thc geomelrical procedure ror ohtaining the Hamilton
vector amlthe hodograph fmm given ¡nitial conditions ro amI Vo

is illuslralcO. O labels lhe origin of coordinalcs in vclocity sp;lce or
I'-origin ami Q labels [he local ion of Ihe centre or forcc. '1'0 tlraw
lhe segmcnl 00', corresponding lo -e(joj L, we assulllcJ thal L
points oulsidc lhe planc of [he paper. Thc Hami!toll vector is lhe
line sC£nlcnt OC. lhe c¡rde X'PX CCl1tcrcd al e is Ihe hodograph.
Thc st;aíght line scgrncnts QS and SX correspondo respectivel)'. lo
[he dynamical symmctry ax:is of [he oroil ¡¡ntl of {he hodograph.

Tlle discllssion rclateo 10 lhis figure can hL'found in Scct. ~.

Tile at1t)\'c gcolllctrical construclioll ncsidcs giving h ¡¡lid
lhe hodograph tell us aoouI the bounded or unbounded nalure
01' Ihe orbit. It is onl1' a maller of nOlicing \vhethcr O is 10-
l"atcd inside the circle of Ihe hodograph or nOI; ir il is insidc,
Ihe orhit is bOllnded ami the cncrgy has lo he negativc, if nol,
the orbit is ullhounded and lhe el1ergy is positivc. Figure 1
i\lustrales a case in whkh O is insidc, thal i.." a motion with
E < (J. What ahOUI Ihe case E = O'! As il is casy lo see
fmm (..l), or jusI froll1 Ihe continuity nI" lhe descriplions, l!lis
case ollly happcns when () sits precisely 011the cirele, lhal is,
whcn 11 = H,¡ = ni 1,1:2].

11 is a!so easy lO ohlain Ihe dynamieal symmctry axis of
lhc orbit fmm lhe givcn inilial condiliolls. We jusI Ilccd lO
dra\\' lhe 1illc segmcnl QS, which is a ¡¡ne perpendicular 10
OC passing thmugh the cenlre 01' force Q. This follo\vs fmm
the paralc:llisll1 ofh and Ihe velocity at pericenlre "'7)' The lille
QS so drawll, i.o;the orhit',-; dynamicalsYIIJIlJC'try ¿tú.o;.Nolicc
also tl1al v T' can he drawl1 hy simply prolonglling Ihe scglllcnl
OC unlil il inlersects Ihe hodograph. This inlercept is markcJ
X in roigo l. Ir. as happel1s in Fig. 1. lhcrc are l\Vo inlersec-
tions \Vilh lhe hodograph ami not jusI one, the \'cloeily space
origin O is, neccssarily. inside the hodograph, Ihat is. the en-
ergy is necessarily l1egati\'e. The second inlercept, laheled X'
in Fig. 1, detines the seglllent OXI corresponding lo lhe vc-
lucity al the apocC'nlre of Ihe orhit. that is. 10 Ihe poiul on the
orhíl farthest from the centre 01' force ami thercfore with the
least magnitude. A such poinl ohviollSly does not cxist in Ihe
r; > O case whell O is olllside Ihe hodograph.

In all lhe Secl. 4, W'C assurne that the symrnL"lry axis
has heen dra\\'11 as descrihed hefoft~ Ihe geolTletric disCllS-
,ion hegins. The jusI found dynarnical s)'mlllclry axis cor~
responds lo the dircction 01' lhe Laplace-Runge-Lelll. vector
A = h x L II~L14] \'v'hich always points lowards lile peri-
centre of the orhil.

4. Frnm lhe hodo~raph lo lhe orhit

Let LISassulllc lhal lile origin of coordinales in vclocity space
is within Ihe circ1c 01' Ihe hodograph: t!lis is the case \\'hose
rcali¡;¡tion from initia1 conditiono; \\',1-" prc\'iously discusscd
in Secl. 3 and was illllslrateJ in Hg. l. PIcase rekr 10 Fig. 2
for Ihe schemalic rcpresenlalioll nI' Ihe geomelric sleps thal
fo\lmv and as an aside Jlole that ever)' single step can be ac-
complished using only straighl eLige and compass.

The points Q. H" O. O', P and e in ¡:jg. 2 have e.xactly the
same Illeaning as in Fig. 1, lhat is. Ihey serve to construct lhe
Hamilton veclor OC ant.l the hodograph ccnlered al e given
lile illitial condiliuns ro (the straighl li!le QH) ami Vo (the
straighl line nrl. ami the vector -t,¡¡Uh (the slraighl line
00'). In facl. \Ve \\'il1 al\\"ay~ ¡¡S~Ullle Ihis l1leaning for the
laheling 01' poinlS in Figs. 2-5. in Fig. 6 the naming 01' poinls
is ~ill1ilar excepting thal O' is nol fOllnd lO he 11l:cess¡¡ry.

'1'0 IOl"ate any poinl in the orhit. eXlend Ihe slraighl line
PO lIntil it again intcrcepls lhe hodograph al point T (scc
Fig. 2a). Trace a perpent.licular lo (''1' passing throllgh the
ruinl R, this line inlerCeplS the .sYIllJllelry axis (conslfllcled
as in Secl. 3) al lhe Vl'l'Y important point Q'. 'Ji, locale the
poinl on Ihe nrhil l'orresponding lo ilny gi\'en poinl on the
hodograph, let us notiL'e that we have already one such pair
01' points, the inilial L"{)ndilions: the poinls R and P. Lel us
choosL' ;lIlolher poi nI 1" olllhe hodograph: to hegin, draw ¡he
straighl line 01", e\lend it unlil il inlL'rsecls Ihe hmJograph
al¡lOinl '1'1. Draw IWo straightlinL"S pL"rpendiclllar lo ep' and
10 ('T' p:lssing: lhrough Q anJ Q' respeclively: \\'C a..,sert thal
this Iwo perpendiculars meel al lhe requircd point I{' un Ihe
mhil, as was Ihe CISC \"ilh thl~ perpendiculars lo Ihe slraight
seglllcnls cr and CT. relaled lo lhe initial condilions and
meeting al U. To draw Ihe compkte oroil. we have (o I"L'peal
Ihe SalllL"procedurc o;larting frorn L"acl1anJ evcr) point on the
hodograph, in Ihis \\ay dra\\"in,g. point hy poinl. Ihe whole
orhil-which is shown as Ihe gray l"lll'\'e which includes lhe
puinls R and I{' in I:ig. 2a.

\Vha( are Ihe propcrtics of (!le just construcled orhil'! The
easicsI way 10 answcr Ihis qllestion is by eslahlio;hing Ihe
orhilal shape. Tu do Ihis. !et us tirst dra\\" the circular arc
Q'W ccnlered al R wilh a radius equallo the lenghl orRql.
T!lis arc in(crcepIs Ihe slraight line (}TI at the poin( \V (see
Fig. 2h), Nexl, Irace IllL"circular arc \V\V' cenlcred al Q wilh
radius Q\\". Ii is 1l0\1,.' cas)' to SL'e, jusI hy noticillg that Ihe
shaded triang1es .6.p''J'I(' and 6. \,",l¿'H' are holh isoscelcs
and similar lO each other (Ihis happens hy construction), thal
Ihe IlOinl R' nn lile orhit is al the sallle diSlalllT hUl1Ilhe are
\V\V' than from Ihe point Q'. \Ve can ."icethus Ihal the radius

In lhi •.• scction we show how givell thc hodograph, (011-

structed from the inilial condition •.•as explained in Secl. 3,
Ihe mhil in contiguralion space can he ohtained and all its
geolllelrical propcrliL"s eSlahlished.

.t 1. Thc case uf an attractin~ inlcraclion wilh Ihe
I,-ori~in insidl' the hodo~""ph
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FIGURE la. The procedurc for reconstnIcling Ihe orbit whcn Ihc
hodograph ellcompass lhe l'-origin is illustralcd. The meaning 01'
lhe POirllSmarkcLl Q. R. O. e)'. P and e is illustrated. Noticc lhat
the oroil is indccJ dosel!: fUrlhcrmorc. Ilotice thal despitc arpear-
ilnccs the poinl S docs nlll llc(cssarily corrcsronl! to Ihe vcrtcx 01"
lhe ellirsc. For lhe detniled Jis(lIssion ofthis case see Ihe SCCL4.1.

FIGURE 2h '1'0 demonstrale Ihc orbit is indccd an dlipse \Ve [leed
lo recogni/.l' Ihat (he two shaded ¡sosedes (r¡angles 6Q'R'\y' ami
6CP'T' are similar to ca(h olher.

nf lhe circular are \V\V' is the sum 01' Ihe lenghls 01" QB' and
(l'n' ando thercfore. that in lhe case E < ()lhe orhit i.•.•t1ccc .•.•-
,'i<Jrily <111 eI/iV'ir: with major axis 20 equal lo the lenghl 01" lhe
linc scgmcllt q\r. Thc auxiliary ¡minI Q' is thus OIlC 01' lhc
foci 01' the ellipse. thc other one coinciding wilh lhe centre 01'
force Q. The !ine QS can he scen to he the symmelry axis of
the ellipse as we have antieipated. In fact. the ceeenlricity of
the ellipse is eas¡ly ealculated as, = "/ /1" = OC/CI' In
Thus. Ihe famous Laplace-Runge-Lcnz vector can he drawn
as a slraighl line segment of lenghl Of parallel to SQ-as Ihe
scgmcnt lahclcd ...4 in Fig, 2a illustralcs, It is lo he notcd thal
lhe cirele \V\V'\V" can he identifico wilh the cirele used hy
r-.laxwt:ll anl! hy Feynman in Iheir respective discussions of
the Kepler-Coulomb prohlem IG.8].

kP~-'\\ e ,
~I /
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" .
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F[(JURE 3. The procedllre for reconslrucling the orhil when the
I'-origin is precisely 011the hodograph is illuslrated. For lhe sake
01'cOllvenience. lel liS lirst (ranSlale the whole hodograph from its
nri~inal place cerllered at e 10 n new locmion cenlered at Q (the
ccnlre of force). 1\11 rch'/l.tJccs lo ¡mincs OHrIJc hodograph ¿¡re lo be
lI11dcl.,I()(lc/ al il., c/i.'p/accd ¡(Icario/!. '1'0del1lonstrale lhal the orbit is
a parahola \Veonly nL'cd to recognizc lhal the two shaded isosccles
lriangles 6QP'O ami 6R'Q\\" are similar lo each othCf, Notice
that Ihe straight line scgment S\V'\V corresponds (o Ihe auxiliary
cirde of the previolls hgure. Thus. I"romIhis point 01' vicw. the di-
reclrix is jusI a degcnerate cirele with intinile radius. Scc (he dis-
cllssiorl in Sect. 4,2.

".2. Thc case 01'an attracth.c intcraction with the
'l1-nri~in on HU'hodograph

Let llS nO\\' assume that Ihe origin of coordinatcs in \'clocity
space happens to he precisely on the cirele 01' lhe hodograph.
as shown in Fig. 3, The symmelry axis QS. as describcd in
Sec!. 3. is the li!le perpendicular 10 OC which passes lhrough
the poinl Q. For the construetion. we also need the auxiliary
I¡ne S\Y. paralell to OC and whose oistance from lhe initial
poinl R (I\\V) is equallo lhe lenghl 01' lhe segmenl QR.

To construct lhe orhit. \Ve lIrsl. just for the sakc of con-
veniellce. translate Ihe centre nI' the hodograph lo the point
Q. lhat ¡s. Ihe hodograph's centre is rcloeated to coincide
wilh the cenlre of force. Scc Fig. 3. Al! refercnccs to points
011 Ihe hodograph fmm now on. aSSUlllC lhis new loention for
il. Lel liS choose an arhilrary poi nI P' on lhe hmlograph and
tlraw the straight fine segmcnls OP' (lhe \'elocily) amI QIH
(i.e,. the veclor C/I!(IJ). Dr;1\\/a perpendicular lo <)P' passing
through Q and inlercepling Ihe auxiliary line S\V at the poin!
\V.. Ercct \\"1\' perpendicular 10 S\V and Irace QR' perpen-
dicular lo QP' passing Ihrough Q. This linc inlercepts \V'R'
at R'.;¡ point on the orhit. \Ve assert thal any poinl conslrucled
in Ihis way helongs to a paranoia which thus corrcsponds to
the shape of Ihe orhil in Ihe case in which the v-origin sits on
the hodograph, lhal ¡s. in lhe E = O casco In fact. Ihe asscr-
tion can hc cheeked just by noting thal the initial condilions
are related in exact[y lhe same way as \Ve did in the prcviolls
sCl'lioll.

Rev. Mex. Fú . .u (6) (1l)l)X)604-610
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The pnh)j" lhal Ihe orbit is a parahola is similar lo lha1
gh'l'1l ror Ihe l'Iliptic ('<1St' (JI' Subsl'L'1. 4.1. bascd as il is 011

lllL' sirnilaril:' ni" Ihe shaded iS(hCC!cS trianglcs 6qP'() ami
6Wq\\"' in Fig. 3 (pkasc rClllcmbcr that wc are always I"L'-
krring lO poinls in Ihe displaced (colltinu()us) hodographl.
This similarily ¡" L'llough (o silo\\' (hal lhe Icnghls 01'Qn' and
nf H/\r' are (he same, (l1us eSlablising the orbit as lhe IOl"l1'i

01' points equidistan! from bOlh Ihe poinl Q ami lhe straight
lillL'S\", Thcrc!"lm:, () is scen (() be lhe foclIs and lhe sCglllL'llt
S\\' lhe din.'clri\ oltl1l' parabola. Noticc that the dircctrix is
dclincd by Ihe dircctioll 01' Ihe Halllilton vel'lor h. bcing Ihus
;t1S(lparallcllo 111l'n:locilY al pcriccntrc (,X (",,). Notice abo
th:ll 110(h tl1L'hlldograph allJ Ihe mhil cxhihit (hat the spccd at
jll'ricc1Hrc (lhe k'nght 01"CX. /'1') is always greater than <In)'
ollll'r spced in lhe prohlelll.

B

r:rC:URE -la. The procedurc for reconslrucling: lhe orbi[ whcn lhe
I~-origin is llll[sil!e Ihe hodogrilph is illus[ralct!. Thc poin[s P and P'
on Ihe hmlograph correspond to lhe poillls R and R.' on Ihe mili!.
Sec Sec!. .t.J

FrC:URE -l.h. To dl'IlHlIlS(ralC Ihal Ihe mhil is an hyrl'rhoJa whosc
inlernal fllCIIS coincides wirh Ihe l"l'llrrC (lf force. \vc ol1ly lIeed
lO rC({l~ni/e 111;11llllo.'[\\'(1 sll;,ded isosn'ks [riang1cs .6CP'T' and
6TI'Q\\" are similar lo each (llhel"

(hcrcforc, as can he seen in Fig. -Jh. Iheir eotlltllOI1 1l'nghl is

Ihe soughl alter s¡1l'l'd I'x = /112 - Rh'
\Ve are just ldl with lile las,", uf cSlah1ishing: Ihe shapL' nI

lhe nrhit. To lhb L'nd. lrace lhl: circular are Q\V ccn[L'J"ed al
R wilh radills QR, Ihis arc intercepts Ihe segmcnt q'B al lhe
poinl \V. (See Fig. -lh.) Nexl. lran' a circlc centcred at the
auxiliary ¡mini (y and radius Q'\\'. Given Ihe similarilY of
lile lwo shaded isosccles triangles .6CP'T' ami .6HI(¿\\,'.
\ve can asser! Ihat any ¡mini R' b al (he same dislanee from Q
alld rrom lhe cirele \V\V' (shO\\-'1Ias a conlinllolls dark circle
in Fig, 4h). \\'here \V' is Ihe interccp( 01' Ihis lasl circlc wilh
(¿'n'. f<romlllc bCI thm allY poínl Oll Ihc orhil is al (he same
dislance fmm Ihe point Q amI !"mm the circle \V\V', \\'e can
estahlish lhallhe dilfcrellee hClwccn Ihe dislances from R' to
Q ami !"rom R' lo Q'. is cqual to lile radius 01' the c¡rele \V\V'
ando IherdolT, il is <lconslan!. But this is precisely Ihe ddl-
nilioll 01"an lJyperhola, which is (hus the shapc 01"(he orhit in
lile E > (J allral"li\'l' case, This is itluslraled in Fig. -lh.

o

~--------------
ft~.w ---
"'\\

s.::,. //
't-/
Q'

-I.J. The caSl' 01"an attracti\"c ¡lIfl'ractioll with fhl' 1)-
ori~ill Clulsidl' lhe hodograph

I.el liS now aSSlIllll: lhal thl: origin 01"l'oonlinates in ve!ocity
space O is olllside (ile circle 01"lhe hodograph as sllOwn in
Fig . .f. The lIal1li1ton veclor is OC and lhe hodograph is lhe
circle cenlered al e wilh raJius CP. A very importanl di!"-
ferenee wilh lhe cases o" SlIhsec(s . ..1..1and 4.2. is thal here
(he hodograph is not lhe \\'hole cirele since, in t!lis case, lhis
i", the only way of gllaranleeing that cvery ¡mint in (hc orhit
C:Il11Cfromjust olle and onl)' one point. ¡,c.. every poinl corrc~
",ponds lOjust Olll' vl:locily. In lhis way I)...'l'also gllaranlcc Ihal
l'\'ery olher speed /' is always less lhan (he speed al periecnlre
I'!. [:L -11. This implics lhat. in Ihe attraclive case considered
herc. lhe hodograph is the are 01' the cirelc 'fanhest' rmm
111l'origin-",howll as ~lcon(inuous line in Fig. -la. As in the
pre\iolls IWO sllhsl'Clions. the sYl1l111l:(ryaxis qS. is lhe lilll'
perpendicular lo oC and passillg lhrollgh lhe centre 01"forcl'
() ;lS illustrated in Fig ....j.;¡.

1.'01'cOllslrtll'ling Illl' orhit. we lirs( nel'd lo 10c;He Ihe aux-
iliary point (J' (Fig, 4a). To local e Q' I1rsl (race lhe slraighl
li!lC CT. werc T is Ihe unphysical inlCfCl'pt of rhe hodograph
\\ ilh Ihc líne (ffi", Ihcllcrect on R ti perpcndicular 10CT. The
inlel"ccpl 01' lhis lasl line \vilh lhe sYllll11elry axis QS is pre-
ciscl)' lhe auxiliiny point Q'. \Vith lhese geolllelric dala \Ve

can hegin (hc cOllslruction 01"Ihe orbil.

LCI LISSL'leel any point P' 011 Ihe holiograph, Irace Ihe
....traighl hiles ('pi and ('T'. Ereet pl'rpcndicuiars lo IheJll
pas ....ing through Q and <y. respectively, the inlcrscelion 01
Ihese lines is allother point R' 011 lhe orbil. It is now ohviolls
(hal rOl" cOl1structing the \\'hole mhil YOll have. In rCpe¡¡1 lhis
prol'edure over ¡¡nd over again. slarting from eaeh poinl 011
lhe hodograph. you can check lhal lhe inilial conditions are
rclalcd hy lhis S<lllle procedure, The asyrnptotic velocilies and
Ihc spL'cd al inlinity are also casy 10 ohlain. To this end JUSI
trace. slartillg fromlhc I'-origin O. the slraighlline scgmenls,
()j1" ¡¡nd 013'. 1:lllgcnt 10 the hodograph. These segmcllls
l"tIlTespond. rcspcclivcly. to the aSYIllJllotlc vclocilics v_no
;lllll \'", (as fllll()\\''\ fnll11 :mgular IIHIIllentulll eonservatioll),

Ni"'. A1cx, F/\ .•.•-l (6) (19(8) (lO-l.-(1I0
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FI(,I' RE :;. The prneedure for rCCOnSlflIClill!!lhe orhit starting wilh
finile initial ("onditiollS. I!ere we con~ider Ibe case whcn the 1'-

()ri~il1is outsitie the h(\dll~r;lph <llldthe inleractioll í" repulsivc. The
\\\'(] sl\;\ded triall~ks an: importanl rOl" the disl"us.sioJl in Sec(. 4.4

-lA. The ras •..uf a rl'p"isin' interactiull

In lhe previous sections \Ve have bcen atltlressing the con-
slrllctinn nf orhits in Ihe case of an allra(.;tivc interaction in
I:q. (1 ). ¡.c.. Ihe casc \\'ith n > O; howevcr, lhe sign of (} does
nol really malle!" f{lr the shape ol' lhe hodngraph, il is aJways
a eirele. But. as \Ve already kno\\' [13J, thcre are nevertheless
dilTerences in lhe kind of Illotions in conllgurJlion space thal
are allowed. How can \Ve undersland su<:h dilTercnccs starting
fmm just Ihe hodograph'! Finding a sor! 01' geolllelrie ~IIlS\\'l'r
lo lhis queslion is one 01"Ihe purposes (JI' lhis seclioll.

l'\olice lhal. in lhe case at hand and as shown in Fig. 5.
holh 110ints O and Pare Ull Ihe sallle side nf lhe straighl line
"'q!lllL'nt QTf. IllL'rdore Ihc length of OC' (thc Halllilion vcc-
101' 11) j',,; greatL'r Ihan ()ll (lhe initial \'e!<IL'ily vol alllllhal
("""")()i" (lhe hodograph radius is less lhan ()f>, lhis means Ihal
lhe nrigill of c(lordin;lles in \'c1oeil)' SI1;K'L'is alwa)'s oUlside
Ihe cirelc 01" Ihe hodograph. That is, whcnever n < n ami
...ince V(I . ú() could 1101be l1egati\'c nO!"vanish, Ihe only possi.
hility for lhe 1'-spacL' origin is lo he Olllside lhe hodograph.11l
lhe 'modern' lan~lIage {ll' clJssicalmcchanics, ir (l < o Ihen
.lhc only pos..;ihil' lIlo1ions Ilavc <1Ilcces..;arily po>;itive cllcrgy.

The POill1S (), R. n. ()'. P. T anJ e in Fig. 5 have exaelly
lhe ",UllC mcaning as in lhe pre\'ious f-igs. I to 4. lhat is, lhey
"'L'r\"\..'In L"{11l...lrucllhe ILuni1toll veclOr ()(' amllllL' hodograph
l'l'lItcrcd at C. gi\'l'1l1Ilc initial conditiolls rll, lIJe slraight line
(JIT, ;lnd \'0. llll' ~traighl line OJ>, and lhe VL'ctor -úo/{",
rcprescntcd hy Ihe ..;traigl1t linc OCY. This casc is similar lo
Ihal 01"Sect. 4.3 since Ihe hodogrJph is not thc whole cirele:
lhis can he argued using essenlially the same argumenl as in
Ihal scction f:1~IJ.In lhc repulsive case cOllsidcred hcre lhe
hodograph is lile circular arc 'closer' lo lhe migin-\\hich i"
shown as a contil1uolIs !ine in Fig. 5, As in the previous suh-
sL'clions. Ihe sYllllllclry axis qs is lhe linc perpendicular lo
0(' ami passing through lile centre 01"force Q,

To llnd lhe orhital sllape we need lile auxiliary point Q',
\\hi\.:1l is Ihe inlercepl nf a perpcndinllar (o rT going Ihrough

FI<iURE 6. Thc Rutt1erford relation hctwcen f. and L can be simply
ohtaincu fmm (he hodograph as wc illllstrate in this figure. \Ve also
e\hihit the proceoure lpr rCl"onstrllcting the orhit in a SC.1fferjn~ sit,
uatioll. \Ve cOllsider Ihe Ct•••e WhCllholh lhc ,'-origin is outside th\.'
hodo~raph U,I'.. Ihe case E > (J) and lhe illll'racliofl is repulsíve
(¡,(' .. n < (J). Por a hricf dl"'clJ,sion sec Sú'l. 4.5. A complete dis-
l'ussinn froll1 lile poinl nf vicw (Jf vcl(leíly sp;ll'e can he (ouno in
({l.,r 4.

R with the sYl11lllclry axis QS. No\\' is just a maller of ehoo ....-
ing an arbitrary poinl P' on Ihe hodograph, ami prolonguing
Ihc slraight line seglllcnl Op/ unlil il again mcct the houo-
graph al poil1l r. Trace the straight line segmcnls epI and
C'P anu ereel PCl"llc1H.!i(.;ularsegmcnls going lhrough Q alld
Q'. respectively. rile inlereepl ol' these perpenuiculars is lhe
corrcsponding poinl R' 011Ihe orl:Jit. Repcaling lhe proccdure
ror cvcry point on Ihe hodograph \Ve can ohlain the wholc or-
hit. The orbil is again. as in See!. 4A, an hyperhola \\'ilh foci
<) and Q .. as c<ln be shown by eonsidering that any paint 011
Ihe orhil is al lhc sallle dislance from lhe Iixed poinl Q' amI
I"rolll Ihe <lllxili:lI")! cirele \V\V' ccnlcred al Q. defined as in
Secl. 4.4. The complele argllmclll lISL'SlhL' similar isoscl'!l'S
lriallt!les 6C[""I'/ ¡¡nd 6H'\\"IQ' and csscnlially rcrca!.s IhL'
art!1l1llL'J11of Ihe prcviolls sL'L'lion.

-l,5, Th •..I{utill'rfonl prohlt.'1ll

I,l'l LISpick lhe poilll () as lhe local ion 01"lhe repulsive cell4
lre of force. To descrihe gcolllclrically a scaltering siwa(ioll,
\\'e ha\'c ha"ically IhL' sallle siluation 01"Sects. -J.3 anu 4A,
the nnly dilTelTIll'e heing lhal here we ¡¡re gi\'en the veloci(y
\' ' ¡.t'., Ihe ve!ocily c\.aluated al a time in 'lhe intinilely
distant past' and lile impact pJrameter!J, not lhe vclocily ami
lhc POSiliol1 al a ccrlain ¡inile lime f. See Fig. 6. \Vith the dala
.iUSl Illcl1lioned and I"romlhc loealion uf lhc (';cl1lre of force Q.
dra\\' lhe I¡ne segmenl ()K parallel 10 V_'X;' starting from the
arhitrary painl () huI passing al a dislance f¡ off the cenlre 01"
force.

Ir 011Ol\" \"L' choose lhc segmcnl OH (() represent v -')0'

lhe poinl O w()uld have hcen implicitly scleetcu lo play lhe
role nI" Ihe I!-ori~ill. Then. fmm lhe point B, creet a perpcn-
dicular slraight line ....egmcnl. 01"lcnght U". up lo the puint C.
Nexl. eClltered al e lIraw a eirclc- with radius en, a pan (Ir
lhis cirelc is lhe hodograph nI' Ihe prohlelll. If \Ve drmv (he
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which can hl' lISCO as Ihe starting point lo derive Ihe fa-

mutis Rutl1crfonl scattcring formula [3, 8, 13J. Sec also Rcf. 4
whcrc the RUlhcrfoni prohlclll is discusscd lakillg a vclocity
spacc point nI' vicw fram Ihe star£.

\angclll lo lhe cin.'le OBI, t!lis rcprcscnts lhe aSYlIlptolic oul-
going vclocily al inlinity voo; the hodograph is ¡hus Ihe cir-
nllar are BPB' am.! lhe Hamilton vector is Ihe linc scgmcI11
OC hisccting Ihe angle LIl'On. This anglc is usually callcd
IhL'dct1cctioll angle f.. In facl. lhe right trianglc DoODe givcs
illllllcdiatcly Ihe RUlhcrford rc:lation nctwecll E./2 and L

e
taH 2. =

2
(5)

cquidislant frolll hoth a flxed poinl ami a lixed circ1l:. The
geornelric method can be furtherjustified as in [1;11.

\Ve have Icarnt a 101 in trying lo do Illechanics l1sing Ihe
no\vadays non-slandard mcthods of NCWIOIl. \Ve hore thal
Ibis anicle Illay eOIl\'cy lo Ihe reatlers the aesthclk' p1casures
\\'e discovered in the gcometric struclure 01" Ncwton's mc-
ehanics, We think Ibese consideralions are cnough lo jus-
[iry lhe approach prcsented in Ihis arlicle which exhihit Ihe
cnorlllous PO\\'C'l" 01" g:eolllctric reasoning in classicalmL'chan-
ies [ 1G]. Howe\'cr. \Ve hayc (o elllphasize thal NCWlofl 's gc-
olJletric lllelhods go far heyond Ihe simplc resulls ohlained
here; it has hecn discovercd, for example. Ihal the Principia
cOlllains, alllong (llllcr things. aSlOnishing gcolllclric proofs
nI' <leep results Olllhe propcrtics of Abclian inlegrals 117J.

5. Conclusions

\Ve llave cxhibitcd tha! lhe orhits 01' lhe Kcplcr-Coulornh
prnhlcm can he ohlaincd and classiflcd (hasically in tcnns 01'
the cllcrgy) starting from the hodograph and lIsing lechniqucs
01' synthelic gcolllctry requiring no more than straighl edge
and cOlllpass. \Vc have exhihilcd tha[ the Hamilton vector is
crucial for dcciding geolllelrically ir Ihe orhils are houndc<l
or not and. furthcnnorc. Ihal \Vilh its help. we can lIraw poinl
hy point any orhit \Vhalsoever, 011 Ihe other hanJ. spcaking
on rhe purely gcometrical conlcnl or the papero \Ve have man-
agcd to olTcr an admittedly not vcry systclllalic proof 01' an
clcmenlary hut not widel)' known geometric result, namely.
Ihat the conic sections can he dclined as the locus 01' poinls
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