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Ohliqllc impact of roIling sphercs: a gcncralization of hilliard-hall coIlisions
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;\ mude! for the inclastic collision uf spheres rolling on a horilOlltal plane wíth arhitrary spins aholJt horizomal amI vertical axes is prcscnted.
This formulatioll includcs an arcollnt of frirtiollal force s ~lCtinghctween the sphel"cs at impacl. As a result. Ihe srallering angles just after the
l"(lllisioll ;llld whell the rolling moti un is reestahlished can he expressed as a functioll nf the friction and restitutioll cocfllcients and Ihe impact
angle. A pf(lccdurc is ohlaincd to l.kterminc whcther or nol slidillg takes placl' althe points of contact during: impacl. Theory is in agrccment
with expcril1ll'ntal data ror ditlercnt malcrials, inclllding hilliard halls.

KI'.I'I\'ords: 11l1pact;friction; restitution

Se presenta UIlmodelo para la descripción del choque entre esferas que ruedan ~nhre un plano hori/ontal con rot,lCiolles arbitrarias en tomo a
('jes vertical y hmilOntales incorporando el efecto de las flleuas de rozamiento Jurante el imparto. Corno resultado. se obtienen los ángulos
de dc.<;viaciónde las esfeds inmediatamente después de Ltcolisión y cu:lnJo !-oeak'anl.J nuevamente el régimen Je rodadura pura en función
de los coeficientes de rozamiento y restitución y del ángulo dc imp;:¡cto. Se lhscuten los casos l'll que existe y 110 existe dcslit.amiento eJUre
los puntos l.k (ontacto de las esferas durante el choque, Los datos cxperimcntales para esferas dc distintos materiales, incluyendo holas dc
hi llar. se hallan en buen acuerdo con la teoría.

/)(',\cri¡lt(JI"I',\ Choque: ro/amiento; restitución

I'ACS: OS.SO.Kv'!

1. lntroductinn

Collisiolls hcl\veCn rolling spheres and, in particular, billianl-
hall collisions are frcquently lllentioned in lexts to illllslrale
lhe applicalioll 01' classical la\\"s 01' cOllsen'alion. Hu\\'ever.
the dctaikd analysb uf all the factors intluencing lhe oh-
ser ved pllslcollision Irajcctories in rolling hall collisiollS is
rarely acclluntcd rol'. First uf all, Ihe impacl cvent can he l'un-
sidcred as c1astic or inelastic. whether langential forccs arc
lakcn inlo ilccount or noI. Secondly. the palhs of the halls af-
ter the impact are curn:d hy cffect 01"Ihe friction bctween Ihe
halls and tllL' supporting surface.

Figure I illustratcs the cullision hetween a mlling cue hall
and a slalionary ohjecl hall. Illlllledialely arter Ihe impacl, Ihe
halls 1110\'1.' in dircctiolls IhaL fonn pos!collision angles. o) (or
(~): .i = 1. '2) wilh the initial tlirection oflhecuc hall. The mo-
lion of IhL' halls is (hen ¡¡ l'omhination of mlling ami sliding
so Ihat l!lis friction wilh Ihe supporting surface causes cach
sphere lo tles<.:rihc a (,:urved path unlil it mUs witholll slip-
ping in a straight line. Thcn. lhe balls move in directions Ihat
define postrilnsition angles ,13) (or U}).

A limiled tlumoer 01' approaches have been pllhlished:
Bayes and Scott [1] studied hilliard-hall collisions on ;¡ lo\\'-
friclioll surf¡¡ce (o prevenl cUI'ved trajectorics afler impart.
Thesc aulhol"s assumed ineiaslicily and ahsence of tangen-
tial forces during Ihc impart evenI. In 196H. Arms(rong dis-
l'llssed [211111.'I1cad-on impacl 01' rolling spheres taking inlo
accounl the friclion helwccn thelll. hut a'\stllning the illlpact

lO he perfCctl:y elastic, In 1988. \Vall3ce antl Schroeder 13)
fOrtllUlaled the ohliqlle impact 01' a cue hall in pure rolling
Illoliotl against a stalionary ohject hall asslIlIling clastic-
ity and absence nf tangcntial forces al impact. On Ihe ha-
sis 01' lhe \Val1ace :lnd Schrocder moJel. Onoda I'IJ devcl-
opcd some practical rules 1'01'hilliard games. l\lore recentl)'.
Ikltrán ¡.s. G] has presented a geometrical mClhod for tcach-
ing collisions Otl the hasis orthe elastic frictionlcss lllol.iCI.

The scope 01' Ihcsc moLlels is Iimitcd by lhe prescription
01 inilial pure mlling Illotion and Ihe assulllption 01"ncglige-
ahle friclional clTects al impact. As describcd qualitalivcly by
\Valkcr [71, lhe friclionless model is unahlc lo explain Ihc ob-
ser\'l'd poslcol1isioll paths in hilliard gamcs when: (a) a eue
hall hits :In ohjecl hall Ihal is already louching another ob~
ject hall (Ihe t\I,'Oohjccl halls are said lo be I"ro/cn); (h) a cue
hall ",ilh left or right pivoting angular \'clocil)' (01' "English"
spin) rchmmds fmm the rail. Thus, Jiménez [8,91 discusscd
frictiol1 clfccts 011 hillianl-ball collisions \vhile Salazar amI
Sáneilez-La\'ega ¡1O¡ ami De la Torre [111 ha\'e studied the
conditions thal determine the mol ion 01"a billiard ball being
tapped ily a rod cmphasizing the dfcet of frietion on the kine-
malic stale of the hall after the hit.

To sludy Ihese impact events il is convenient to describe
Ihe ll1otion 01' a billiard hall as heing two simultaneous spins.
one ahoul a horil.onlal axis (topspin or backspin; "follow" or
.'drawn.', respectively, in hilliard tcrminology), and anothcr
ahout a vertical axis (len and righl "English" in hilliard ter-
millology [12.13]),
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FlCiUUE l. Schematic diagralll 01:1 cue hall and tln ohjel'l hall col-
lisioll inclllding postcollisi\ln ami postransilion angles. Solid IllIes
n:presellt llll' l"l'al curved p;lths nI' the halls ami dotted lines cnl"-
rcspond In Ihe direclion or Ihe halls imllledialely after Ihe impact.
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a) As represenll.'d in Fig . .3 fOI"Ihe illlpacl wilh a rigid har-
riel'. Ihe impulsi\'e forces aclin~ Ihrougl1oul lhe imracI
can he descrihetl as a normal rClaroing forcc (Pn) plus
a langential force (p,). For con\'enience, Ihe langLntial
force \ViII he di\'idcd inlO twol..omponenls, F,,¡, Ffo•

h) Tangcnlial forees al impacl \ViII he lrcaled as friclional
forces inscrting Ihe codlicicnls of stalie (¡lO) and ki~
IlL'tic (¡I) frielioll. Then. \\'Ill.'n sliding exists at Ihe COI1-
lacling poillts during (he collision. the friclion force is
JI limes Il1l' normal retanlin~ force: l~ = 11 F'".

e) Tlle normal illlplllsi\"e force (.\") in Fig . .3 ensureS Iha(
Ihe hall 111O\'C"alollg Ihe horitonlal supporling surfaee.

ti) Eventually. addilional impulsivc frictional forces F¡
acling oe(WCCIl Ihc sphcrcs and lhe supporting hori-
ton tal surJ'acc appear. As can he deduced from Fig. 3,

FIGURE 2. Rcbound paths fOI"lhe collisions of a rollillg hall againsl
tl rigid vertical surfacc fOl' various inilia! pi\oting angular \c1ocitics
cxprcsscd hy the valucs 01' Ihe quoliclll n~lo/l'o :-;ill 1. '. 1I i...•assumcu
Ih:lt th\.' illlpact is )l\.'rkctly elastil' amllll"l'lILS withoul sliding at the
poillt nI' l"tllllacl.

FI(iIIRI', J. Impaclllf a rolling srhcrc againsl a rigiL! \"crti<.:al SUl"-
faec hand amI sch\.'lll\.' tor fr¡ctional l{lr<.:es dc\'c1opcd during: the
uuratínll PI' the impac!.
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I\s scllcl1\atized in Fig. 2, for Ihe illlpal..1 01' a rollillg hall
againsl a rigid cushioll, langential forces ¡¡cting thwugholll
Ihe impact Jlllhl he neressarily included lo cxplain lhe oh-
sl.'r\'eo dilTen:llces in Ihe rehound angle, ando in particular, lo
explain (he raet Ihal ror suffkiclllly large b¡¡ckspin pivollllellt,
Ihe halllllay he projeeted backwanls afler [he collision.

The purposc of Ihe L'UITent papel' b to nITer a sollltioll lo
Ihe eol!i,;jon prohlcm in lhe lllos1 general situalion in \\"hich
Ihe CUL'hall has arhitrary vallles of inital rotation <lnd pivOl-
lllenl (English) spi ns. i) hy considering silllultaneollsly lhe in-
elaslicity (lf Ihe impacI and clfects associatcd with friction¡¡l
forces aCling during Ihe impacI c\'cnl; ii) including an accounl
(lf suhsl.'qucnt friclion wilh Ihe surporling surface.

The approach presentcd here is an extension ol"prior stud-
ies 011Ihl' fronlal impacl of rolling srheres 11-1] and ohlique
pClldulllm II;l] ano disc [1GI collisinlls thal are hased 011
Ihe general algorilhms 01' Brach [1 iJ and Kane and I"e\'il1-
son [1:3). Thesc authors l'mphasizc lhe Cxislcllce nI' Iw() pos-
sihle IT~imcs 01' impacI dcri\'cd from Ihe account of langen-
[ial forccs: wilh ami wilhoul sliding hetweell (he conlaclillg
SUl"f,KCS.Colli ...•ions ",ilh sliding are recenll)' descriocd in dc-
Idil hy Kclkr 1101" Dcscriplion of billianl hall collisions is
complicatl'd hy lhe faet lhal impulsi\"L' forces ael. during lhe
impacl l.'\"L'nl. not onl)" hclweell lhe halls huI also hel\\'ecn
Ihe halls and lile sUprorling surface. I\ccordingly, we aSSlllllC
c.\plicilly with regard 10 lhe impacl evenl (hat [1 ¡-IDJ:

f«('\: .\lcx. ¡."{tI s. ..w (6) (IIJI)X) 611-úl!\
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COlllbining these aho\'e equations. ami inlroducing lhe ra-
tio of lhe masses .. \1 = (mI / TII'J.), givcs

the normal (;r) axis. The tangential axis (y) is perpendicular
(o lhe norlllal axis ami lies in the plane oí' velocities. Con-
scrvation 01' mOlllcnlulll along the tangential and normal axes
gives. respectivel)'.

(3)1':2 ('()S r5:2 - VI ('os 151 = evo (,os~'.

where l'j (j = 1.2) represenls the horizonlal vclocites immc-
dialely after coltision, and mi lhe m<lsses of the spheres. ~,
represenlS lhe impact angle ami r5}, denotes the postcollision
:lIlglcs delined with respeclto lhe line nI' ccnters. as shown in
Fig. l.

Thc inclasticity 01' impacl is cxpressed in lcrllls 01' lhe co-
eflkienl of restitlllion. ('. detlned as the negativc ratio 01' the
relative veloeilies hefore and afler lhe impact [11]. ThllS.

under sliding conLlitions, p¡ equals j/N, 1/1 heing lhe
coef!icienl 01' friclion hetwcen the spheres and the sup-
porling slIrface ami N lhe corrcsponding normal im-
plllsivc force. The magnitude of F¡ will he in general
largely less lhan F'l (I:or a head-on impact \\'ilh a verti-
cal surface. S = jlFn and FI = jil pFll). To simplify,
elTects asS()cialed wilh implIlsive friction with the Sllp-
porling surfacc \vill he ncglcctcd.

e) The impact is regardco as inclastic. inclasticity hcing
cxpn;sscd in terl11s 01' Ihe coefticient of reslillltion, c.

Cocfikicnls 01' rcstillllion ami friction will he consid-
ercd as conslants depcndent on the materials 01' which
Ihe h;¡lIs are made, hut not on their radii ni' velm:ities.

n In general. relative langentialmotion always exisls dur-
ing the lime interval of contaet between colliding boLl-
¡cs. Howen.'r. under certain condilions, friclion can he
high enollgh to make this motion cease dllring the dura-
lion ofil1lpact and so no sliding lakes place at collision.

g) In hOlh cases. it is assullled that lhe direclion of the illl-
pulsive tangential force is lhal 01' the relative langential
velocily 01' lhe contacting poinls of lhe spheres at Ihe
heginning 01' impac!.

The effect 01' frictional force s at impacl can he ratio-
nalized hy cOllsidering lhe simple case of the rehollnd of a
rolling hall with a vertical rollgh surface, depicled in Figs.
2 ¡¡nd ). Consider a hall with radills I? that is lhrowll with
an initial forward spin al the roint of contael with rotational
velocily R no opposite 10 lhe horizontal translational veloe-
ily component (1'0 :"ill ti') 01' the hall. Ir lhe spin rale is high
cllough (R Ho > ¡'() sin ¡¡.) the horizontal component 01' fric-
lion force will acl in lhe fonvard direction. In this case, lhere
will hc a gain in horizontal vclocily and a decrease in pivoting
angular velocity (Fig. 2a). \Vhcn the spin rate eqllals lhe hor-
izoJ1lal lranslalional velocil)' component (R no = 1'0silll.')

01' lhe hall. lhere is IlO horizonlal friction force aCling on lhe
sphcre (Fig. 2h). \Vhen (Rno < l'osill ~,»).lhe fril.:tioll force
arts in the nackward direclion (Fig. 2c), ami. l1nally. if lhe
hall is projcclcd wilh a haekspin thcn the frictioll force op-
poses hOlh lhe translalional and rotational mOlions. Conse-
qucnlly. a ball projecled forward wirh hackspin willlose COIl-
siderahle speed on lhe collisioll and may cven hOllnce hack-
w:mls (Pig. 2d).

Similarly. a vertical friclional force arises at the poinl 01'
conlact which alters the horizontal angular velocity 01' the
sphere. For Ihe t\vo-sphere collision schematized in Fig. 1.
action 01' friclional forces musl cause not only a change in
lhe horizonlal :lml vertical angular velocilites. hUI :lIso a de-
viation 01"the ohject hall from the linc joining the centers of
lhe sphcres al impar!.

Assllming thm the dirl'ctioll 01' lhe rcsulting tangential
force is that of lhe relalive langcntial \'elocity 01' the contael-
ing points 01' lhe sphcres al the hcginning of impact, the angll'

For poslransilion angles we depart from the formlllation
developed hy flopkins and Palterson r201, 1'01"Ihe palh of a
howling hall. further applied hy \Vallaee and Schroedcr [3J.
allll Salazar and Sünchez-La\'cga [lO}, for the study 01' the
motinn of a hall afler hcing strtlck hy a tapering rot!. 1I should
be. Ilotcd that the fUllctiona! fontl nf lhe frictional force deter-
mines Ihe precise nalurc of lhe curved path; howevcr, the final
direclion of motion is complelel)' indcpcndent 01' Ihe naturc
nf frictiollal force.

As a result n/" this analysis, one ohtain a set 01"vclocity-
indcpendclll cqualiolls that relates lhe postcollisioll ano pos-
Iransilioll ;Ingles with the cocflicicnls 01' rcstitlllion and fric-
[ion and Ihe ralio of masses. The 1Il0del prcscntcd herc con-
Iains ¡he forq!(ling forrnulalions as asymplOlical cases [1-91.

In lhe experimelllal seetioll these rclationships are tes lec!
llsing a single experimcnl suitahlc for undergraJuatc lahora-
(mies.

2. Two-sJlhcrc collisions wilh sliding

2.1. Poslcnllision angles

Lct liS consider lhe ohliquc collision 01"a clle hall wilh an
idenlical objcct hall whieh is inilially placcd at rest OH a rough
horilontal planc. Herc. we considcr the general case in which
tlle elle sphcre mlls and slips wilh arbitrar)' ccnter-of-l11ass
vclocily. ¡'(j. ami arbitrar)' angular \'elocity, (.1..'0. perpendicular
to lhe linear \'l'locily. In addition. an arbitral')' pivoling rota-
lion around a vertical axis ("English") with angular velocily
~ll. is sllpcrimposcd on Ihe rnlling anLl slipping Illolion oflhc
nlc hall.

As schem<llil.ed in [oigo 1. a norlllal-langcnlial coordinale
"Y'ilem is chosen SllCh lhallhe !ine lhrough Ihe hall CCl1lers is

_ (l+i\I) (l+e)_tallÓl= -,/_ .. tan¡jJ- --_- talló'!..,r JI e
(4)

Rel'. M('x. Fías. 44(6)(199X)611-61~
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-1'11.()~.i(51). (6)

/11 I (1'0 si 11 ~..., - l' 1 si II 61) = 11111 1 sill a (l'O (OS liJ

or illclinatioll nI" lhe friclional force (sec Fig. 3), a, will he
dcri\'Cd frorn lhe quolicnt hCI\Vccn lhe horizolltal and vertical
componcnts 01' fr¡clion force:

(15)

( 18)

( 16)

( I~)

(19)

( 17)

(
1 + (' )--- ("os (1 ('{)S l.'1 +.\1 . .,

(
1 + (' )

--- ('o'" (1 ('0'" 1/)1+'\/ . . ,.

" (1 +, )In!] :;:::IH!(l - -1'0/1 --- sin a ('o.'" t\
2 1 + Al

;, ( 1 +" )HU.):;::: --I'o/dl --- :-;illoc()sl,'.
- 2 1+.\1

"It .•..".lI = H.:....'o('os 1;" - ::) l.'0/1 JI

HW2.r :;:::O.

.)

H•.•...,:ly :;::: ~1l()/1i\1

(5)
1'0~ill ~',+ fl no
n ",,'o cos t/J

lano=

Ir s1iding tlCl'UrS nctwcl'll lhe points 01' contar!. and Ihe
.dip din:c1ioll n:mains constanl lhroughollt lhe collision. Ihe
friclional impubc i:-. lhe codlicienl nf friction limes Ihe mag-
niludc of thl' normal impulse. ¡.c ..

(7) 2.2. Poslransilioll all~les

1'J'I:;::: 1'0 [sin ~I, - II (~) Sinocos/¡,] (11). I + Al

Changcs in lopspin or hackspin are causcd hy vertical
component nf tangcnlial forees whereas ehanges in the rola-
lion 01'pi\"olment (right 01' lefl "English") are tlue 10 their hor-
ilOnlal components, The angular velocities rol' Ihe spinning
ro(alion 01' lhe halls jusI afler impacl can he derived rrom lhe
law of angular 1ll0lllentulll. hy consilicring the 1ll0mcnlUlllS
01"Ihe friclional forces aCling hetween Ihe spheres at impaet.
In differenlial I"mm: ljdn] :;:::IIRsinomjdlljJ.I]d .••....jy
IIR('osanl)dl'),r. I)d ..•...p :;:::O. As a rcsult

(22)

(23)

(21 )

(20)

"+ :: I')y.,

:2 ;,
:: H,:......i!! + :: ").r., ,/" =I:r

5 5
(1 + .\1) " + 2 (,\1 - el - 2,,(1 + el (,()S<7

( .j) ;,
(1 + .\1) 1..+ 2 tall" - 2,,(1 +, ) sill <7

I1 ~1Ila
talll,h= tan(1.' - d.d = -----

1- 11("0:-;0

lalll)l:;::: tan(.:11 + l.'):;:::

COlllhining Ihe cquations rol' lhe linear ami angular veloe-
ilies after imp.K"t IEqs. (10)-( IlJ)l. Ihe velocily-independcnl
expressions 01' lhe poslransitioll <Ingles. 3J (01" d.J). can he
derivcd fmlll ¡,lIll)) :;:::I'jy/I'j,,:

whcrc k :;:::Uwoll~o. Thesc cqu:llions reduce again lo thal
nI" the friclionless Ilwdel r:31 hy inserting JI = l. e :;:::L
II :;:::O. 0-0 :;::: (l. and ~. = l. In Ihis case. Eq. (23) yields
rJ2 :;::: C\:l :;::: lO; ¡.C'.. Ihe hall afler heing initially al rest then
moves along Ihe line 01"eenlers at impacl

As prcviollsly lIlentioned, vertical frictional forces lIlusl pro-
duce a change in lhe angular veloci(y (Jf the spheres in such
a \\"ay Ihat their Illolion illlllledialL'ly ahcr Ihe impacl \vill he
a cOlllhinalioll 01' rol1ing and sliding. Thus. friclioll wilh Ihe
supporting surface creates a IOrque ahout the cenler of gravity
orlhe hall so lhal 110ththe translational and rolalionalmolions
orIlle halls changc until lhe rolJing lllotion is eSlahlisheo. The
cOlllponenls 01"lhe linear velocity \\'Ilcn Ihe pure rolling 1110-
lion oecurs, l~j.r' l';!!, verif)' I';y = It.•...]J. ano ¡';J = IL..Ijy.

The la\\' (Jf angular 1ll0lllcntuIIl corresponoing 10 Ihe
torquc (Jf lhe friclion force will1 the supporting surfaec. can
he applicd indcpcnoently 10 lllolion in hoth the.1" and ,Ij dirce-
lions. Then. intcgraling lhe cqualiolls Ij J...vj.r :;:::-H11Ij dVjy

¡¡nd 1) d...vj11 :;::: -I{ 111] 1I VjI' yiclds. ror Ihe COllll'HHlcnls of lhe
vL'locities whcn pure mlling Illotiun occurs. l'; (j 1.2):

(9)

(8)

(13 )

( 12)

(lO)

\1(1+")' ,I'~!I :;::: I'(l/l. 1+ JI e-;JIla I'OS VJ.

(
1 + (' )

I"'r = ¡'0.\1 --- ('(le-; ~.'._. 1 + Al

. (1+,\/) , (l+r).tauol = ---. tall~')-JL --- .•.•llla.
.\J - e .\J - r

¡allá:! = I(sillo.

Thcsc cquations exprcss the postcollision angles as a
fUllctioll 01" Ihe impacl angle which can he cxperimcntally
h:Slcd. Thc mollel nf Bayes and Scott [1] corresponds lo
U (.,.,'0/1'0 :;::: l. Un :;:::O. in (he Iillliting case in which li :;:::O.
FOl"Ihe ideal claslic (e :;:::1) friclionless (/1 :;:::O) case. Eq. (9)
leads 10 (l~ :;:::l.' ando o} + (12 :;:::90°; ¡.e .. reduces 10 Ihe \\'ell
knowll !)OO angle rule.

Poslcollision vcloeilies can he cxpressed in (erllls of Ihe
illilial vclocily amI Ihe imp;¡cl <Ingle as:

Ami. rhen. hl. (..t) hCCOIllCS,

Equation (7) reduces 10

R('I'. Mer. Fías. -t-t(6)(199H)611-hlX
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For (',,, v", 1<"", .. ami 1<"", .. Eqs. (10). (12), (15), antl (17)
huId. \vhcrcas ror file olller velocities Ihe following equalions
apply:

I'ty = 1'0 [~inl..' - ~ (--"-) tan a ro~ ti)] . (29)
1 1 + ,1/

J. Two-sJlhere collisions withont slidillJ.:

J.I. Posh'ullisinll an~les

For high vallles (JI"lhe friclional impulse, hOWCVCf. rclativc
tangcnlial IllOlioll should (casc during lhe lime interval 01'
impact. Ir sliding ecases during contacto lhe horizontal and
vertical componenls 01'lhe tangclltial vclocitics 01' lhe contacl
poinls 01' hoth sphcrcs. must he egual immcdiatcly arter lhe
collisioll [17. ISI. For lhe horizontal \'clocitics ¡his rCljuircs:

.) (l')
1''2,11 = ~,'()Af 1 +' JI tan a ('os 'ti),

5 ( k )IL 'ly = !? ol"O'"I.;. - ::I'n --- ros 1,).
1 1+ J/

(30)

(31 )

Comhining Eqs. (4), (6). (7), :111d(24), \Ve ¡¡rrivc al lhe
j"()IJowing conditioll ()f no s¡¡pring.

(34)

(32)

,) ( l. )un] = UO(J - ~I'n --'- talla ros !.'.
• 1+ .\/

;) (")Un'2 = ~=I'IlJI ---/ faIlGcOsl./t.
, 1+.\

Inserling the equations ror lile linear ami angular veloc-
ilies afler impacl illro Eqs. (20) and (21), a second sel of
velocity-indepelldelll expressions of the pOSlranSilion angles.
(jI. ,Jo? can he derived:

(26)

(25)

.,
1+ J/ ;k
___ tau t'. - _1_- tau o.
.\1 - (' .\1 - ('

. -
.) 1_

Rf2n - -1'0 ...,ill t" = - P:z ;.;ill ():2
'2 . 2

Frolll Eqs. (1). (2). (.1). (5), ami (25). wc oh(a;n.

J.2. Postransilion angles

As in the case of collisions ",ilh s¡¡ding. Iincar ami angular
\'elocilies jusI afie!" lhe impa(t can he expressed as a func-
tion 01"impacl :Ingle ami (he initial velocity 01' lhe L'ue hall.

This equalioll reduces lo fall'I/'.'!. = 2/7/10(1 + (') wllen
Ihe elle hall i" initially in pure rolling Illotion \••..ilhollt pi\'-
oling spin. lnlereslingly. in aH cascs I..'Lis indepcmlcnt of Ihe
masses of Ihc halls.

(37)

(38)

(9)

(40)

(36)

(35)

¡,talla

1
:;(1+1')-/;

l' ('0:-:' 6 = {Tu ('OS I.I'.

1 .)
!allá = -!allt' - _- J,.talla.

e .1

/.'0sill/;" - l' sin6 = IIl'o( 1 + e) cos l.) sill a.

(:\ll(i!' - (1,) =

whcrc v is Ihe hori/ontal velocily or Ihe mas s center 01' Ihe
h,1I1after impacl.

Combining Eqs. (37) and (JX) givcs

. 1 . l' (
t all 1)= - t all v - - I + e) sin a.

l' ('

\Vhell I"rictinn is suflicicnt 10 produce collision wilhout si id-
ing. lhe folhlwing C<lIH.lilion h(llds: un Co~~I) = u sin á.
Then.

-l. Impact with a t"ÍJ.:idharrier

.t.I. Poslcollision angles

The case in \I,.'hich a rolling hall strikes a rigiJ vertical SUf-
racc is schematill'd in Fig. -l. I\s hcfore. we assume lhal the
direclion or langcnlial force is that nf the relativc langential
velncil)' nf the conl<lcting poinls of Ihe sphercs al rhe hcgin-
lling 01' impacl. So. for collisions \Vilh sliding il is possible
wrile

') 2
[(1 + JI) [1 + ~k] tan V) - :; (an a

("nU}1 + ',')= ,J 1
.) ')

J/-v+;(1 + ,\I)k -;k
,) (

(2X)

(27)

2".
/¡,,,(I + e)'

.);k
-'- tall17,
1 + e

Equa(ions (X). (9). <:~Ó), ami (27), arc va lid for arhitrary
\'alues 01' the Illasses and vclocities of the halls alld for ar-
hitrary Spillllillg rotation. Tile postcollision anglt.::s nj can
L'asily he ohtained fmm (his set (JI' equalions hy inserting the
re]¡¡tionships¡}l = 11" - (01 + Ib).i.lmlo:z = '1./' -(\2,

This sitllatioll is quite similar lo Ihe familiar prohlclll of
a hlnck slipping along a slanted plane. In general, for small
impact angles collisions Wilholll sliding occur and thcn thc
langenlial illlplllsive forces are (2k/7)( 1+ 1') (.()~ atillles the
normal forces. The heginning uf slipping takes place al a lill14

¡¡ing impart angle. t'L. wherc langenlial forces reach their
lllil\ill1l1I1l \'alue. l~= PaFIl' ror l' > 1""L.langential impul-
"i\"l' force" remain constant and equal to /1 lillles lhe normal
forces.

The critical impact angle. al,. wherc no sliding occurs al
impact can he ohtained inserting Ihe static corticienl 01' rric~
tion. Iln, into Eq. O;;) and comparing it with Eq. (27):

k('I'. M('.\. F{a ,\.. -t-t (6) ( JlJ9X) 611-(11 X
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FIGURE 4. Postrollision and postransition <Inglesin the rehound nI'

;¡ rollillg ball a~;lillst a ri~id vertical surfarc.

-t.l. PostransHion an~ll's
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60

20 40 60 80
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A similar IrcJtmenl lO thJt pre\'iously de\'cloped [Eqs. (20)-
L:!."\)) lCJds. rOl' linear velocilies at Ihe instanl at which
pure rolling l1lotion is reestablished. to ti:; = (2/i)Rw!/ +
(S/,),'.siu6, ami,',; = (S/,)vcosJ - (2/,)Rwx' "",mlllc
aho\'e set 01' equations, Ihe postransition :lIlgles for collisions
wilh sliding ¡¡re ohtained:

FIGURE 5. Plots of thc poslrollision rlle hall anglc (n I ) \'l'T.HH the
impar! all!!1e (1,,) rOl' coJlisions helwecn: A: billiard sphcres: Il:
brass sphcrcs. Lines correspond !oll1eorc¡ical v<llucs fmm Eqs. (9)
and (26) inscrting (' = 0.n7.jl = fU)7 and (' = O.G;" 'I = 0.15.
for hilliard halls and hrnss sphercs. respectivcly. Inset n.'prescllts
¡he !hcoretict1, represcntations.

ando rOl' collisions witl10llt sliding,

t <l.1J ,) =

tanl) =

5. Experimental

,
-:-t<l.llV-II(1 +e)siuO'
,)

"

C -;+ /1(1 +c)cosa
,)

t) ;)
:¡ + /'-tan (1 - =1,' tal! (1- ,

,) 2
-(' - -k2 i

(41 )

(42)

pcrrormed. These expcrimenls IlH:asufcd lhe :lTlgks 01' im-
raCI and rehound 01' a hall striking a \'ertical \\'ooden surface

iii) arter heing struek hy auxiliary cue hall. and, ir) arter
a prior illlpacI with an auxiliary vertical surfacc. As a result
oftlle '¡rsl impacto the elle hall aCl)lIircs an English spill COIl-
ditioning postL'ollision ami postralhition angles in the sCl:ond
impacl. Dillcrent series 01' dala \Vere then obtained hy vary-
ing Ihe anglt: 01' impact wilh lhc auxiliary ball 01' wilh lhe
auxiliary planc. resuliing in sekl:ted valucs 01' angular \'cloc-
ily or pivotlllent.

ti. Rcslllts ami disClIssioll

Fxpcriments uf collisions of a elle hall. i) \\'ilh a stJlionary
ohjecl hall. ando ii) wilh a vertical surface were earricd oul on
;¡ lahoratory hcnch ando e\'entually. a rcgulation hilliard tablc.
Thc \'clocity (lf the cue hall was adjusted lo (¡.SO:f:: 0.10 mIs
lIsing a slantL"d track. In all cases. Ihc distance from the edge
01' tllL' Iraek lo thc ohjccl hall was great enough lo enslIre rure
rolling motion 01' Ihe L'lIe hall hefore impacl. In addilion 10
regulalion hitliard halls, hrass and slcel sphcres 01' 2.,jO L'm
diaJllcter wcrc used.

Thc angles nI' jlllpacl, postcol1ision and postransitioll
were dctcrmined from the photographs ohtained with a C:lI11-
l'ra pbced in cenilal po ..•ilion. Con\'entionallight sources k'd
\0 satisf,1L'tory angk Illeastlfcrnents. Allernali\'ely, Ihe trajec-
¡mies 01' the hall ..•were reeorded wilh lhe help of a carholl
papel' wilh cOlllparahlc results. Aceuracy in the anglc Illca-
"UI'Cllll'IHs is estimtlled as :f:: 10.

To check our predictiolls concerning lile inlluence 01' Ihe
illitial "pin contiilions. suhsequcnt series (lfcxpcrimcnts were

6.1. RollinJ.: hall ('ollisiolls

Qualitativcly. lhe current lllodl'llllakes sOllle spcl:iliL' prctlic-
tions in contrasl with (he e\astiL" fricliollless Illode!:

a) The ~lO° :Ingle rule docs rHlt aprly. 1'01'hoth poslransti-
tion angles ami poslcollisioll angles.

h) The dit'l'L"tion 01' rnotion 01' hall 2 after impact di\'erges
I'rollllhl' line joining Ihe ccnters Jt collision.

e) Arte!' collision. no\ only the Irajeelory 01' hall l. hui
al so thal 01' hall :2 is curved.

Expcrimelltal data nllllinns all lhese prediclions and
sho\Vs a salisfaclOJ'Y' agrcemenl with quantilalive prediclions
in our expCrilllelllal conditioll .•..Thc t..kpcndel1ce nI' lhe post-
collision and pOSlransition angles UPOIl Ihe impal:l :Ingle 1'01'
stcel ami brass sphcres is sl1o\\'11 in Figs. 5. 6 and 7. In all
lhese figures. points denote cxperimenlally delerlllincd val-
L1eswhile the solid lines indicate Ihe anticipatcd theorl'tical

R('\'. Mn. "''-a,I", -W(6)(199S)611--úlX
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¡:I(;UI<L 7. !'Iols ofá2 1',\'. ti' rOl"the (ollísions hclwccn ¡\, [Wilhrass
SphCfCS:B: lWo Tegulation hilliard halls. Points: expl'rimclllal dala.
SoJid J¡/les 1l'J1Tescnt(he ¡hCilfC(ical valucs ffilm Eqs, (X) ;llld (21)
inscrling A , = O.G;'j and 11 = 0.1.): B: t = {l.!f'l :md 11 = O,Oi

FI(;UI<E (J, Plols ()f ¡he poslransition anglc (¡jI) versus ¡he ímpacI
an~lc (l.') f(lr c(llli~ions bclwcen: A: stecl sphcrcs: B: brass sphcTes,
Lil1c~corrcspol1d lo lhcorelical values fmm Eqs, (22) and (5) in-
sCrling t = 11.9,':1.1/ = 0.1;, and l. = O.GS,II = 0.1.). for hillíarJ
hall" anJ hrass sphcres. rcspcL:tivcly, Inscl represents the Iheorl'tical
reprcscnl;¡ti(H}s,

lkpendeIlL'l'. Insels in these Hgures show the Ihcorclical de-
pendence fOl"e;¡ch one 01"lile corresponding rcprcscnlalions.
Thc "julIlps" Ihal separal¡; tllese portinns from each otller oc-
cm hecausc (he slalir.: and kinclic friction cocHicients dilTer
Iro1ll e¡¡ch olher. \\'hell lhe calculations are perfonned wilh
l'qual valuL's ur lhe (wo rriClioll codlkictllS, Ihese discOllli-
lluilies disappear. huI disconlinuilies in sJope rClllain al poinls
(JI' Iransitioll from collisions involving sliding al lhe inslalll 01'
sL'paraliolllO lhose nol ill\'oh'ing sliding at Ihis inslan!.

For a1l pnslcollisioll ami poslransilioll <Ingles, an excellellt
agrL'elllL'1l1was found he(\\-'L'Cll lheory and cxperilllell! inserl-
in,!,' into lhcorelicall'qualions Ihe valllcs l' = 0.9;j.11 = (1.1;,
101'"'ceI SpllL'ITS. and, ( = (J.G;')./I = 0,1;) for hrass sphen;s.
For col1i .•.iolls hetwel'n two hilliard halls, lhe values l' = O,!),
ami ,1 = (Ul, proVilkd Ihe hest lil 01"lhe experimental data
wilh tlleory. Thesc pararnelcr values correspond lo eollisiulls
wilh slipping ror all impacl anglcs. This rael is direclly deri-

F((;UI<E R. P10(s 01' lhe renound anglc. á, l'ersll5 Ihe impacl angle
rOl collisions of ;1 sled hall with a vertical wooden surface. Ini-
tial piv()lrnenl ."pin imparlcd hy a prior impac!. Experimclltal data
(squares) ¡Ind Il1eofeticll values from Eqs. (39) and (40) inserlillg
f. = O.GO.¡' = 0.18. A: forward spin (nS~o/"o = -0.:30): B: no
initial spin (/?f2o = O); C: hackspin (/n~o/t,o = 0.30).

ved frolll the slow friclioll (compare curves A and B in Fig. 7)
coeflicient helween hilliard halls. Tile (' values are in agrec-
mcnl wilh Ihe values reported hy Baycs and Seollll J.

It should be llotel! Ihat. for these parameter \'allles, cqua-
liolls uf Ihe ni ami dI ~lllg1es rOl" collisions \\"ith sliding yield
angle vallles almosl idcll(ical than Ihose calculaled from Ihe
!lO sliding equatiolls ami no direCI cstimales 01" lhe static cocf-
t¡cienl nI' friction \,¡¡llIes were ohlained. Neverthcless, cxperi-
mC111~11dala limiled lhem 10 valucs 20<X abo ve lhe kinetic co-
cflicienl in all cases. This can be seen in Fig. 7, \vhich sho\\'s
experimenlal data for collisinlls belween brass spheres, ami
Ihcoretical plols 01' 152 \'erslls ¡jJ inserting f' = O.ti;)./I = 0.1;:)
ami/lO = O.~O into Eqs. (X). (27). and (2X).

Conlinning the consislency tlf the mode!. experimenlal
pnslransilion ~lIlglcs ror collisions bCl\VeCn slecl anJ brass
sphcres agrcc wi:1I wilh lhe thcorctically anticipaled data
when lhe aho\'e \'allles 01' Ihe coeflicicnls 01"resliltlliol1 and
fril'lion are inSL'r1L'd.

The{)J"clical equ<llions for cnllisi()Jls wilh inilial "English"
spin wcre conlirml'd hy cxperiments in which a hall, initially
al res!. collides againsl a vertical surface afler heing struck
hy ;In idcntical l'ue hall or aftL'r impacl \vilh an auxiliary
venil'al surracc. Comparison 01' lhcory wilh cxperiment re-
quiTes a suilahlc e,stimale of the :Ingle (T or the ratio R no / ¡'o.
which represenls the initial rorward nI' hackward spin ac~
quired hy lhe spher\..'. The ralio H~!()/p() can he calculalcd
rrolll Eqs. (19) and (J,~),prnviding (he value 01"Ihe lixcd an-
gle nI' impacI ami othe!" paramelers il1\"ol\'cJ are knowll (c
ror collisions witholJl sliding. ami ,1 ami e for collisions wilh
sliding). Figure X rep!"esellls the varialintl nI' lhe reholllld an-
gil' wilh the impact angle for lhe collisions 01' a sleel sphere
againsl a w()oden surfaec. the hall bring impulsed hy an aux-
iliary steel sphere cnlliding with an impacl angle 01' l" = -15°.
TIll' ¡;xpCrimenlal rL'sults rol' llegali\'c (A), Icro (B), ami po.s-
ith'e (e) spin agree well with Ilw predictiolls nI' Eq.s. (40) ami
(45) sllhslilLlling t = (J.GO./I = (J.IS, and Ihe ealculaled val-
lIes nI' U nu/ ('1) equal lo -0.:3U. () ;l1ld +0.30, respectively.
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¡
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/

i>

A

FJ<il'RE 9. SchematÍ( rcprcsentations of poslcollision palhs fnr the
l'b~(ic (1 = 1) friclionlcss (JI = O) impact (írnpact anglc -1.5°) nf a
CllC hall a~ainst a slalionar)' hall for sclcctcd k valucs.

7. Final cnnsidcratinns

It should be nOlcll that lhe scope of the current mollel is lilll-
iteL! by Ihe conlidence level of simplil"ying assumplions COll-
cerning Ihe cOllslallcy of the coefllcienls 01" restitlllion and
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friclion. Slrictly. coeflkiellls of I"eslillllion [:21. :2:21 and fric-
tion [2:L 2,11 depend 011 several factors. Ihe relalive vclocily
of contacting bodies in particular In our experimenlal COIl-
ditions. an cxcclh:nl 111hCIWl'en thl'OI"L'lical ami experimen-
tal data wa'i I"ound. not only rol' collisiolls close lo elaslicity
\\'ilh low friclion (col1isions hL'l\\'een pairs of hilliard m 'iteel
halls). hut abo for collisioll'i \\'ilh rL'[alivcly large friclion and
inelaslicily (collisiolls bctween hrass spheres). This linding
supporls 1IlL'plausihi1ily 01"lhe cUITenl fonnulatioll.

Furtherlllorc, Ihe CUITL'nl lllodcJ enabks liS lo jusliry
quanlitali\'cly sOllle practical rules rm hilliard gall1es 1,')-71
UllllSllal posIl'ollision raths can he predicteJ hy varying the
R"":ojl'o and UUO/l'O ratios h) convenientl)' adju.'i!ing Ihe
impacl poinl and oriental ion of lhe lapering rod. Figure 9
sChem<llileS the prcdictcd poslcollisioll paths for the impacl
01' a clIe hall againsl a slalionary hall for selected /(v.JO/l'O

values in Ihe ahsencc of inilial pivoling angular veloci!y. Oh-
\'iously. a more realistic account nI' inclasticity and frictional
forces at impact would lead lo a wide variely of posteolli-
sion raths. As an cxamplc. lhe rehound palhs for ;¡ rolling
sphcrc slriking ;¡ \'Crlieal surtan' so Iha! lhe frielional fmces
al impacI are large enollgh lo produce L'ollisioll \\!ilhoUI slid-
ing repn~sellled in Fig, 2 for sclCCled UOo/ /'0 ('os ¡;" values.

To slllllrnarilc. lhe model prcscllled here makes possihle
a salisfal'tory dcscription 01' sphere collisions in I\VOdimlllcn-
sions. allowing;¡ direct estimate (Jf Ihe l'nefticients of restilu-
lion amI lric!ioll, and provides ;lJ1 L'mpirical cri!erion lo dis-
cern hCIWCl'll collisiolls with amI wilholll sliding.
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