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A two-f1uid model to analyze (he apparent slip phenomenon in Poiseuille flow is presented in this work. The model was formally developed
on the hasis 01'Ihe fluid mcchanics and provides a theoretical support for the phenornenological correction given by Mooney lo account for
slip in the Poiseuille llow. In addition. the model predicts a dependence of the slip velocity on the llow geometry. which is not considercd in
the Mooney correction but has heen observed experimentally in sorne polymeric systems in the presence 01'apparent slip. Finally. the main
diffcrenccs with previous similar analyses by other aulhors are discussed.

Keylt'orris: Capillary flow; apparent slip; polymeric solulions

En este trahajo se desarrolló un modelo de dos fluidos para analizar el fenómeno de deslizamiento aparente en el flujo de Poiseuille. El modelo
fue desarrollado formalmente con base en la mecánica de fluidos y es un soporte teórico para la corrección fenomenológica propuesta
por Mooney para cuantificar el deslizamiento en el flujo de PoiseuilIe. Además. el modelo predice una dependencia de la velocidad de
deslizamiento de la geomefría de flujo, la cual no es considerada en la correción de f\.1ooncy. pero ha sido observada experimentalmente en
algunos sistemas en la presencia del deslizamiento aparente. Finalmente, las diferencias principales con nnálisis similares previos realizndos
por otros autores son discutidas.

[){)srrip!ores: Flujo en capilar; desliznmiento nparente; soluciones poliméricas

rAes: 62.1O.+S; 51.20+d; 81.60.Jw

1. Introduction

It is well known that llow enhancemcnt may takc place dur-
ing the flow of polymer SoluLions through capillaries [1,5].
This tlow enhancement has heen called apparellt slip to dis-
linguish it from the real slip oecurring in sorne polymer mclLs.
Such an increase in the Ilow rate has heen assumed to be due
lo the existence of a polYlller depleled ¡ayer clase lo the cap-
illary wall, which has a lower viscosity than thal 01' Ihe huik
fluid. Even though in the presence of apparent slip it is not
cxpecled a clcar demarcation betwecn the fluid c10se to the
wall and that in the hulk, Ihe fluid may have a complelely dif-
ferent rheological hehavior !lear to a solid wall than far from
it, as shown hy the results 01' Rofe el al. 16J, where Ihe ve-
locity fleld was measured and a large velocity gradient was
found in a small rcgion close lo Ihe capillary wal!. On the
o(her hand. direct Illcasuremcnts of the polymer concentra-
lion in the ncighborhood of a solid wall by Ausscrré el al. [7],
showcd that Ihis was continuously dccreasing unti! it rcaches
an almosl weJl deflncd constant value clase lo the solid wall.
which c1early dcmarcates the slip layer. Thcrefore, on the ha-
sis of the previously mentioned results, the assumption 01"a
two-fluid motlello analyzc the 110w in the presence of appar-
ent slip is plausihle.

The hypothesis 01' a Iwo-lIuid model has heen used
hy several authors (o analyze the Poiseuille flow and the

slip layer characteristics for polYlller solutions and suspen-
sions [2,3,8,11], as wcll as rOl' polymer melts [121. How-
evcr, sorne of these works havc inconsistencies, in their as-
sumptions or deve)oprncnt. On the other hand, sorne of the
aboye rnentioned rnodels do nol show a dependence of the
slip velocily on the rheological pararneLers of the core nuid.

The aim of t!lis work is to show the suitahility of a two-
Huid model to analyze Ihe Poiseuille llow in the prcsence of
apparent slip. The model was rorlllally developed on the ba-
sis 01"the fluid mechanics and provides a theoretical support
for the phcnomenological correction given by Mooney [1), to
account for slip in Ihe Poiscuille flow. In addition, the model
prcdicts a depcndcnce of the slip ve)ocity on the llow georn-
etry. which is not considcrcd in the Mooncy correclion but
has been obscrvcd experirncntally in sorne polymeric sys-
tcrns [13, ¡'1J. Also. the rnodel providcs an cxpression for thc
slip velocity which is a function ofthc rheologica) parametcrs
ofthe fluid. Finally, Ihe differences wilh previous analyses hy
other authors are discusscd.

2. Model

Assuming that lhe apparcnt slip phenolllenon is duc to Lhe
forlllalion 01'a polYlller deplelCd layer, the capillary flow field
can he thought as consisting nI' two concentric regions. These
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regions are filled wilh immiseible fluids, one in lhe eore,
which is rcprescntativc of lhe polymcr solution, region l, ami
lhe olher one in lhe boundary slip layer 01' lhiekness Ó, re-
gion 11. It is supposcd that lhe no\\' f1cld is stcady, laminar.
isolhermie, and fully developed. Sueh eondilions are usually
fulfilled in any rheometrieal experiOlen!. Thus, lhe veloeily
field V(r) is divided in,

and

t)(r)

111(1')

for

for

o ~ l' ~ R - Ó,

R - ó ~ l' ~ R,

NOle lhal up lo lhis poinl of lhe analysis there is nol any
reslriction wilh regarJ 10 the type of !luid in each region, then
(4) is a general expression for the now oftwo immiscible flu-
ids in Lhecapillary geomctry.

Now, suppose thal h( T) eorresponds 10 lhe shear rale
funetion for a Newlonian fluid, h(T) = T/¡' where l' is lhe
Newtonian viscosity, which could be the situation in lhe pres-
enee of apparent slip, amllhal f(T) represenls ¡he shear rale
for a non-Newlonian power law fluid, f(T) = (T/m)l/n
where m ano 11 are the power law parameters. If these as-
sumplions about f(T) and h(T) are used in Eq. (4) and an
expansion in power series 01'ó/R is carried out, lhen we have

2. The eonlinuily 01' lhe veloeily field in lhe inlerfaee be-
twcen lhe two regioos.

whcre r is lhe radial position and R is lhe capillary radius.
The velocily field musl satisfy lhe boundary eondilions:

l. Thc no-slip condition al lhe wall is satisficd, ¡.c.•

t)¡(1') IR= O. (I)

1 { [ 1]. --la TlIJ n --lb Tw Tw ••-YA=~(~) +[¡ ¡.--(~)
1 Ó [2" + 1 (T ",) ~ T",] }+-- -- - -3- +....
2R H' 111 Il'.

(8)

T is the local shear stress, Tw is lhe capillary wall shear stress
anJ Tó is the shear stress at the interface betwcen the lwo llu-
ids givcn hy

U-Ó 111Q = 2rr r FI(,.),. d,. + VII (,-jI' d,..Jo R-ó

From this equation, and taking into consiJcralion the hOllnJ-
ary eondilions (1) amI (2), lhe apparenl shearrale, --y A, can be
wrilten as

(9)

Observe that this cqualion for lhe slip velocily is dependent
on Lhecore !luid paramelersm and n, the layer thickness 6,
and Lhe fluid layer Ncwlonian viscosity tl, in addition to the
known depenJence on the shear slress. Also, Eq. (9) predicts
a dependence on Ihe capillary radius. Similar equations can
be easily oblained ror the case 01' slil flow [16].

In most cases the ¿; / R ratio is usually considered 10 be
very small, amI thercforc is neglected. Nevertheless, there ex-
ist physical siluations where ó/ R can not be neglected, so,
lIlore lerms in Eq. (9) should be eonsidered. This silualion
will arise when non-linear Mooney plots are obtained, in this
case, the ¿; and JI can he dClermincd from the coefficients of
a non-linear fiuing or 'iA \'S. l/R. The resull may be par-
lieularly imp0rJant when sludying lhe flow lhrough porous
media. vein hlood now, now through membrancs and chro-
matography, wherc the now takes place through vcry narrow
channels. This hypothesis is supporled by the work of Brunn
el al. P jj. wilo analyzed lhe slip in tube and channel fiow

It can he ohserved thm a flrst order approxirnation in .1/R
in Eq. (H) reproduces Ihe Mooney cquation [1] and the re-
sult 01' Funalsu ami Sato [12J, being lhe firsl lerm oflhe righl
hand sitie the shear rate free from slip, and the apparent slip
velocity V~,is givcn by the sccond term in lhe right hand side
01' the Eq. (8). At this orJer 01' approximalion, 6 and Il are
couplctl antl Ihey can 1101 be obtained explicitly, unless an as-
sumptioll on J or JI is provided. This difficulty is inherent lo
mat:roscopic two-l1uids lTlodels [15]. In general, lhe apparent
slip vclm:ity is givcn hy

(6)

(5)

(7)

(2)

R -ó ~,. ~ R,

o ~ ,. ~ R - Ó,

T; = T", (1 - ~ ) .

V¡(r) 111-;= t)¡(r) IR-; .

where f(T) anJ h(T) are the constitlltivc cqualions in rc.
gions I and Il, respectively, given by

dt)--;¡;: = f(T)

dt)1-~ = h(T)

Thc cstahlished continuity condition 01' lhe vclocity al Ihe in-
terface in this work is more natural lhan lhe asslIlllcd COI1-

linuous vclocity gradicnt in lhe interface by Cahen and Me!-
7.ncr {3}. For example, whcn working wilh t\vo-il11l1lisciblc
Ncwlonian lluids al' diffcrent viscosity lheir assumption may
¡cad lo incollsistcnt situations.

By mass conservalion, lhe total volumetric now rale, (J,
can be expressed as the surn 01' lhe conlributions lo the now
rate in each region:
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where Vtj is lhc inlerfacial velocity hetween the Iwo lluids.
givcll hy

Ve,) = V, + 11: 1n C::) ~ [(1 - ~) ~ - (~) ~]
O ::; , ::; R - O. ( I 1 )

Note thal Ihis il1terl~lcial velocity is not lhe same as lhe slip
velocity gi\'en hy Eq. (9). which is the IOtal slip contribulion
lo lhe vclocily lield. In this point. it is convenienl to commenl
on sOllle olher {wo-fluid models appearing in lhe lilerature.
since Ihere are diITerences in lhe del1nilion of slip velocily
wilh respccl lo Ihis work. Yilmazer and Kalyon [11} stud-
ied highly lilled sllspcnsiolls and ohtained an cxpression to
evaluale Ihe slip velocily as a funclion 01' lhe slip layer thick-
ness ami its viscosily. Sucll cxpression is idcnticallo Eq. (12).
however. Ihey considered Ihal such velocity is lhe Mooncy
apparent slip velocily. inslcad 01' the inlcrfaciai velocity as
showll ahove. The slip velocity shoultl he givcn by Eq. (9).
which expliL'itly includes the now raram<:lers lit and 1/. orthe
core !luid.

Anothcr two-l1l1itl model given by Kozicki el al. [18].
poslulaled a correclioll lerm accounting ror the anomalolls

( 13)v, = ¡.II .'/(0. T. l')dl'.
. U-J

This \ ~~call not he I"elatetl. directly, to the app<lrcnt slip ve-
locity 01' Mooney. However. the final express ion al' Kozicki ef

al. 118]. lo firsl Ol'der approximation in SI R ratio. agrees wilh
the llrst order approxirnalion rOl" Ihc slip velocity in this work.
see Eq. (9). TlJey obtained Ihis expression assuming lhal lhe
vclocily gradicnl in the slip layer is constanl anó eqllal to
Ttl'IJI. Note Iha! in the Ko¡-icki ('{ {l!. model, (he possibil-
ity nI' having ti slip velocily depending on capillary radius is
not lakcll into cOllsideralion. in contras! \vith lhe result in the
presenl work.

On the otiler hanlÍ. Cohen amI Melzner r31 dcvelaped an
expression rOl' Ihe ~10oncy apparelll slip vclocÍly. which was
approxilllated to ¡ero Ol'dcr in JIR. yielding

hehavior in the vicinity of lhe capillary wal!. ¡.e., lo eSli-
Ill<lle Ihe slip layer lhickncss and slip velocily. This lerm is
c.x.prcssed hy Ihe fUllction g(J. T1 r). which is zero al r < R.
Assuming Ihal in lhe domain R - S :s r :s: R. Ihe fluid prop-
erties representcd hy f(T) can he approximaled by f(Tw).
Ihe authors inlcgraled {hc corrccled constilulive function and
ohtaincd that the slip \'clocity was given by

whcrc 1'(TIlJ,C1l') ami (/(Tó.r'oo) are the shear rate funClions
uf a Newtonian fluid in lhe ¡ayer and ol' a non~Ne\,.llonian
!luid in lhe con~ respeclively . These funclions depend on lhe
shear strcss alHl polYlller conccntration. The ahove expres-
sion corresponds to our Eq. (9) considering the sarne orderof
approxilllatioll. exccpl rOl' a factor 01' ~. This diffcrence can
be explained ohserving Ihal the Cohen amI Melzner model is
not physically clJual lo l!le presenl one. heing thc Illain dif-
rcrence lhe houndary conditiolls. as discussed in lhe previous
sectioll.

Finally. il is very imporlanl lo point up here lhe mean-
ing 01' Ihe slip vdocity as inlroduced by ~looney. Thc slip
velocity \Vas introducet1 hy tvtooney as a phenomenological
corrcction to account túr the now enhancement observeu in
SO me polymer systems. In Ihe presence uf apparent slip in
polYlllcr solUliollS {here is nol Irue slip al all. anJ lherefore.
lhe slip \'c1ocilY is jusI a correclion lerln.

To illustralC the suitahility 01' the madel lo analyzc lhe
J>oiscuille llo\\' in Ihe presence 01' apparent slip, it W<lSap-
plied lo the experimcntal data ohlained in the capillary now
01' O.2~X Xanlhan aqllcolls solutions. which are presenlcd in
Fig. I and ch:arly .•.•how evidence oí" apparenl slip.

Thc plols off A \'S. 11n are shown in Fig. 2. h is ohscrvcd
thal lhey tlppear lincar. lhercfore. Eq. (8) can he used al a first
approxilTlation in 11R. which reduces lo Ihe Mooncy resull
rol' a power law !luid. Note Ihat the sccond tcnn in Eq. (8).
helonging to {he slip velocity. is dependenl on the slip layer

3. Applicalioll

(12)

R - 6::; r::; R. (10)

• _T", ( 1 o)lb = ()¡;- 1 - 2R .

V(r) = !!- Tu. [1 _ (~)2]
2 JI R

lIsing a dimensional approach. Thcy introJuccd a characlcr-
iSlic Icnglh 01' a particle and cOllclu(h~d tila! lhe slip veloc-
ity F~ does not dcpcnd on R. for largc enough R. ami that
thefe is a dcpcndcncc upon rhe sixth powcr on R for small R.
Also. lhey conclutlcd that ir Ihe charaClcristic dimcnsion is
no ¡onger lhe si/e 01' <111 individual particle. raIher lhe size 01'
lhe slrUCIUfC. thclI lhe slip layer would Ilol appear infinitcly
thin.

On lhe othe!" hamJ. thcrc are somc works supporting lhe
fael lhal a dcpcndcllcc 01' lhe apparcl1t slip vclocity on lhe
capillary t1iamctcr may arisco Badura el al. [13], whcn study-
ing a ruhbcr with a sortencr syslclll (NBR 3807/DBP 20%
Vol%) fOllnd Ihal a Mooney plot did not render <.Inslraight
lineo howevcr. a plOl 01'1A vs 11R2 did. This is in agreelllenl
wilh Eq. (9) in Ihe sellsc lhal the slip velocity expressinll can
he dependenl onlhe capillary radius. In additioll. Mourniac l'f
al. [HI. when analyzing l!leir dala on a SBR compound and
asslll11ing thal Ihe slip velocily was due lo the formation of a
thin layer uf l1uid L10se lo Ihe wall. ohtained an expression for
lhe slip velocily \vhich lilted their slip data. Their express ion
is a func(ion 01"Ihe fluid parameters in the coreo as well as a
fUllction 01"Ihe die gcolllelry.

f'inally. Ihe vc\ocily prutile V(r) can be ohtaincd hy us-
ing Eqs. (5) ami (6):

¡lI1d
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FIGURE l. Flow curves of 0.2% Xanlhan nqucous solulion, ob-
tained wilh a capillnry rhcolllctcr.

FIGURE 3. Varialion of Ihe slip laycr thickness with the shear stress
for Ihe 0.2% Xanlhan nqucous solution calculalcd fmm Eq. (15).
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FIGURE 2. Apparent shcar Tate versus Ihe ¡nverse of cnpillnry ra-
dius for lhe 0.20/(' Xanthan JqllCOllS solUlioll. Thc lincarity of lhe
plOls suggcsts a tirsl ordcr approxim31ioll in JIR for lhe model
proposcd.

FIGURE 4. Calclllalcd vclocity profilcs for the 0.2% X<.mthan aquc.
ous solution fm ~hc~lI Slrcss 3.5. and 7 Pa. [{ ::::::0.0006 m.

viscosity JI, its lhickncss Ó and lhe rhcological paramclcrs 01'
lhe eore lluid 1/ amlm. Thus. lhe paramclcrs 1/1. and 11 01' lhe
polymcr sollltioll can he casily dclcrmincd, huI, tlue lo lhe
constant valuc 01' lhe slip vc)ocily al a givCll shcar stress, 1/
ami S of lhe slip layer Cl1ll no! he indcpendenlly delennined.
However, the viscosity 01' Ihe slip layer is hounded hy lhe
Imvest possihlc value helonging lo Ihe viscosity 01' lhe sol-
vcn! (It.~). ¡.c., ,1 2: II.~ . For this polYlllcr solulion in lhe
lillliting case, 1/ = II.~ = 10-:1 Pa's, corresponding lo (he
waler viscosity, Ihen the layer Ihickness J can he calculaled
as

l'62: .,
( 15)

T", (~f
"

11/.

The variation of lhe slip layer thickness with lhe shear Slress.
calculatcd from Eq. (15) is shown in lhe roigo 3. It can oe oh-
served thal!he Iayer Ihickncss is less Ihan 4 microns under Ihe
assumptions givcn ahovc. ami incrcases wilh lhe shem strcss
as reported hy Ausserré el al. 171.

The velocily proHlcs ohtaincJ hy using this model
IEqs. (10) anu (11)], are illuslralcu in Fig. 4 r", Ihe shear
stresses values or 3,5. ami 7 Pa, assuming the correspon<ling
lowesl possihle value or lhe slip layer thiekness, ¡.e.• lIsing
lhe viseosity ofthe solvent. Note Ihat the velocity profiles are
qllalita!ively in goo<l agreelllelll wilh those 01" Rorc el al. IG].
ami show a high velocity gradicllt near lo Ihc wal!. A quanti-
tativc comparison with Ihe \vork 01' Rore ('1 al. can nol he pcr-
fonncd hccausc thcy assulllcd Ihal lhe slip velocily is given
hy Ihe extrapolalion to the \\'allnf Ihcir velodty profilc. hcing
lhcir closest dalllm ¡minI localcd at 30 microns lo the wall.
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4, Conclusions

The model presented in this work, suppor(s the phenomeno-
¡agical corrcclion givcn by f\..looncy lo account ror slip in the
Poiscuillc tlow. In addition. the model allows lo know the
propcrtics of the bulk fluid, in the prcsen! case, the paramc-
tcrs of the powcr law fluid. hut the model does not givc in a
independently way the parameters (ha( describe (he slip layer
fluid, Ó antl ji, when linear Mooney plots are oblaincd. Haw-
cvcr, making rcasonablc assumptions ahout the valuc 01'one
ofthcsc paramctcrs, cithcr e5Of p, a procedurc uf now data rc-
dUClion foc polymer solutions in a capillary or slit gcolllclry
can he obtaincd.
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