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!\1aking use 01'tlle fael thal certain submnnifolds (ll" Ihe phase space of the fOllr.dimensiolla[ isotropic h:mllonic oscillntor cnn be identifled
",'ith Ihe phase space of lhe Keplcr prohlem with nn interactiol1 with the Iicld 01'a magnelic monopolc nnd n centrifugal potential if the energ:y
is ncgntive. the solution 01" this problem in c1assical ~lIldquantum Illcchanics is ohlained. Similnr results ror lhe case where Ihe energy is equal

In zero are niso given.

Kl'.nvord.\": Keplcr problem; Kustaanheimo-Sticfel transformation: magnetic monopolc

Usando e[ hecho de que ciertas suhvariedades del espacio fase del oscilador armónico isótropo en cu::J.trodimensiones se pueden identificar
con el esp;¡cio f;¡se del problemn de Keplcr con una interacción con el campo de un mOllopolo magnético y un potencial centrífugo si la
energía es negativa, se ohtiene In solución de este problema en la rnednica cl:bica y l'll la lllcC<Ínicacll:íntica. Se presentan resultados
similares para el cuso en el que la energía es igual a cero.

/)escri¡'lOrc.c Problema de Kcplcr; Irnnsformación de Kustaallbeimo-Slicfcl: 1110110po[0magnético

rACS: 03.20.+i; 03.65.-w

1. Introductinn

Thc Kcpler problem, in c1assical or quantum mcchanics and
in any number ol' dimensions. is known to he related to other
simple or interesting problems (sec, C!.g., Rcfs. 1-5). In par-
ticular, hy means 01' lhe complex mapping IV = .::!. Ihe Kc-
pler prohlem in 1\1,.'0 dimensions can hc related to th~ 1\\'0-
dimensional isolropic harmonic oscillalor (scc. e.g .. Rds. 2.
3, 6-9) and. similarly, ll1aking use uf the Kustaanheimo-
Stiefel Iransformation, the Keplcr problem in three dimen-
sions can he shown to he equivalent to lhe fom-dimcnsional
iSlllropic harmonic oscillator (F1HO) with a constraint (see
C.g., Rcfs. 10 and 11, alltllhc rcferences cited Illcrein).lllurns
oul Ihal. in the samc \vay. thc FlHO can be related lo (he
Kepler problcl1l with a magnelic mOl1opolc flcld anJ a cen-
trifugal potcntial (proportional to the square 01' the magnctic
charge). This lalter prohlem (somelimes calleJ Ihe t\lIC-
Kepler prohlelll) was sllIdied hy McInlosh and Cisneros [12J,
wllo wcrc inlercsled in sphcrically sYlllll1clric systems in Ihe
prcsence 01' a magnetic monorole ficld. !\1aking use of vel'to-
rial melllnds. Ihey showed Ihal hy adding to the pOlential 1/,.
and the lield nI' a magnelic monopolc. a repulsivc ccnlrifugal
potential of the appropriale slrength, thc orbils are planc. as
wcll as confincd to Ihe surface of a cone. The corrcspnnding
Schrodinger equation was also sol ved hy sep<1rOllion nI' vari-
ables in spherical coonlinatcs, linding that, i1' Ihe magnclic
charge of Ihc monopolc does !lol vOlnish, the ground sIate is

degcncrale. In Rcf. S, il was shown lhat the MIC-Kcplcr prob-
lem can he relaled (o a "confonnal" Kepler prohlelll in four
dilllensions. which was introduceJ to associate the FIHO to
Ihe thrce-Jilllensional Kepler problclll (el aIso ReL IJ).

In this papel', Ihe relalionship hclween the FIHO and the
Kepler problcm in three dimensions is revicwed. showing I¡W.t
Ihc solulion 01' Ihe Kepler prohlclll with negative or zero en-
ergy. with or wilhoUI the tllonopolc lIeld ano the ccnlrifu-
gOlIpotcntial, can hc easily ohtaincd from the solution of the
FlHO (in classical or ql1antl1t1llllechanics) ano Ihal a dynam-
ical sYlllllletry group ror Ihc Keplrr problcm can be dcrivcd
lrom one 01 Ihe nHO (see also ReL 5). In Sec!. 2, the solll-
tion 01' lhe Kepler prohlclll in c1assical mechanics wilh ncg-
ative cnergy, including lhc monopole ficlJ and the centrifu-
gal potenlial, is derived from Ihe much simpler solution of
Ihe FIHO. Wc lind lhe analogs 01' 50me wcll-known propcr-
lics of the solution 01' Ihe onJinary Kcplcr prohlcm, sOllle 01'
which were already given in Rel'. 12. \Vc also show lhal the
conslants 01' mol ion that gencrale the SU(4) dynamical sym-
metry 01' the r-UIO give rise to the angular momentum and
Ihe Herlllann-Bcrnoulli.l~aplace-Runge-Lenz vector (usually
known as Ihe Rungc-Lcnz vector). or their analogs when the
Illagnelic charge is nol zera «(/ also Rc!'. 5). ln Sect. 3, the
solutioll 01' the Kepler prohlem in quanlum Illcchanics with
negalivc cnergy. in Ihe presence 01' the Illagnetic monopolc
is derivcd from lhe solution nI' Ihe quantum FiliO. The solu-
tion so ohtailletllUrtlS out to he separable in paraholic coordi-
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!laleS, \\'hich, whcll the magnctic charge is zcro, agrees \••'i1h
(hc wcll.known faet Ihat the hydrogen alom admits separahle
solutiolls in paraholie coordinates. Seclion 4 cnntains similar
rcsulls W Ihose gi"cll in Seels. 2 ami 3 for Ihe case where Ihe
cncrgy nf lhe Kcplcr prohlclll is cqual lo zero,

an)' function o •. lhe coordinalcs and momenla, e, is lhe gCIl-
crating fUIlClioll nI' a onc-paramcler group of Iransformations,
paramctcrized hy a variahle '''. in sllch a \\'ay that the rate al'
changc of an arhitrary runclion J lindel' Ihe transformalions
gencraled by G is givcn by

i\laking use of Ihe complcx rllllf.COmpOnCnl veclor

lhe Hamillonian rllllc(ion (JI' lhe fOllr-dimensional isolropic
hannonic oscil1<llor (FIHO)

(9)

(8)

(7)
d¡
ds = {j.G}.

Thus, frolll Eqs. (4) ami (7). il ¡"lInws lhal unJer lhe trans-
formalions gcncralcd hy li,tnl!'.

dI.>- = - 2i.\h.:n0.
lis

hy

hcnce

Ir \Ve funhcr assulIle lhat () is Iracclcss, U
(,XI> (-:!.i JI [,¡...'.'In) is a unilary lllatrix \••.ilh dcterminant +1,
i.e., U hclongs lo the group SU(4). Thus, SU(4) is a dynam-
ieal symlllC(ry group o" thc FIHO, If (he trace of (\' is not rc-
strictcd, then U is an elelllent of U(4), which is also a dynami-
cal sYllllTlelry groupoflhe F1HO; SU(4) is assoeialcJ wilh lhe
qlladratic constanls ol' thc motion apan l'rom Ihe Hamiltonian
¡lsell'. (Reealling lhal II correspnnl!s lo (I/2M)I, Eq. (9)
wilh o = (1/2.\1)1 gives lhe lime evolulion 01' lhe FlHO,
with the pafarncter.'i being Ihe time.)

Now \\le introducc lhe four variahles ,r, y. z, n', def1ned

( I )

(3)
1H = _<j;!,I,
2M "

can he exprcsscd as

2. Thc four-dimcnsional isolropic harmonic os-
cillator allll the Kustaanheimo-Stiefel trans-
formalion

1 'J .) ., :l
H = 2JI (¡'i + 1', + 1'3 + v,)

,\1w2 'J ,"1 2 .)+ ----¡-tUi + U2+ U, + U¡), (2)

¡¡mi lhe Poissoll brackets among the components 01' 1./' and
Iheir complex cOlljugates are

liten ir /1.(. 1Jy,1J:;, 1'11' dCllole the lIlomenta conjugate to these
coordinates, by diffcrcnliating Eqs. (10) one flnds that

{'¡'i,<j'¡} =0= {<j,.,t/!j},

{\",Ii'}l = -2iJlwJi) i,]=I,2,3,.1. (4)

.1' = 2(11111:1 + I/:!ud,

,) .) .) .,-::= lIi + lIí - 1/3 - /I"j.

y = 2(UI '11.1 - 'lt:!U:I),

/i->
u' = arelall -", (10)

"1

Lct o be a constant (complex) ,1 x 4 malrix, the fllllCtioll
f = ,,:,101.', is real if ami only jI' o is Hermilian. üt = (l,

By "iftlle 01' Eq. (4), the POlsson hraeket of the funetion
f ::::~/,t(\1,', with y = 1lJt /31./1, wherc /3 is anolher 4 x -1 Illalrix,
is gi"cn hy

P.trl.r + /'ydy + 1':;<1::+ I'rj.(lw =
¡IJdIl1 + ¡'ldll:! + P3du3 + }J4C/¡¿4

with

Sinee lhe Hamillonian (3) is givcn hy H = (l/2,\I)~)t l~',
whcre / is (he ,1 x <1unil l1latrix amJ any matrix cotlll11utes
with /. Eq. (5) implics lhat any funclion f = 1,:')f () l,!, 1Sa con-
stanl 01' lhe lIlotiOIl:

Thus, ifn is any Hcrmilian constant ,1 x 4 malrix, !¡JfC\~', is a
n::.ll-valuL'd constanl of tlle molion.

As is \\'cll known, any cons(anl 01' Ihe lIlotiOIl is lhe gen.
craling fUlIclion 01' a onc-paramcter group 01" canonica! trans-
formaliolls lhal Icave the Hamiltonian invadan1. In urdcr lo
lino cxplicilly lile cilJlonical transformations gcncratcd hy lhe
fUIlClions 01' the fonn t;Jt (\ '/¡.-'. for (l Hcrmitian, \Ve rccall lhat

(11 )

_ '>( ) /l2Pw
PI - - /t:11'./.: + II,\P'I + 111/':; - ,) ,',

. IIj +ui
_ ')( 1l¡]Jw

1'1 - - 1I,¡Pt' - I/:IJJ!I + 112P::) + 2 ."
1IJ + Ui

wherc ¡JI, Jll, /1]. ]J,1 are lhe rnomenta conjugate lo "1, U1.

ti], 11,1, lllc Kuslaanhcimo-Slicfc11ransformalion is lIsually
t1c1incd as lhe rclalion bClwecn lhe 1I¡ amI .r, y, :; given
aho"c (sce, t',g., Rcfs. 10 ano 11); Ihe extra coordinate. lL',

can he Jelincd in many olhl'f wa)'s. It may he nOliccd that
lhe rcplacclllcnt 01' Ihe coordinate w hy '10 + ~(.1', y, z) lcaves
fJuo unchanged while (fJ.£ .I'y .1J::) H (I'.r' }!y,l-'J + l'rvv~.
which corrcsponds lo Ihc cffcct uf a gaug(' lramformatioJl

(6)

(5)

{j, Il 1 = -iw,;,t¡o, lit/! = o.

Rel'. ,\leT Fú,~5(1)(Il)l)l)II-H
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and

Isee Eq. (34), oelow]. By mean s of slraigolforward compula-
tions. from Eqs. (10) and (11), one finds 10al

(28)

(26)

(23)

(25)

(24)

k,.

113 = (1.3 sin cA,

(12 + (11+ 1 3 cos 2;..:1.
2

.1" = (I¡eq sin 2.vf,

111 = 1/1 COSI,.".:t.

J/w2

é= --S-

iEq. (20)J, if we make Ihe identification

E
k= '4

with a negativc encrgy.

Thus. on Ihe suomanif"ld 01' the phase space defined oy
H = E, E,' = O, lhe dynamics (JI' lhe FIHO reproduces thal
01' the Kepler prohlcm with negative energy. Sinee JI and J(
are eonstants 01' the motion. an)' orbit starting at a point ol' the
submanil'old H = E. 1\" = const.. remains on that submaoi-
fold.

The properties 01' lhe oroils for lhe Kepler proolem with
negative cncrgy can be ea5i1y dcrivcd using the faet that the
FIHO is cquivalcnt to four independcnt one-dimensional har.
monie oscillalors ami the orhits in the conflguration space are
ellipses eentercu at lhe origino In ordcr to simplify the analy-
sis, \Ve shall considcr an orbit 01' the r:IHO lying 00 the planc
112 = 114 = O in 5uch a way that the axes of the orbit coincide
with the 111 and U:I axcs. Thus. assuming that

\Iy'ith al :::; (13. \Ve havc 1'1 = -A/wa} sinwt, P3 =
¡\[W()3 coswl,1" = 1'.\ = O, hence K = O and the Hamillo-
nian H (Eq. (2)J has lhe constanl \'alue

.\fw2 2 'J

E = ---¡-(al + a,). (27)

Suostitutiog u',! = () =1/'1 into Eqs. (10) \Ve obtain x =

2ll¡ 11:1.Z = IIf -I/.~ (which is essentially the relationship be-
t\Veen cartcsian and paraholie coordinates on the plane) and
!J = O = "I/!. Thcn. fmm Eqs. (26) \ve ohtain

sincc. hy virtuc ol" Hamilton's cquations \Ve have, e,g"

d." A" 1 aH 1 dx
dr = o/" = :¡;: op, = 41' di '

dl'r A" 1 aH 1 dpr
-;¡;: = - D.I: = - 4,. D:r 4r ---¡¡¡.

(Note that lhe difference belween lhe lransformalions for lhe
coordinales amlthe \'elocilies gi\'en in ReL 1I fol1ows from
the difference oelween Ihe time paramelers used in the F1HO
and lhe Kepler proolem; lhe "explanation" gi\'en in ReL 11,
asscrting that thc eoordinatc transformation cquations should
not he used lo determine lhe veloeity transformation cqua-
tions. makcs no sense.)

11'¡.; = O, Eq. (19) coincides with lhe Hamillonian 01' lhe
(lhree-dimensional) Kepler proolem,

(22)

(20)

( 15)

( 16)

( 18)

( 17)

2E,
,\[(1' + z) (Y!'r - .1'Py),

1 = (a2 O)O a,

1 (H - E)
dh = -dH - 2 dI'.

41' 41'

1\"2
+----+

.\1(1' + z)

., ., "l .J) I
dT = ,trdl = 4(lIj + Ití + 113+U."i (1

E K2

-+-----
41' 4Mr(r+z)

K+ )(yp, - XPy) (19)
2Ah(r + z

and, restricled lo lhe (six-dimensional) suomanifold H = E,
I{ = const.. from Eq. (17) we have

.\1L..':.!
h= ---,

S

we find th<lt

HCllce,

therefore, if E> O, oy defining

H - E ;\lw'
h = -.,-1'- - -S-,

and a'2 is olle 01' lhe Pauli matrices.

ami. according 10 Eq. (18).
1

dh = -dH, (21)
4,'

which mcans thalthc "time paramcter", T. conjugalc lo !l. is
related lo lhe lime, t, of lhe FIHO oy

2.1. Thc Kcplcr prohlcm \'..-ith ncgativc cncrgy

K == HIP2 - 1l2]Jl + tl3[J-1 - 11.~]>3= Pw. (14)

Clcarly, [( is a constanl 01' lhe mal ion. heing lhe sum 01' {\VO
componcnts of the angular morncntum; altcrnatively. rnaking
use of Eq. (1), il may oc noticed lhal E,' = (1/2¡\[w)1,&t1~),
\\'hcrc ~Iis Ihe 4 x 4 Hermitian malrix [sec Eq. (6)]

Suostituling Eqs. (12)-( 14) inlo lhe Hamillonian of the FIHO
IEq. (2)] one oOlains

21'(p; + p; + p;) A/w'2r}{ = M + -----:¡-

R" ..Mex. Fis. 45 (1) (1999) 1-8
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2,2, The ~IIC.Kepler prnhlem

\Vhcn /\" is a constant dilTerellt fmm zero, onc can express
Eq, (19) inthe rorm

which, taking into account Eq, (29), amounts 10 the relalion

2 _ 47l"2 Al :1
T¡\{'pler - -h-, -{/ 1 (33)

which corrcsponds to Kcpler's third law.

(40)

(42)

(37)

0=

whích are paramelric cquations of Ihe intersection orthe cone

(

,) ) 2,} ,} -11 ,}.,,-+ 11- = --- z-. 1 _ 112

k ('f!r 2 1
V(r) = -- + -.) ;;--1/.'.

l' e L.~ f'-

As in Ihe case of Ihe Kepler prohlelll (1\ O), the oro
hits determíned hy lile Hamiltoniall (34) can he ohtained
!'mm the solution 01' the equations of motíon 01' lhe FIHO,
By suitahly choosing the coordinate axcs, we can assume
that '111 = n. ('O~wt, 112 = n2sill{",.:t, 113 = Ita2siuwt,
I/.l = I/(/J coswf, whcrc (/1. (/2 and 11 arc arhitrary constants.
Thcn one lInds that

A/w2 .) 'J ,)

E = ~(l + I,-)(a; + ";),

+ 411( I - 112)a¡a~ = O (41)

Ihus, also in !he case wllere /\" is ditTcrenl from zero, thc orhit
is ílll cllipsc, hut Ihe planc 01' this cllipse Joes nol cOlltain Ihe
origino II is ca s)' lo see lhat El], (32) also holds in the present
case and lllaking use of Eqs. (36), alltl (38)-(41) one tinds that
Ihe scmirnajor axis 01' the orhil 09) is givcn hy

O'
k2 + -€ ('fY)-

.11 l'

-2E
¡el Eq. (29)J thus, again, the value of Ihe I1allliltnnian de-
pCllds only ol1lhe selllilllajor axis 01' lhe ellipsc

Then, Eq. (34) can be interpreted as the I1amiltonian of a
(nonrelativístic) particle of lllass i\/ and clectríc charge q in
the l¡eld 01'a magnetic monopolc superimposcd to lhe central
potelllial

[( 'J 'J) ,) ')1y = 11 "; + "; ros(2u:t) + 0; - "; , (39)

1 - 112 ,) ,) 'J 'J

Z = ~[("í - ";) cos(2wt) + "; + a¡J,

and the plane

1\ = .\h:(1-112)"1"2' (38)

and suhstituting the cxpressions given ahovc into Eqs, (10)
\Ve ohtuin

(32)
,) 1 ., I E '\ 1/2

T. _ ,)-" '" 2 ' '" 2"'.11
h~'JlI{'r - --::;2 L ('1 = -A-Iw-' = (_2E):J/'l.'

,=1

whit:h are paramctric cquations 01'an cllipsc with one focus al
Ihe origino of cn:cntricity e = (a~ - ai)/(ai + a~), scrnimi-
nm axis b = (/J(/:I ami scmimajor axis a = (uf + a~)/2. or,
making use of Eqs. (24), (25), and (27) one tim" thal

E k(/ = JI w2 = - 2E' (29)

which is lhe wcll-known fael that lhe cncrgy depcnds only on
lhe Icngth orIlle major axis of Ihe orhilo By suitahly choosing
Ihe constanl of integralinn, Eqs. (22) amI (26) yield

") ,){/- + a:-
T = ¡ '(2wt - e sin2wt), (30)

w
which relates (he time paramctcr 01' Ihe Kcph~1pIohlcll1. T,

wilh lhe c(';l'cnlric anomaly 2wt. (sec, e.g., Re!'. 14).
Thc rclationship hClwccn lhe coordinatcs 111, U2. 1l]. 11,1,

])1,1'2. jI:¡, JI." and :17,!J. Z.W, ]I.r. P!I' JI:, /JUl, givcn by Eqs. (10)
ami (11) is lwo lo OI1C; lhe points (llt,II:.!.1I3.U.l.P¡.1'"2.P3.

vd and (-l/],-U2,-U;I,-It<l, -PJ,-Vl.,-¡J:i,-PI) have
lhe sallle coordinates (:1",!J, .:, Ir', J'.r .I/y' JI;;, Jlw)' Alllong otile!'
things, this raet implies lhal ¡¡complete cyclc of Ihe FlHO on
the suhlll<lnifold ¡¡ = E, J\" = O, corresponds to two COlll4
plele cyclcs 01' Ihe Kcpler prohlelll, hence, according lo Eq.
(22), Ihe pcriod in the Keplcr prohlclll is givcn hy

1]-:"pll'r = 2 ¡<J.rrl""(ni + /I~ +'/Ij +u~)dt. (31)
.0

011 lhe other hand, Ihe solulion 01' Ihe cl)uatiolls 01' 1110tion
01' Ihe FIHO is givcn hy U¡ = tl¡ cos(i..l.lt+ 4>;), \\'hcre rhe
(/i and tlle rlJi arc constanls, Thcn thc Illolllenla are given
hy Pi = -'Idlli/dt = -i\lw(I¡sin(wt + c/J¡), hence, E =
(;\1 w1 /2)( (jf + /I~ + fl~ + a~). Since the Illean value 01'('os2
over a cOlllplele periOlI is 1/2, using Eqs, (31), (25) ami (24)
we t1nd

(34)
1 q 2 E h"2

h = - (1' - -A) - - + --2M e ,Ir 8Mr2'
where p == (V,, .I'y, /';;), e is the spe~d 01' light, (1 is a constanl
interprctahle as an clectric chargc and

f = _ /(2,111",)' + ('fy/e)" - (1/9/e)2
4i\102

2.J. COllstants uf tl1l' motion

(43)

(35)

(36)

A '" 'el\( -!Ji + .1:])
'f 2 1'(r + z)

is a vector potential for the lllagnetic fleld of a monopole al
Ihe origin uf lllagnctic charge

cA'
g= -""?'

'f -

The transformalions (9) generatcd hy u 4 x .1 Hcrrnitian rna-
tri x (1' ,I~ave the hypcrsurface /1 = E invariant, hut only those
Herrmtlan matrices n commuting with 'Y [Eq, (15)} Icave the
suhmanifold 11 = E. J\" = COllst., invarian!. It is casy to sec
I~¡¡I all Ihe ':crmítian.1 x 4 matrices that cornmute with ., are
Imear comhlllalions wilh real cocflkients of J,., and Ihe six
Hcrmitian lraceless matrices

Rn'. Mex. Fú. 45 (1) (1999) I-X
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A, (~2
U2) .\::1;:;: (-~/2

i/2) A3 =" ("d -~J,- O ' O '

01 =" (~ 12) ( O iU2) e' -~2) , (44)O ' (h == . o ' °3 == O'- -la]

(45)

(47) hence

(51 )N = M "L - fJg R,
e

('Os H = - fJ!J (52)
clLI

and Ihe center of Ihe orbit iS:1I Ihe point R/(2Mé). [These
propcrties can be derived hy considcring Ihe orbit (39).]

The vector h =" (L x R)I L2 is also a conslanl ofthe mo-
lion. analogous to lhe Hamilton vector 01'the ordinary Kcplcr
problelll (see, e.g., ReL 10). From Eqs. (49) and (50) une
f¡nds Ihat

fJg M l' . v ¡\f2" ( r . v )
h::;::1'1" + ----L - -- rv - --r(' L"l,. e2 f"

Ihercforc, laki ng into account Ihe equalily v. L ::;::- «(jg / e)( r.
v/r). which fol\ows from Eq. (49), Ihe componenl oflhe ve-
locity orthogonal lo L. givcn hy V.l ;:: v - (v . Lj L'2)L.
is

h M"( ,..V)
V.l::;:: - + -.,- rv - --r ,

.\I L- -r

with L and R gi\'en hy Eqs. (49) and (SO), respectively, and a
cone whose axis is Ihe veclor L. The half-allgle ol' the conc.
8, is given hy

Thus. Ihe functions

Li =" - 4 ,,1
/w
~)tA;1/I, Ri =" -~1/>tOd) (46)

are conslanls of Ihe motion IEq. (6)) which have a vanish-
ing Poisson hrackcl wilh h. fEq. (5)J; thcrcforc, lhe functions
(46) gcncmlc canonical transformations thal Icavc lhe suh-
manifold JI = E. J\" = COllSt.. invmiant ami are constants of
lhe mol ion for lhe Kcplcr problcm, whcn 1\" = 0, or for lhe
Hamiitonian (34), when ¡.; i' O.From Eqs. (5), (45) ami (46)
one readily linds Ihat

{Li,Lj} = Ei),.L,.,

{L" Rj} = é,),R",

{Ri. Rj} = (-2.\/é)éij,L,.

whcrc 12 is Ihe unil 2 x 2 matrix. A straightforward compu-
talion shows thal Ihe matrices (44) satisfy lhe commulalion
rclatioos of a oasis of Ihe Lie algcbra of lhe rotation group in
four dimensions $0(4),

[A" A)I = -2;0;),A"

where we have made use of Eq. (24) ('f also ReL 5).
Making use of Eqs. ( 1), (10), (20). (25). (44) and (46) one

f1nds tha! on lhe sLlbmanifold II ::;::E. J( = O. lhe fllnctions
L¡ are Ihe components of lhe angulm 1110mentlll11L = •. x p
and Ihe Rj are Ihe components 01' Ihe Hennann-Bernoulli-
L"phlce-Runge-Lenz (HIlLRL) veclor

Mkr
R = p x L - --o (4X)

r
In an analogous manner. making use of lile relation p =
.\Iv + (fJlr)A, one linds that. when 1, i O, Ihe conserved
qU<lnliliesL¡ ami Ri are the componenls 01'Ihe vcclnrs

L = r x Mv - fJ!J ~ (49)
(' r

1.1Iv~ - hl = '~2"JU - (qglrf. (53)

which means thal lhe vector 111v.l describes a circle. Thus,
Ihe hodograph is the ellipse determincd by the intcrscClion
01' Ihe cylinder (53) amI lhe plane orthogonal lo N passing
Ihrough lhe origino Only ir N and L are paralleJ. the hooo.
graph is a t:irclc (which h¡¡ppcns whcn!l ::;::() or when L ami
1{ are parallel). Finally, il Illay be noticed that

L. R = .\/" 'J!l (54)
e

3. Snllltion 01' Ihe Schriidinger eqllatinn wilh
lIegalive energy

and
R = ,1Iv x [r x i\/v _ fJ!J ~] _ M "r (50)

e r l'

(Nole Ihal v :lInollniS to <I,.I<lT.)
As is well known, in Ihe case ol' Ihe Kepler prohlem. the

oroil is plane ami orthogonal to the angular Illomenlum vcc-
tor L. The IIBLRL veclor R lies in lhe planc 01' the oroil
<lndpoinlS lo lhe poinl oí"Ihe orhil c10sest to Ihe origin, \Vhen
1, i' O (i.e .. !J i' O). Ihe orhil is also plane and is the inler-
section 01'a planc normal lo

The (timc-indepcndenl) Schrüdingcr equation for thc FIHO
can he \vritten as

¡,' (iJ2 iJ2 iJ2 iJ2 )-? -.,+ -.-.,+ -., + -.-.) \V
_,\/ D/li DI/=¿ DII:¡ U/l~

.1l1.</:.! "L .:.! :.!+ ---:¡-(II, + ", + "3 + 11.,)'1> = E'I> (55)

or, in tcrms nI" Ihe l:oordinatcs :1:, !J, :; anu w dcfined hy
Eqs. (10).

R('l'. A/c.\".Fú. 45 ( 1) (1 <J<J<J) l-X



GF. TORRES DEL CASTillO AND A. lÓPEZ ORTEGA

r? [~,.,. 1 u'w 1
-- ,,1 'l' + ... ---- +

2M 2 •.(,. + z) OIU' ,.(,. + =) ( O O ) O~']
y D.!' - .1' Dy Dw

.\1..•./ E
+ --'1' = -'1'

8 41"
(56)

where V = (u/D.f. O/Oy, u /uz). Sinee IU is an ignorable co-
ordinale, we can look for separable Solulions of Eq. (56) of
lhe fonn

whcre SI ano 82 are Iwo inoepcmlcnt qllanllllTl numbers
lhat can takc the valucs O, ~, 1, .... ami Lhe constrainl (60)
amounts lo

(fI(.r. y, z. w) = ¡,;J(:r, y, z)eiJ(W/rl (57) (63)

When lO: = O. Eq. (58) reduces lo lhe Schriídinger equalion
for Ihe hydrogcn alol11.

11 is cOJl\'cnient lo consiJer Ihe F1HO as 1\1/0 1\1,'0-
dimcnsionnl isotropic harmonic oscillators 01' lhe same frc-
qucncy. onc \Vilh coordinates 111. 1/2 and lhe other wilh coor-
dinales 1/3, /14: (hen,lhe conJilion

(66)

(64)

(65)

wilh fe ;: J[w/fI = 2Jfk/(rI'l1) [see Eqs. (24) and
(64)J. which agrees wilh lhe soll/lion of lhe hydrogen alom
in paraholic coordinares. (Sec. e.g., Ref. 16; note thal Ihe

.r = 2pIp,cos(O, - O¡).

11= 21'11" sin(O, - 01),

which coincides with the relationship beLwccn (he carlesian
coordinates ;l', y, ;:;and the paraholic coordinatcs PI, fl2,

f}2 - (JI, and taking into accollnt that 1It2 = -111} from
Eq. (61) we oblain

withll = 1,2 ....
In the case wherc [\" = O (hydrogen ato m wilhout mag-

netic monopole), El). (63) gives 11/1 = -ml. which uoes
not impose furthcr restrictions on /1 ami El). (64) is JUSI the
well-knowll exprcssion fOI" the energy levels of Ihe hydro-
gen ;Hom. Since Lhe wave fUIlCtiOIlS 01' thc FIHO can be oh-
taineo hy mllltiplying the \Vavc functions ol' the two equiva-
lent two<limensional isotropic hannonic oscillators, the wave
funclions 01' the hydrogen ato m can he casily oblained us-
ing Eq. (61). To lhal enu, we \Hite lit + i 112 = PI eiO

¡ and
11,3 + iU4 = fJ'2ei02; (hen, !'mm Eqs. (10) we lind that

wherc 1//1 ami 1112 can take the values 1111 = -~ 1, -SI +
l ..... s} and 11I'2 = -'~1.-."2 + 1, .... 82. Since lhe points
(lIl, 11,1,li3, Il,¡) and (-/lll-II'2,-/l:J,-Ul) have Lhe same
coordinales .f, y. : (and w) [see Eqs. (10)1, lhe singIe-valued
sollltions ol' Eq. (5g) correspond lo Ihe cven solutions of
Eq. (55); hence. in mder lo have single-valued solulions of
El). (58). /111 and 1112 mUSl he both integcrs 01' half-inlegers,
in such a way Ihat 1111 + 1112 will alv.'ays he an integer, anu,
thercfore .••.1 ami .••.2 are hoth integcrs or half-integers ano
SI + 82 is an integcr grealer than, 01' equal 10. zera. Letting
11 == SI + 82 + 1, :lllllmaking use again of Ihe identifications
(24) and (25). frol11Eq. (62) we oblain

(62)

(59)

(60)

(58)

'19 NT,-=-.
c 2

E = 2(81 + '" + l)flw,

wherc 1\" is a constanl, I/J satisfics lhe cquation

[Eq. (57)] means lhal Ihe sum of lhe angular momenla of
these two two-dimensional oscillators is equal to 1\'. On the
other hand, lhe energy eigenvalues of a t\Vo-dimensional
isotropic harmonic oscillator are of Ihe fmm (28 + 1)T,W,
with ...•= O,!' 1. .... \Vhile Lhe eigenvalues af its angular
momentulll are givcn ti)' 2mTI, with nI= -s, -s + 1, .... s
(see, e.g., Re!'. 15); hence 111 can he an intcgcr if ano only ir
s is an intcger. The common (unnormalizcd) eigenfunclions
of Lhc angular mOlllenlUm and of the Hamillonian of the t\I,.'O-
dimcnsional isotropic hannonic oscillator expressed in polar
coordinates are of Ihe form

,
,', (1' O) = ('_,\1:..)1'2/T1 p21ml e2imO L 21m\ (.11WP) (61)
~m . s-Iml Tt '

where L~;denoles the associaLed Laguerre polynomials (the
suhscript 11 corrcsponds to the degrce of Ihe polynomial L~;).
Thus, the cllcrgy eigcnvalucs ol' Ihe FIHO can he expressed
as

1 (r, '1)' E ¡.;' Mw'- -v - -A 4J- -¡jJ+ --ljJ = ---¡jJ
2M; r 4,. SM,.' S

[ef Eq. (34)) and A is lhe veelor pOlential of a magnelie
monopole given by Eq. (35). Equalion (58) is lhe Sehriídinger
cquation for a chargcd particlc in the fieJd of a magnctic
monopole of eharge 9 = (c¡';/2'1) [Eq. (36)J and lhe een-
lrallield (37). Taking inlo aceounl lhal-irlu/UlO amounl, lo
-ir'("lu/O", - ",u/O,,¡ + "'U/U".t - ".tO/O",). i.e., is
lhe SUI11of 1\\'0 componcnts of lhe FIHO angular momentum,
ilS cigcnvalues, 1":. l11ust he of lhe fonn Nrl, whefe J.V is an
inleger ando lherefore, from Eq. (36), one oblains lhe Dirac
quantization condilion

Rel'. Me.\'. PI\'. ~5 (1) (1999) I-X
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and lhe conc

(1" - l)y + 2,,= + ,I¡'(I" - 1)"1 = O (71)

\vhich are parametric cquations 01" lhe parahola givcn hy the
intcrscClioll 01" Ihe planc

whcre J2m is a Bcssel function ano In is an integer or half-
inleger [rl Eq. (61)). Iknce, E'l. (55) w¡lh w = O aomils
solutions 01" lbe I"orm 1!'¡;;¡1II¡ (1'1 lOl)l!}E2m2(P210J, wherc
El + E2 = E.}//I and 1112 are both intcgers or half-integers
ami 111+ i1/2 == fll ("01• IlJ + i I/'t = {)2Ci02. Therefore, taking
inlo accoulll Eqs. (57) <llld «(l:') we concludc that

(73)

(72)

I (')) I (I' \fE /1) ,,,,,,O~'l:'lIl IJ. L = "'2m •• J fI 1 (. 1

.r' + y' = (1 ~;" )' .'
Thus. as in thc cases whcrc E is diffcrcnt rrom zero, lhc orhil
hes on a cone whosc axis is L. is planc ami only ir 1\ = ()
(i.c'., 1/ = 1) theoriginlies on lhc plane ofthe orhít. The vec-
lors L and 1{ givctl hy Eqs. (4lJ) ami (50) are con ser ved and
tl1(: vcctor i\: dclincd by Eq. (51) is normal to the plane 01' the
orhil.

111a silllilar way. ir we set w2 = o in El]. (55). we obtain
lhe limc-indepcnucnt Schrüoingcr cquation for a frce partí.
cle in four dimcnsions. whích cOTresponds to the Schrodinger
cquatioll ror a charged particle in the ficld 01' ¡¡ magnctic
Illonopolc and the ccntral flcld (37) with lero cllergy {sce
Eq. (58)J. Proeceding as in lhe prcvious section, wc shall
make use uf lhe fael tllat thc scparahle eigenfunclions 01" the
lIamillonian of a free particle in lwo dimcnsions. in polar co~
onlinates. arc 01" thc form

paraholic coordinates used Ihere, (, 'I ami rp, correspond lo
2/J}, 2[11 ami H:t - 01• respcctivcly.)

\Vhen 1'; is diffcrent from lero, condition (63) rcslricls
Ihe valucs of 1t appcaríng in Eg. (6-l). f-or instance. lhe hl\\'.
cst admissihlc nOl1l.cro valuc of 11{1 is 2f, (i.e.. 1'191 = '1(:).

Takíng 1\" = 2fl. Eg. (63) implics lhat mi + 11I2 = l.
anu thc srnallest vallle al" sI + 82 compatihlc with this COI1-
straint is 1; in fael there are lhree possihle cOlllhinations of
(.-':1"<';2,11/1,1112) sllch lhat 11/1 + 1/1"1. = 1 and SI + 82 = 1
Inamely: (1.0.1,0). (0,1.0,1) ano U,~,~.~)l,whieh means
lhat lhc lowcst cncrgy level corre~p()nlis lo 11 = 2 and is
lhreefold uegencrate. In a similar ll1anncr, OIlC lInus lha! ir
1\" = srl. where INI is an evcn integer. the lowest value 01" 1/

is 1]\"1/2 + 1 and lhe degencracy of thc corresponding energy
Ievel is INI + 1.

The SOIUtiOlls uf Eq. (5X), \vith thc monopolc ¡¡cId
presenl. can he ohtained again making use 01' Eqs. (57) ami
(61 ).laking inlO account that, according to Eqs. (1 (). 111 = (JI,

ano, now, 1Il1 = (N/2) - '", [Eq. (63)],lhus

,1 _ -"(/)~+1,;)/2 1.\'-211121 12m21 "1.iIll2<O:,l-O¡)
'I',~¡S211l2 - e f'1 f'2 e

4. S(Jlutinn (JI' Ihe i\IIC-Kepler prnhlem ",ith
zcrn energy

¡IN-2m21 ( . ') LI2IH21 (. 2)
......'I-ISj"1.-rlI21 hlJI s2-lm;d hl'2 . (67)

with 1i = 2..\1 k/(f¡2n). The solutiollS 01' lhe Schrodingcr
cquation (58) wcre ohtained directly by separali{)Jl 01" vari-
ables in spherical coordinates in Re!". 12. Thus. as in the casc
01" the hydrogen alOm. Eq. (58) is separahle in sphcrical ami
paraholic coordillates.

The results of the preeeding two seclions can he cxtcnded to
lhe cascs \vherc [ is positive or cqual to I.cro, \vhich, accord-
ing to Eq. (2-1-).cOlTesponu to w"2 < O or w2 = O. respcclively.
In lhc lalter case, El]. (2) is lhe Hamihonian of a free particle
in four t1imcnsions ami the orhits in conflguralion space are
straighl tines. By sllilahly choosing the coordinalc axes, we
can assume lhat

(7-1)

whcre INI is an eVCll inlegcr (j\' == I\"jft). NI + h.~ =
S.\! "/ f¡' [see Eq. (25) 1, is a sollllion 01' Ihe Sehrüdinger equa-
lion (58) wilh I.ero cllcrgy.

5. Cnnc!uding remarks

\vhere bl. b2 and JI are arhitrary conslants, thcn suhstilllling
illto Eq. (2), \vith w = 0, and Eq. (14) OIlC finds that lhe val4

lICS01" II anu 1\- are

IlI=b¡t1

1l.1 = Jlb¡ t.

...;\1 .).)
E= 2 (I+I'-)"¡,

1\ = '\/(1" - 1)/)1'"

ami from Eqs. (10) il follows lhal

.r = "¡Jlbl b2t.

JI = 2J/,(bft2 - b~),

= = (1 -1,')(/,;1' + /,i).

(6X)

(69)

(70)

As we have shown. certain sllhmanifolds of the HilO phase
SP;¡CC corrcspond lo lhe phase spaces of MIC-Keplcr proh-
lellls with dilTcrellt values 01' the parameters appearing in
tllc potentials (35) ami (37). Another rClllarkable ract is lhat
a similar n:lationship also holds rcganling tlle Schrodingcr
cqualion. The fact lhat thc interaclion with a magnelic
Illonopole. \'ihich illvolvcs tllc gaugc-dcpendent vector po.
lentíal. can be derived from a lI:uniltonían with a potenlial
cncrgy thal t1epends \lIllhe coordinatcs only lscc Eq. (2)]. al.
lows us to avoitl the diflicultíes relateo lo the dependencc of
the canonicallllolllenta 011 the choice 01" gauge (e! Ref. 12).
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