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For quantum opcn systcms the semigroup approach in the weak coupling approximation has hecn revisited. Wc have proved that tracing-out
(he hath variables a gencrator of the Kossakowski-LindhladJorm is always obtained. This faet does nol guaranlee the completcly positivitc
comJition. Neverthcless, in terms of the interaction Hamillonian we have slressed the relcvance of the invariance under Davies's average
procedure in order lo arrive to a completely l'ositil'e semigroup. The alternative approach called lhe Schrodinger-Langevin pieture has heen
inlroduccd. Then a non-Markovian evolution equation for a stochastic .Hale vector has heen presented. In lhe context of a perturbation lheory
in lhe Kuho numbcr, lhe average over lhe noises Icads to a dissipative gcncrator which has formally a Kossakowski.Lindblad formo In this
context il is possible to llnd noisc correlation functions to guarantce lhe completcly posilive condillOll. The equivalence of this piclure with
lhe (raa-out tcchnique in lhe weak coupling approximation has been proved. The bcnefit of lhe Schrodinger.Langevin picture to work.out
",¡lh <lslochaslic slale \'cclor representing a thermal ensemble has bcen pointed ou!.

Keywords: Quantum open systems; stochastic Schródingcr equation: non.Markovian

En la aproximación de acoplamiento débil, el esquema de semigrupo para un sistema cuántico abierto ha sido reanalizado. Nosotros probamos
que eliminando las variables del baño siempre se obtiene un generadm de laforllla de Kossakowski.Lindblad. Este hecho no garantiza la
condición de completamente positivo. Sin embargo, en términos del hamihoniano de interacción nosotros hemos enfatizado la relevancia de
la invarianza bajo el procedimiento del promedio de Davics para así arribar a un semigrupo completamente positivo. El esquema alternativo
llamado representación de Schrodinger-Langevin ha sido introdUCido. De esta manera. unn ecuación de evolución no-markoviana para el
v('clOr de estado estocástico ha sido presentada. En el contexto de una teoría de perturbación en el número de Kubo, el promedio sobre los
ruidos lleva a un generador de disipación, el cual tiene formalmente laforma de Kossakowski.Lindblad. En este contexto es posible encontrar
funciones de correlación del ruido que garanticen la condición de completamente positivo. La equivalencia de esta representación con la
técnica de eliminación de variable en la aproximación de acoplamienlO débil ha sido probada. El beneficio de trabajar en la representación
de Schrtidinger-Langevin con un vector de estado cstoC<Ístico para representar un ensamble térmico ha sido remarcado.

De.\'Cril'tores: sistemas cuánticos abiertos: equación estocástica de Schrooinger; no Markoviano

PAes: 05.30.-0: 05.40.+j: 03.65.Bz: 02.50.Ey

1. Intrnductinn

In c1assicnl physics it is wcll acceptcd. within the Markovian
stochastic description [1], lhat the master cquation is an cx-
cellenl approximation lo describe lluctuation and Jissipation
at lhe Illesoscopic leve\. In quanlum mcchanics lhe most gen-
eral I"mm 01"a Markovian evolulion for Ihe reduced densily
malrix p(t.), lhal give rise to irrcversibility, is less popular.
Unfortunately somctimcs lhe epithet "Markov" is uscd with
rcgrcttahlc 100scllcss. A Markov cvolution (i.e., a quantum
sellligroup) has to guar~lI1tce that p(t) he hcrmilian posilive
delinitc wilh unit trace at all lime, i.e., von Ncumann's con-

ditiolls.

The Markovian map has hcen well eslahlishcd long Limc
ago \2,3\ and its gcnerator is lhe so ealled Kossakoswki-
Lindhlad (K-L) OIlC. This gcncrator gives a Markovian map

that guarantees von Neumann's conditions on p(t), and also
proviJcs a complctcly positivc map on trace class opcra-
tors T. This la5t condilion is much slrongcr lhan Ihe usual
posilivityfl

Thc Lindhlad Jissipative gencrator (3) is frcquclllly writ-
lcn on a Banach space in its diagonal standard reprcsentation;
the Kossakowski one 12} is morc familiar (in physics litera-
ture) bceause it is written ror tlnitc dimensional systems l4].

In an arhitrary f1nile dimensional Hilbert spacc Hs
(dim H8 = N) lhe Jissipalive K-L generalor (i.e. subtract-
ing any possihle von Neumann lerm) is

1\,2_1

LD [.] == ~ '¿ "no ([v. •• ,V~] + [Vn, .V~]) ,
n,.)"::::1

(aets on T), \••..herc '~ll O" = 0, 1. ... 1N2 - 1 is a hasis in lhe
C" algchra 01' lhe N x N complex matrix M(N). \lo = 1,
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whilc for lhe Heiscnherg dynamics lhe dual generatorb [(* [.]

2. The quantum dissipative semigroup

The quantum dynumical semigroup in lhe Schrüdinger pie-
ture rcads from (h = 1)

dI' (1) = lqp (1))
di

evolulion equation for the .w()cha.'ltic state vector, in terms of
random operalors, will also be given.

[-rom this stochastic slale vector we obtain lhe evolution
equation for Ihe slochaslic matrix Psi (t), from whieh ils mean
value corrcsponds to the reduced density matrix of S. Taking
Ihis average--over the noises-in lhe context of a perturba-
tion theory in lhe Kubo number, a dissipative generator al'
Ihe K-Lform appears. Then we will be abIe lo interpreto in
the weak coupling approxirnalion, Ihe responsible of the dis-
sipation and Ihe Iluctuating lerms appearing in a K-L formo
Therefore from Ihe Schrüdinger-Langevin picture it will be
possiblc to build up several K-L generators from a fami1y 01'
correlation functions. In this way (as soon as the basis on Ihe
Hilhert spacc Hs is chosen) Ihe correlalions uf the noises
can be selecled, in an empirieal way, to represent different
physical situalions and al Ihe same time 10 assure a posilivc
strueture na'}. A simple example is when Ihe noises are white,
then it is easy lo see that Ihe hamiltonian shift cancels out and
the dissipative generalor will he Ihe corresponding standard
K-L semigroup 11,9,10, 12J.

Also the rigorous equivalence 01' our stochastic pieture
with Ihe trace-out tcchniques will he proved [17J. We em-
phasize that, in this case, the posilivity or nol 01' the alge-
hraic slruclure of the K-L /orm is something that depends
on the type 01' inleraclion with Ihe balh, so its analysis be-
longs lo lhe section concerning the invariance under Davies's
device (Sec!. 4). In terms of the Sehrbdinger-Langevin pie-
¡ure Ihis means that if we wanl lO match with the Irace-out
technique, lhe positivity of (/o~ depends on lhe c1ass 01' in-
teraclion hamiltonian H ¡ from whieh the noise correlalion
funclion can he read off.

Anolher advantage from Ihe Schrüdinger.Langcvin pic-
lure eomes from a reverse point 01' view. Assume Ihal we
knowa given algebraic slrUClUre (JO'') to he positive, then we
can wonder which could he Ihe sel of noises in such a way
lo produce the same dynarnics. This task can he solve in Ihe
prcsent formalism, see Sec!. 5.5.

In the same spirit as with Ihe nOIl-linear stochastic equa.
(ion for lhe state vector [12j, ami in Ihe quantum-jump
model [18], our wave-function Ihermal approach lo dissipa-
tive processes givcs a suitablc 100110 tackle numerically com-
plex syslems.

( I )+ [Vop(t). V~]).

\" 1l' -
'" -¡[Helf, p(t)] +;; I: (I0"([\~., p(I)V~)

- ü.')=l

and (fwy iS;¡ hCfmitian positive-definitc malrix charactcrizing-
lhe dissipation anJ Ihe fluctuations of un ope" quantum sys-
¡cm (fmm now 011 we will caH (10:')' lhe algebraic structure).
Earlicr COllllllcnts on lhe positivcncss al' lhe solution 01' Ihe
quantulll master cquation, in lhe contcxt of nonequilihrium
sponlancous cmission. can be sccn in Agarwal's hook and
references thcrcin [5].

flnw lO construct lhe K-L gcncrator ror a givcn open
quantulll systcm is anothcr task. In principie wc wish lo ¡¡nd
lhe K-L gcncralor fmm the undcrlying harniltonian dynam-
¡es rOl' Ihe total c/osed sysfem (our syslcm 01' interest S plus a
hath 8) hUI sooncr Of later Ihis is orten technically impossihlc
and thcrcforc one nccds lo introduce 50me appmximatiollJ in
order 10 arrive to the quanlulll master cqualion.

In general, hy lracing out the bath variables it does nol
lead to a qU<lntum semigroup [6, 7]. It is noticeable to relllark
thal if we dcal with this situation it is always possihle lo intro-
duce a m{{{/¡efJIll1ica/ derice-Jue to Davis IGJ-whieh Icads
to a K-L generalor. Frolll Davies's averaging procedure, in
lhe weak cOllpling approxilllalion (applied to the differenlial
equalions of Illotion), and \vhen Ihe hamiltonian 01' Ihe re-
dllccd system is non<.!egcnerale, lhe evolution of the diagonal
c1elllenls 01' lhe reduced densily matrix pare uncoupled from
(lIT-diagonal ()Jles, so Ihe dynamics ofthe evolution is reduced
[o a classical Pallli masler equalion for Pjj == < j I p 1 j >.

The purpose oí" the prescnt work is Iwofold. In Ihe first
parl 01' lile papel' we are concerned wilh the characterization
nf lile K~L gcnerator (ils cJTective hamiltonian Jlf:'ff and dissi-
pali\'e par! LlJ [.J ). Foremosl, we will show that tracing Ollt

the hath variahles-in the weak coupling approximation-
a/ways leads lo a K-L/orm. Nevertheless we will remark thal
¡¡ K-L .lórllI lIoes not mean tha! Ihe algebraic structure <lo'}

\ViII he POSilivc-deflnile. To assure Ihis ract there will he a
SC'L'OI111 slCP in Ihe procedure, which strongly depends on Ihe
inlcraction hamiltonian H¡ hetween S ami B. \Vith this pur-
pose \Ve will explore the invariance under Davies's averaging
procedure. In Ihis form we will he able lo give, in the weak
coupling approximalion, a sufflcicnt condition-in Ihe inler-
¡¡clion hamillonian-in such a way to produce a bonafldc K-L
f01"ll1 fmm Ihe lI11derlying dynamics 01' lhe total dosed sys-
(C/JI. Somc examples are given in the context of spin-hoson
systel11s.

Diffcrent ways 01' writing the K-L generator are shown in
appendix A. This raet also cnlightens somc difficullies poscd
by van Kampen and Oppenheim [8] in arriving lo a K-Lform
fmm tracing+olll [he balh variables.

The secono part 01' our papel' is about Ihe Schrodinger-
Langevin picture and its conneclion with K-L gellerators. In
Sccl. 5 we will presenl an analysis concerning Iheir similar-
ilics and differel1ces with others alternalive slochastie 1'01'-
lllula[ions (0.- <¡uanlum dissipalivc theorics [L 9-151. The
prcscnl pi¡;ture gives the evolution equation for a sroc/Ulslic
.Ha(c 1'('('(01". \vhich rcprescnts a quantum open syslem. Then
any slatistical average ohtaincd from (l(t) can altcrnatively be
takcn by intn),lucing an average over Ihe thennal ensemole 01"
\vave fUllclions. A clear interprelation 01' Ihe non-Markovian
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Consider Ihe gcneral case nI' a syslem S interacting with a
bath U. descrihcd by the lotal hamiltonian

3. Tracing over the hath (weak coupling revis-
itcd)

is givco rrom

dA (t) = J(" [A(t)]
dt

,,\,2_1

:; i[H.", A (1)] + ~ ¿ n"o(V~[A(t), \~.]
0,')'=1 HT = l/s + ll¡¡ + Al/l. (8)

Thcreforc we search SOIl1C approximation to the dynam-
ies 01' the reduecd densily malrix p(t) 01' system S

The factor ,.\ is a conslant that servcs to monitor the
slrength 01' lhe interaction belween S ano B. The dcnsity ma-
trix 01' the tolal system (JT(t) ohcys lhe exact unitary evolu-
tion:

(2)
where Ill•lf is sornc effcctivc hamiitonian acling 00 the rc-
duccd system S. As we mcntioned bcforc a nccessary and
sufficicnt condition to guarantce thc complctely positivc con-
dilion is ""O 2: O. Summarizing, lhe semigroup (1) [or (2)J is
(he only candidate for a dynamical map dcscribing a Marko-
vian irrcvcrsihlc evolution 01' opcn quantum systCI11Sin the
Schriidinger [or Ileisenberg] pielure ['11.

R(>f1wrk l. Thcse gencralors can trivially he wrilten in Ihe
form

d
-1 PT(f) = -i[HT,PT(t)]
<1

(9)

dp (t)
-1- = -i[H.",p(I)]- {D,p(t)}+ + F[p(t)J,

<1
(3) (10)

wherc {., .}+ denotes thc anticommutator. Thc dual dynam-
ics would be

d~/;t) =i[He",A(I)]-{D',A(I)}++F'[A(I)J, (4)

will be callcd the dissipatjl'e opcrator ami
,1\,,2 -1

F[.] = L (ln1' \~) • F~,
0',1'=1

lIere fJ~j = "B (O) is the densilY matrix lhat describes the
equilibrium stale of the bath l1. ami we havc supposed lhal S
and ¡;were uneoupled bcl"re I = O. so lhat (lT(O) = prO) 0
fJ/I(O). The trace is laken over the oath variahles, thereby re-
ducing lhe evolulion in the Hilbert space lIT = Hs 0 Hu
lo an evolution in lIs. NOle thal cqllation (10) defines a map-
ping 01' p(O) ontn p(t), howevcr ¡his map is not a semigroup.

Thc Markov approximation can casily be introduced, in
the inleraction rcpresentation. by assuming: (i) that for all
time Ihe tOlal density rnatrix factorize into a dírect product:
(ii) a perturhation Iheory lo the differcntial equation of mo-
tion (9) up lo order ).,1'7(" (T(' is characterized by Ihe hígh-
est corrclation lime of the opcrators nI' n, which strongly
depends on Ihe nalure 01' Ihe balh); and (iii) thal Te is suf.
flciently slllall such thal Te « L Therefore the "quanlum
Illasll~rcquation" is obtaincd, j.C., lhe scmigroup approxima~
tion [1,.1,8.19-21J.

(6)

(5 )D' =D

N2_1

l,'"[.] - '" a 1'1. l'- L 01' l' n

0,1=1

,V"-I

D _ 1 '" ,d,:-:) L (l01' l' n,

- 0,1'=1

wherc

the jiuclUalÍllg supcroperators. Here. as hcforc, F* [.] repre-
senls Ihe dual. An interpretation 01' D and the llucluating su-
peroperator F[.] will be shown in Seets. 4 and 5. This splil'
ing is frcquently used in the contcxt 01' (he Quantum Jump
approaeh [151.

Let liS now see (3) from a formal poinl nI' vicw. Ils solu-
{ion could he writlen in the form

pe!) = exl' (-1 {D,.}+)p(lo)

+ 10'-'" exp(-T{D,.}+)

x (-i[He",.] + FI.DI,(t - T)dT (7)

!l..p(f) = -i[l/s,p(t)]
di

- A'L~dTTr[1 ([l/l, [Hl(-T),p(t) 0 p~lJ) (11)

where II/(-T) == e-iT(lln+lls)lI/ (,iT(llH+lls).

Remark 2. Eqoation (11) can be wriuen in a K.L formo
\Vc cmphasilc lhal wilh lhe wordform wc arc nol saying that
the algebraic x/rucWrc is going 10 he positive, j.e.• only thc
hennitian conJition on (1('<1' is assurcd.

This faet follows by introducing the Jacobi identily
Thcn (he dynamics will erase thc ¡nilial cOlldition p (to) only
if D is a positivc operator: this of cnurse is guaranlee by (5). [,.¡, [B, C]] + [B, [C, AlJ + [C, [,.¡, BlJ = O

R,'I'. Mex. Fí.'. 45 (3) (1999) 217-233
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inlo lhe inlegrand 01'formola (11), lhen we gel

d .
dfP(t) = -z[Hs,p(t)]

,\' (= )
- 2" Jo drTr Il ( [[H¡ ,JI¡( -r)] ,p(t) <2> PB] + [JI¡, [ll¡( -r), p(t) <2> p~J]+ [H¡( -r), [H¡, p(t) <2> p~]] (12)

Now, using that

[A, [B, CJ] + [B, [A, CJ] =
{{A, B}+, Cl + - 2 (ACB + BCA),

Equalion (12) reduces lO

dp (t) ]-- = -i[H'ff,p(t)] - {D,p(t)}+ + F[p(t) ,
dt

(13 )

F[.] =.\2 ¿ 10=dr (x,,~(-r)V~(-r). V~
,,~

+ x~~(-r)V". VJ(-r)). (21)

wilh
A2 (lO

JI,,, = Hs-i21a drTra ([H¡,¡¡¡(-r)]p~), (14)

X! 00

D = 210 dr1l'B ( {H¡,JI¡(-r)}+p~), (15)

F[p(t)] = .\'10= dr TrB (H¡ p(t) <2> p~ JI¡( -r)

+ H¡(-r)p(t) <2>p~H¡). (16)

Finally, detining Ihe malr;x C~o(-r) from

N2_1

\I~(-r) 0= e-iT1¡sV~e+,;/fs = ¿ C~o(-r)Vo (22)
")'=1

and using lhe facl Ihal the indices in (19) lo (21) are dumb,
Eq. (13) can be pUl as in Ihe previous form (1)

dp (t)-- = -i[H,,,,p(t)]
dt

Therefore (13) has Ihe K.Lform, lo see lhis compare wilh
Eq. (3).

Now lOobtain the algcbraic structure a01" we assume that
Ihe interaction hamiltonian H [ has the general expression

N2_1

+ ~ ¿ ano ([vn,p(t) V~]+ [\~.p(t), Vn),
0,1'=1

(23)

and

whcrc

.\' {=He" = 11" - i?¿ Jo dr ( \'01'( -r)C~,,( -r)
- n{h O

- x~~(-r)C~o(-r)) \I~V", (24)

a"o=.\2¿ (=<lr(Xo~(-r)C~,,(-r)
(1 Jo

( 17)
n

H¡ = ¿v~<2>B~,
P=1

whcrc the V¡J belong lo the Hilbert spacc 01'the flnite dimen-
sional systcl11 S and B/3 are bath operators.

Using exp1icilly lhe 1;1ctlhal H¡;s hennilian, (14) lo (16)
can be rcwrittcll in a slightly different rnanncr, this [aet will
be uf utilily for OUT future algebra. Introducing the notation

in those cqualions, the cffcctive Hamiltonian Heff• the dis-
sipalive operalor D and the fluclualing superoperalor F [.]
rcad

+ X~o(-r)C¡Ío( -r)) . (25)

- X~¡3(-r)VJ(-T)V.,), (19)

X' /,=D = -: ¿ dr (X,,~( -T)V~V~( -r)
2 o
n~

+ X;,~(-T)VJ (-T)V" ), (20)

Armed with thcsc dctlnitions we can now analyzc (he al-
gebraic ~tructurc aO"'(_ Prom Eq. (25) ir is simple lO see lhat
matrix an-y is hcnnilian. Ncvcrtheless in ordcr lo acrive to a
positive algebraic structure sorne rcstrictions on the ¡ntecac-
tion hamiltonian JI¡ mus! he introduced (scc Scct. 4.1).

Remark 3. A neccsary condition lO assurc ihat the alge-
oraie structurc will he posilive can be secn in lhe follow-
ing way. Lel lhe half-Fouricr transform 01' lhe corrclations
01' lhe halh not (o be cero; ano let liS assumc that lhe intcr-
aclion hamiltonian is writtcn in a particular hasis as H¡

Re\'. Me.<. Fú. 45 (3) (1999) 217-233
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n
L V~@ B~ wilh 11 S; N2 - 1. Then the set {V~}~=l ought
0=1
lo be closcd under lhe Heiscnherg rcprcsentation. i.e.,

\'O(-T) == e-'irHs\ltJc+irlls

Here we have used the short notation exp (it[Hs, o]) I\ =;
e,tlfs[{e-Itlls.

Let us rcwrite D and F [o] in terms of the operators Qw
delined hy

no

- r~~(-r)I'J (-r)l'n (28)

using in lhis expression the matrix C¡'j)"( -í) [sec defini-
tion (22)] it resulls

,.\2 00
H"f\ = Hs -i2 ¿1 dr (rn~(-r)C¡J1(-r)l'nV1

o/h o

(32)

(31 )¿ (ni ¡r~In') In) (n'l '
E••-E ••,=W

q~,=

V¡J(-T) == ('-lrJlsV¡Je+iT/ls = L Q~e(-iTW)

w

From these cquations it is casy to see that after the ap ..
plieation 01' Davies's deviee (30) all terms with different fre-
quencics cancel oul. Thus using the stationary propcrty of the
bath: Xn~( -r) = .\;,,,(r), it is possible to obtain

F# [o] ~\' ¿ joodr \nll( _r)e(-;,w)Q~ o Q!,n. (35)
n.¡J,U! -00

+ \. (_r)e(i'W») QtnQo, (3n W w' .

00

F[o] =.\2 ¿ I dT (\nll(-T)e(-;'W')
o,/3.w,w' o

In Ihe same manner F lo]. from (21), adopts the form:

Nole that hcre LE ..-E,,'=W means a sum ayer all n, ni under
the constraint 10 =: fn - fu'. Using the short notation (18),
and (31) we can rewrite D. from (20), as

(26)with 111:S n

- r:,~(-r)C~1(-r)l'~Vn. (29)

Notc that it was possible to write expression (28) hecause
the interaction hamiltonian is hermitian. Thcn the use of the
pselldo-corre/atiml rn{1( -T) is only a change of notation!
Thesc formulas will he secn of utility in ordcr to compare
with the Sehródingcr-Langevin pielure (see See!. 5).

rn~( -r) =; Tru (p~ Bn B~(-r) ) (27)

in (14). the effeetive hamiltonian can al so be wrilten in the
following way:

.\2 roo
H." = Hs - i2¿ Jo dr (rn~(-r)Vn¡r~(-r)

o~ o

= ¿C~1(-r)F1'
')'=1

olherwise lhe matrix uo.., will nol be positive.
When m > n Sylvcsler's critcrium shows lhar this affir-

mation can easily be proved by writing Ihe clcments of ma-
trix (25). Note that if (26) is nol fulfilled there will he (non-
nu\1)off-diagonal clcmcnts ao"Y' and bccause Ihe correspond-
ing diagonal clernent is nullthis faet incvitably lcads lo rhe
algebraic structurc lo be non-posilivc. A simple cxamplc is
lhe Sp'in-Boson systcm with an intcraction hamiltonian pro-
. portional lo Pauli malrix ux.ln this case condition (26) is nol
fulfilled,thus giving for this model a non-positivc matrh au/.

Remark 4. Introducing the definition

4. The Davies device

In ¡he context uf thc tracc-out lcchniquc it is well known
that using Davies's avcraging procedure thc reduced dynam-
ies turos to be a K-L semigroup ¡.l, G, ¡9). i.e., the algebraie
slructure rcsults always positivc. In this section we want to
explorc ¡he dcfinitions of the dissipativc operator D and ¡hc
fluetuating superoperator F [o] from the point of view of the
applicalion of Davies's dcvicc. In gcneral this mathcmatical
deviee is dcfincd by

1 .'1'

J{# = lim ;-;-! exp(it[lIs,o])
'1'-+00 2f._T

X l\exp(-it[Hs,o]) dt. (30)

From these cxprcssiotls we immcdiately recognize the al-
gebraic struclllre (compare with (5). (6)). The positivity of
thc algebraic sIrucWre follows from Bochner's thcorem, be-
cause lhe malrix 3n¡J( w) == J~oodTXo/3( -T)e( -'ÍTW) can be
shown to he positivc definitc il".\ np( -T) represent the cor-
relation functions of a thermal bath. Also note that Xn~( -r)
fulfills KMS condilion and lhis guarantees Detailed Balance
lor the generator (see appen"ix A.3. pago 90, ofRef. 4).

Ir the spcclrum 01"H,c,' is nondegcnerate, it is straightfor-
wanl lo scc that ahe!" Oavics's dcvicc lhe diagonal clcments
ofthe dcnsity lllalrix cvolvc obcying a Pauli master equation,
i.lml (he non-diagonal clclllcnts dccay oscillating. The term
giving risc lo the gain in the Pauli master equation is F# [-l.
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To see this note thal uny diagonal clernent of (35) can be wril-
len in (he forl1l

(11 I F# IP] 111) =.\" L =: ••~(w)
n,lj.u'

XL (11 1 \j, 1/) (/1 ¡t~In) (/1 (lIt) 6'0_""
I

which givcs lhe \\'ell known Golden rule ifwe interehange Ihe
mder 01' lhe SUIllLI with Lw [19]. In uddition, lhe lost lerm
in lhe Il¡lllli masler equalion eomcs from - {D#, (1 (t)} +
in (U).

..tI. Invari:.uu':eunder [)avies's de\"ice

No\\' the foJlowing question is in progress: \Vhich are lhe
types 01" interaClion hallliltonians Hr Ihallcavc Ihe superop-
cr310r /\'[_] invariunl under Davies's deviee? Using (13) ami
due lo Ihe rael thal it musl he lrue for any dcnsily malrix

it follO\vs Ihat I/pif, D and F[_] ought ro be invarianl sepa-

ralely. 1I is possihle lo sec that the invarianee of F[_] implies
the invariance or ils dual F'I_], thus using that F'II] = D
Ihe invarianee 01' D is proved if F(-] is invarian1. From this
f<tcI il is enough 10 delllund lhe invarianec of F[_] and Hcff.
Applying Davics's device lo (16) we gel

1 j''!' . 1=F#[pJ=A~.!iIll - dte1t¡lls,.] drTrn (H¡fl0fJ~
I -too 2T -T o

HI(-T) + HI(-T)(l0(1~ H¡) e-"llIs,.J

T 00

=.\")im ~f di r dTTr¡¡(H¡(t)(l0(1Íl H¡(I-T)+¡¡¡(t-T)(l0(1~ H¡(t»),
r-too 2T -T Jo (36)

whcre \ve Ilavc uscd Ihal eorrelalions TrR(p~B~BI3( -T)) are stalionary. InvarianeG 01' F[_] and H"ff under Davics's deviee

means F'[_] = 1"# [el and /ff'lf = He~' Thus il is possiblc lo sec thal hOlh eqllalilies are fulfilled if {he following sllffieicnt
condilioll is held

[,= 1= 1 f'!'dTTr" (H¡(-T) (10 (I'j,H¡) = dTTr" (.Iilll -,-, dtll¡(I- T)(l0
• () (J 1 --+00 21 . -'1"

(I'BH¡ (t) ) (37)

DI.: -iqO-
q"f = e Óqq,.

So Ihe irrcducihle spllericallensor opcralors, under a rotation
along z- axes are only alTecled hy a phase-shift lhal depcnds
on r¡ in Ihe lúrm

I
Hcrc lJt are opcralors 01" Ihe Ihermal hath B and Tk aels on
118. TlJese operators rullill the condit;ons (i) that they are
traeeless and onhogollal [basis in Ihe C. algebra ofthe N x N
complex matr;x /\.1(N)J; (ii) tha! they satisry T~q = Tiq;
and (iii) Ihal if UI( is an unitary operalor represenling a fO-

k

lation H lhen, UuT7UJl = L T( D;'q where D;'q are
q'=-/';

Ihe elelllcl1ls nI' lhe irreducihle representalion af Ihe rotation
group.

As we have rcmarkcd hefore wc are interestcd in a rota-
lion in (he :-.axes. Ihus

NOle Ihal Ihe hcrmilian conjllgale 01' (37) is also fulfillcd, so
lIle invariance of /f('ff is guaranlceJ.

Equalion (37) is Ihe slarting poinllo dassify hamiltonians
}j, \\'hich leavc the generalor 1\"[_] invarianl under Davics's
average proeedure.

The !lexl stcp is lo el1aractcril.e condition (37) in a given
particular basis lIsing an inleraclion Hamiltonian of lhe form:
/f¡ = L \';1 (-) U/j. In order to carry on !his analysis, in Ihis

11
papcr we will only be con cerned wilh a spin-like Hmiltonian
/l .....= fl,~' I1.H, whcn: S is a vcclor operator (angular mo-
lllcntulII (JI' Ihe syslclll S) and ñ.\1 is an external Illagnclic
\'celor ncld. Thc:reforc il is possihle lo interpret Davics's dc-
vice as producing :In average of lhe rolalcd operators in lhe
Hilhert spacc 1I .••., wherc Ihe direclion oflhis rotation is ehar-
aClerizcd hy lhe exlernal Illagnelic field B.\I and Ihe "angle"
is Ihc lime. In lhis particular case it is always possible lo find
a hasis in such a way lhal lls = nS:B.\I so Ihe rolalion is
along Ihe ;-;\xcs. Taking advanlagc of Ihis gcolllelrical inlcf-
rrclalioll we choose lo write Ihe intcraetion Hamiltonian H¡
in Ihc basis nI" lile irreducihle sphcrical (en sor operalors 01"
rank'" [201 U T<f Uf = T<f(-H) = ,-"¡IiTq

J( 1.: II 1.: L k' (39)
N-I k

/1 r = L L T~0 EZ
1.:=1 '/=-1.:

(3X) Inlroducing (3H) in l!le rlt.\. nI' (37), anu using (39) we arrivc
to
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roo 1 fT
Jo <iTi!..m

oo
2T dt Tra (L L T( (t - T) 0 nz: (t - T) (p 0 p~)T! (t) 0 S!(t))

o -T k,q k' ,q'

= L L roo dTTra (PRE¡' s"q (-T) ) e'qTT;,q p T!
k,k' q Jo

(40)

A clear interpretation of this evolutian equation can be
seen immedialely as follows. Due lo lhe fael lhat in general

:t Iw) = ( - iHs - A[U + i:F(t)J) Iw) (42)

and its adjoint

:t (wl = (wl (iHs - A [U - i:FI (t)] ) , (43)

The probabilislic weighl of eaeh realization p" (t) is ehar-
aelerized by the probabilily of lhe eorresponding realization
oflhe matrix-noises. From (42) and (43) lhe sloehaslic malrix
p,,(t) evolves wilh lhe following non-Markovian equation

(44)p(t) = (p,,(t).

:tp,,(t) = - i[Hs.p,,(t)J - A {U,p,,(t)}+

- iA (:F(t)p,,(t) -p,,(t):FI(t)). (45)

vector which corresponds to a thermal ensemble represent-
ing system S in contact with its environment, will be pointed
out.

The slarting poinl of lhe formalism, is lo poslulate a
slOchastic multiplicative equation for the state vector of the
syslem S in eontact wilh a lhermal balh B. This equalion is
written in terms of an unknown hermitian linear opcrator U.
which is determined in a consistent way. The conscrvation in
mean value of lhe nonn of lhe wave funetion of lhe syslem S,
at any time. will he guarantee. The occurrencc al' a random
operalor :F (t) in the SehrOdinger-Langevin equation repre-
sents lhe effeel of lhe inleraetion with lhe lhermal balh B.
The Sehrtidinger-Langevin equalion reads

where ). is a coupling paramcter, U is the hcrmitian linear
operalor lo be determined laler on. :F (t) is an arbitrary sla-
tionary slochaslie operatar with (:F (t) '= O, and:FI (t) rep-
resenls its adjoint. In lhe presenl approach lhe dissipation and
the fluctuations are both assumed to be of the sume arder in )..

]ntrodueing lhe stochas/ic ma/rix P.,(t) '" Iw) (wl lhe
eonneetion belween the redueed densily malrix p(t) and the
wave function, in the Schrodinger-Langcvin picture, is givcn
by the assumption that in mean-value over the rea1izations of
:F (t) and:FI (t)

5. The stochastic state vector approach

In this section we present an analysis concerning the so callcd
SchrOdinger-Langevin piclure, their similarities and differ-
ences between other alternative stochastic formulations for
quanlum dissipative lhearies [1.9-13,15, 16J. In van Kam-
pen's presenlation [IJ, he was only concemed in getting
lhe standard K-L generalor, wilhoUI looking al lhe effeclive
hamillonian (lhe shifl) neilher lo lhe lemperalure-dependence
on lhe algebraic slructure. Latter on. in order lo gel lhe
temperature-dependence in (he algehraic structure aa'Y' non-
while noises were introdueed in lhe approaeh [9].

We will show thal from lhis formalism il is possible
10 oblain a quantum dissipalive generatar of lhe K-L form
and wc will show that in arder 10 gel a one-to~one corrc-
spondence with the trace-ollt technique, a light difference
in the approaeh oughl 10 be introdueed. Also lhe numerieal
benefil-<lf lhe presenl approach-lo gel a stochas/ic slO/e

In this way lhe applicalion of Davies's average will nol pro-
duce any change in lhe dynamics of lhe reduced syslem,
i.e. [( [.J = J(# [.]. A simple example where lhis condi-
tion is fulfilled is the Spin-Boson syslem wilh HS ex T?,
III = LT¡ 0 an + Ti' 0 a~.Where ni = L an,

n n

Si' = L a~, and an are boson operalors of B.
n

From condilion (41) we note lhal lhe effect of Davies's
average is lo eliminate lhe lerms in F [.] which do nol have
the symrnetry under a rotation in the z direction, i.e. the
same symmetry as Hs.Only in lhis form lhe invariance of lhe
corresponding semigroup generalor f{ [.] will be guaranteed.
Condilion (41) mighl be seen restriclive to a few inleraction
hamillOnians H l. but we have found lhal lhis condition is a
clear and plausible physical inlerprelation of whal Davies's
device produces.

Under lhese conditions [i.e., Hs = aS. BM, HI given
by (38), and lhe lherma] balh fulfilling KMS condilion] equa-
tion (37) means lhal if we wanllo have a superoperalor f{ [.]
which is ¡ovariant under Davies's device. a sufficient condi-
lion will be

1000 <iTTra (p~B¡. S¡: (-T) ) e-iq'T= O

for q' t -q. (41)
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Introducing lhis notmion in Eq, (42) the evolution of the
slOchastic slate vector can be rcwritlen as

Thcrcforc each realization of lhe s/ocIJas/ie matrix Psi (1)
satisllcs lhe non-Markovian cvolution cquation

lhe slochastic opcrator :F (t) is non-hcrrnilian, it is possible
lo separate it in Ihe form

~ 1'1')= -; (Hs +),f¡ (/)) 1'1') -), (U + Ü (1)) 1'1'). (48)
di

density matri, (1',,(1)) of S, the unknown operator U wilI he
found in a eonsistent way oemanding Tr (p,,(t)) = 1, then
lhe linear (sUTe) operator U will result characterized by the
eorrelations 01 lhe stoehastie operators:F (1) ano:Ft (1).

In lhe next suhsections we will analyze several possibil-
¡ties lhat come fmm the dilTcrcnl elections 1'01' lhe random
operator:F (t). In Suhsee!. 5.2 we wilI present the hermitian
case, i.c., when :F (1) = :Ft (1). 1" this situation a stoehas-
lic hamiltonian evolution. for Ihe stoc!uutic stale vector. will
resulto As we are going to show. in this case. lhe dissipation
into Ihe reduccd dcnsity matrix comes from the sCl:ond cu-
mulant 01"{¡ (t). In this particular case cach realization of
Ihe .Hochastic st{lfe vector is normalizcd, ano the corrcspon-
dcncc with the infinite lempcralure approximation will be
pointco out 122]. In Suhsee!. 5.3 we wilI present the anti-
hermitian case, i.c., :F(t) = -:Ft (1). In this situation only
the average 01' the .lilochastic state vector is normalized. In
Suhsect. 5.4 we will presenl the '-ull non-hermitian case, ¡.e.,
:F (1) i :Ft (1). As we wilI show, lor this particular case,
the evolution equation 01' the reouceu oensity matrix can he
mapped wilh lhe (dissipative) uynamics thal comes from lhe
lracing-out tcchniques. Thus wc will prove lhe cquivalence
01' its corrcsponding K-L form wilh the one obtained in OUT

previous seclions [1 ¡l. In Suhsect. 5.5 some advantages on
lhe prcscnt stochastic picture are poinlcd out.

(46)

(47)

:F (/) = f¡ (1) - i{¡ (l.),

f¡ (1) = ~ (:F (1) +:Ft (1) ) ,

Ü (1) = ~ (:F (/) - :Ft (1) ) .

d -
dll',,(I) = - i[Hs +)'H (1) ,1',,(1.))

-), {U + {¡ (t) ,I',,(I)} +' (49)

whcrc J/ (l.) and {¡(/) are stationary stoehastic hermitian op-
cralors with cero mean valllc. Thcir cxprcssions in terrns of
the opcrator:F (1) are trivially given hy

which is nothing more lhan (45) rcwrittcn in lerms of hcrmi-
tian opcrators. Now its physical inlcrprctation is more cieaf,
from (49) note lhat: (i) in von Ncurnann's tCfm Ihe total
hamillonian has a random Iluctuating contrihulion )'H (t).
(ii) In lhe purcly irreversible tCfm (anti-commutator) there
are two l:onlrihutions: lhe firsl from lhe sure operator U and
lhe sCl:ond fram the random operator Ü (t) reprcsenting its
l1uctualions.
/\ remarkahIc point is thal hoth random operators f¡ (t)

and {¡ (t) are eorrelated, and this eorrelation wilI depend on
Ihe choscn interaction model hetwcen our syslem 01' interest
ami the halh. In general it can he tcmperalure dependent.

In what follows, lrom (45) we wilI introduce a seeond-
urder pcrturhalion theory in the coupling paramcler A, see
Suhscct. 5.1. In muer to gel a c10scd cquation for lhe reduced

I

5.1. The st't.'ond.order cumulant apprnximation

The Eq. (45) is a stoehastie multiplicative operalional equa-
(ion (in gencral with non-whilc noisc). The mosl general
slochastic Eq. (45). with an arhitrary lTlultiplicalivc noise, can
he writtcn in lhe compact form

d
-¡ tt (t) = [Ao +), Al (1)1" (t), (50)
<f

whcre 110 is a delerministic supcropcralor and Al (t) IS a
stochastic OIlCcharactcrizeu hy its statisticaI propertics. Us-
ing Stratollovich's calculus in a seconti-order cumulanl ex-
pansion 111 (in the smalI Kuho numher ),T,) ano assuming
that lhe correlation time Te of the stochaSlic operator Al (t)
is smallcr lhan any delerministic evolution time uf u (t), Ihe
average (tt (1)) satisfies the eloseo Markovian equation

d ( {=di (" (/) = Ao +,\ (Al (i)) +),2 Jo dT ((Al (t) c"'oAl (t - T))) c-,,'o ) (tt (1)) (5 1)

Then we can identify

(tt (1) '" (p,,(t)) = 1'(1), Ao '" -i[II" .J, JI l (t) '" - {U, • )+ - i (:F (t) • - • :F1 (t) ) . (52)

The second cumulant appearing in (51) is given by

((Al (t) c,.-lo Al (1 - T)))C-"'o = ((:F (i). :Ft.(t - T))) + ((:F (1 - T) .:Ft (t))

- ((:F(I):F(I - T))). -. ((:Ft (t - T):Ft (1)) (53)
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AH time-dependent operators are givcn in the Hciscnbcrg representatioo, l.e., :F(í) _ eir!lsFe-irHs. Thus (51) can be
rcwrittcn in the form

d roo
dtP(t) = -i[Hs, P (t)1 - ,,{U, p (/)} + + ,,' Jo ((.F(/)p(/).FI (1 - Ti)) + ((.F (1 - r) p(/).Ft (1»))

- ((.F (t).F (t - r))) p(t) - p(t) «.FI (t - r).FI (t»)) ) dr. (54)

Demanding lhe eondilion Trp(t) = J. Ihe linear operalor U musl fulfill

" rooU = :2 Jo dr ( «.FI (I).F (t - Ti)~ + «.FI (1 - r).F (t)) - «.F (t).F (1 - r)) - «.FI (1 - r).FI (/»)) ) . (55)

.F (/) = fI (t) and {; (t) = O. On lhe olher hand, from (55) il
is simple lo see lhal U = O. Therefore from (48) and (49) lhe
dynamics rcsult

).2 oc¡ _ _

H,I! = Hs - i-;¡- r dr (([H (/), H (t - r)]); (62)~ Jo

We sec that each rcalizalion 01' lhe stochastic matrix
P!lt(t) is normalized as is, 01' eourse, lhe stochastic state
\'ector. The rcmarkable poinl is that lhis lype al' evolution,
stochas(ie Hamiltonian, give rise to a K-L formo Befare go-
ing into any detaillet us write Heff, D, and F[.] in (erms
of lhe slochastic hamiJlonian fI (/). Then Eqs. (57), (58) and
(59) will read

i) the effeclive Hamiltonian

In this manncr the conservation in mean value of the
stochatic wave function norm is guarantecd toOC. Introducing
lhe expression of U haek in (54) and aner a Iiule of algebra
lhe evolulion of p(t) can be wriUen in lhe form

dp (t)dt = -i[H.ff,p(/)] - {D,p(t)}+ + F[p(/)], (56)

where lhe hamillonian shin is charaelerized by lhe effeelive
Harniltonian

,,' roo
H.ff = Hs - i2 Jo dr ((.F(/).F(t - r)))

- «.FI (t - r).FI (t)) (57)

The operalor D and lhe superoperalor F [.1 are given by

,,' roo
D = 2 Jo dr ( «.FI (t).F (1 - r))

+ «(.FI (t - r).F(t)))) (5R)

F [.] = ,,'lOO dr ( ((.F (/) • .FI (t - r))

+ ((.F (t - r) • .FI (t))) ). (59)

d ( -)dt I'!') = -i f{s + "H (/) I'!'),

and foc lhe stochastic marrix p,,(t)

d -
dIP,,(/) = -i[Hs + "H (/) ,p,,(t)J.

ii) lhe operalor D

)" roo
D = 2 Jo rlr(({fI(t),fI(t-r)}+»;

(60)

(61 )

(63)

Thcse equalions show that the Schrodinger-Langcvin pie-
lUre leads lo an cvoJulion equalion for p (t) lhal has lhe form
of a K-L generalor (see Seel. 1). Thus we can gel prolil from
lhe Sehrbdinger-Langevin pielure by Illodeling differenl ob-
jeels «.FI (t) .F (1 - r)). The POSilivily or nol of ils corre-
sponding algebraie slruelure is somelhing lhal slrongly de-
pends on lhe eorrelalions ((.FI (t) .F (t - r)).

Wc point out thal il is always possihlc to rcwritc the Jast
cxpressions for l/elf. D and F [.] in tcrms 01"the hcrmitian
stoehaslie operalors fI (/) and (; (t), see appendix B. The
extcnsion of this formalism lo a highcr arder cumulant cx-
pansion is also shown in Appendix C.

5.2. Case when F (t) is a hcrrnitian random operator

In lhis scction wc will assumc that Ihe randol1l opcrator:F (t).
appearing in lhe Schrodingcr-Langevin piclurc (42). is hcrmi-
tian and wc will search ror ils consequenccs. Using (46) it is
lrivial lO see lhat if .F (1) = .FI (t) il will he equivalenl lo

iii) Ihe superoperalor F [.]

F [.1= "'lOO dr ((Jf (t). fI (t - r»)

+ «fI (t - r) • fI (/») ). (64)

Notc lhat in this case the Schrodinger-Langevin picturc is
formally cquivalent to trace-out technique just by replacing
ll¡ -> ¡f (t) = fI (t)l, see (14), (15), (16) and ehanging
Tr[. J by a second cumulanl objeel.

Whal we will do now is lo sludy which are lhe conse-
quences ir we assume that the stochastic hermitian opcra-
lor:F (l.) \vere written as a linear combinations 01' complex-
random numbers times operators in the Hilbert space al' S.
This moJel is ralher simplcr than lhe one introduced by
Fnx [10] hccause in the presenl case only a cumulant theory
of stochaSlic process is required. In that mentioned reference
a highly complex matrix.cumulant lhcory had to be uscd LO
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go ahead with a second-order perturbation; and in particular
a boson balh was used lOoblain the temperature dependenee
in the generalar.

Therefore let us analyze lhe case when F (/) is hermilian.
lhen il is eharaelerized by

n

F (1) = f¡ (1) = L 10(l)Vo.
0=1

(65)

following cases:

XoJ(-r) ;::Tr¡¡ (p~ B¿ B~(-r})

<-----> «l~ (1) IJ (1 - r))}.

X~,~,(-T);:: TrB (pBB~(-r)Bl)

<-----> ((l~ (/) le (/ - r))}. (69)

The eomplex numbers 10(/) are in general stationary
complcx stochastic processes with mean value cero and non-
white eorrelalions. Owing lo lhe hermilieily of f¡ (1) it fol-
lows lhal if lo (t) were eomplex-numbers lhere will be an
index a' sueh lhal I ' (t) musl be lhe eomplex-eonjugatedo _
of lo (1) (Vo' = Vd). ¡.e.. lo, (1) = l~ (1) olherwise H (t)
wauld nol be hermitian. Note that in the particular case when
the operalors Vo are hermilian the noises lo (t) oughl to be
real.

Introdueing lhis f¡ (1) in (62). (63) and (64) it is possible
to .lee lhat lhe expressions for H.fr. D. and F [.] are formally
the same as the ane obtained fram tracing-out in quantum
meehanies . .lee (19). (20) and (21). In order lo realize this
fael tbe quantum eorrelalions [.lee (l8)J oughl lo be replaeed
by stationary noisc correlations

Xo~(-r) --t ((I~(t) l~ (/ - r))}. (66)

Al lhis slage lhe eorrelations of lhe noises can be se-
leeted. in an empirieal way, to represenl differenl physieal
situations. For example. if the correlations of the noises wece
white [from (!9) or (57)] il is simple lo .lee lhat lhe sbift
cancel-out and (he dissipative generator gives the standard
K-L semigroup. Therefore a shift can only be oblained if lhe
underlying dynamics is non-markovian.

Now we wondee if it is possiblc lo find a complcx stochas~
tic process in such a way to match with the corresponding
eorrelalion funelions lhal come from lhe operalors of lhe bath
Bo • .lee (18). Then these noises shuuld salisfy

where we have used lhal Bo' = B~ . Be' = B~. From lhe
rhs of (69) lhis mapping would be eonsistent. from lhe quan-
lum poinl of view. if and only if

(70)

this means that

Tr¡¡ (p~ B¿ BJ(-r)) = TrB (p~ Be(-r)Bl). (71)

BUI in general this eondition is not true beeause lhe bath
operalors do not eommute. Therefore due lo lhe non-
commutativity of the bath operators an inconsistency to cal.
eulale the eorrelalion funetions ((l~ (t) l~ (/ - r)}} resulls
from assignalion (68).

In shorl. in lhe weak eoupling approximalion !he random
hamillonian approaeh [eomplex-random numbers limes op-
eralors in Hs. whose generalor is eharaeterized by (62) lo
(64)]. eannol provide a one-lo-one mapping with lhe melhod
of lraeing-oul lhe quanlum balh variables. Only al infinile
lemperalure [where p~ ;:: e-JH• /Tr[e-eH.] is lhe idenlily
operalor in the Hilbert spaee ofthe balh] eondilion (71) eould
be salisfied. Then. an/y al infinile temperalure the random

_ n

hamillonian approaeh. wilh II (1) = ¿ 10(t}Vo. would give
0=1

exaelly lhe .lame resull as lhe one oblained from lracing-oul

teehniques (with HI = O~l Vo 0 Bo). We emphasize thal

the same conclusion was already found by Abragam in the
eonlext of nuclear magnelism [22].

BlH this corrcspondence shows that it is not possible to rec-
oneile both alge!>raie slruelures. as will be show by the fol-
lowing sleps. In order lo show lhis fael we use rule (68) in lhe

lf this is the case we would have found an algebraic structure.
from lhe Sehrodinger-Langevin pielure. whieh will be numer-
ically equal to that uo')' obtained from the trace-out technique.
In whal follows we will show lhal this is nol possible lo do.
This is lhe main point why we will go. in lhe nexl seelions.
lo lhe case when F (1) is non-hermilian.

Beeause f¡ (1) is hemlitian we eould make lhe eorrespon-
denee HI --t f¡ (1). then from (65) and (17) il is possible lo
assign lo eaeb operalor of the balh a elassiea! noise in the
form

Tr¡¡ (p~ Bl BJ( -r)) ;;, «I~ (1) IJ (1 - r))}. (67)

(68)

5.3. Case when F (/) is a anli-hermitian random opera-
lor

In this section we will assume that the random operator
F (1) is anti-hermilian. Using (46) il is trivial lO .lee lhal if
F (t) = -Ft (1) il will be equivalent lO F (1) = -iÜ (t)
and f¡ (I) = O. Therefore lhe evolulion is given by

d _
dt 1'1') = -iH,I'1') - >.(U + U (1)) 1'1'}. (72)

Eaeh realizalion of the stochasric malrix p.,(t) satisfies

d .
dlp.,(I) = -¡[Hs.",,(I)1

- >. {U + Ü (t) ,1'.,(1) t. (73)

1.1 simple tu .lee lbal the generator obtained (.lee ap-
pendix D) is the same that in the hermitian case making the
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5,4, Case when :F (t) 1s a non-herm;l;an random opera-
lor

following changes: f¡ (t) -t Ü (t) and changing the sign of
Ihe conlribulion to Heff. Ir we asume thal

Let us now analyze the case when F (t) is non-hermilian (nor
anti-hermitian). This corresponds to the most general situa-
tion in the context of the SchrOdinger-Langevin picture. As
before let us assume that F (t) is a linear combination of sta-
tionary complex stochastic processes times operator in the
Hilbert space of S. then

Therefore. we have a total freedom to choose the corre-
lation function of the noises as a possible empirical way to
map different physieal conditions. A simplest example is to
assume that

TrB (p~ Bl B~( -T)) 01((I~(t) I~ (t - T)}) (79)

((I~(t) I~ (t - T))} = do~d (T),

(lo (t) I~ (t - T))) = O. (77)

/J(t) = -i[Hs.p] - HLV~Vo,pt + LVopV~. (78)
o o

Xo~( -T) '" TrB [p~Bl B~( -T))

+-----> ((I~(t) I~(t - T)}}

X~'W(-T) ",TrB (PBB~(-T)Bl)

+-----> «lo, (t) I~, (t - T))) (80)

But beeause" lo, (t) i l~(t) and I~, (t) i I~(t) there is no
ineonsistency in (80). In other words. this is so because in the
prcsent case it is not possible to establish a onc-to-one map-
ping between hath operators Bo and eomplex noises lo(t).
Thus the fact thal F (t) i Ft (t) gives us the freedom to find
noises giving a consistent correlation mapping.

We rcmark that [or the noise correlations
«I~ (t) I~ (t - T))), there are in faet four functions cor-
responding to the cross-correlations betwcen the real and
imaginary parts 01 the noises lo(t). then (79) gives only

Now we can show that there is no inconsistency in the present
correlation mapping, (that was not the case when F (t) was
herrnitianor anti-herrnitian).

In order to sec if there is sorne contradiction in the assig-
nation rule (79) we now proceed to do the same steps that we
made in the previous case. As befare, because HJ '" H¡,
there exist an Q' and f3' such that: Bo' = Bl ' Bw = Bb:
then from (79) it folIows:

In this particular case [uncorrelated white noises] from (55)
we get U = t ¿V~Vo (A = 1). Thus reobtaining van Kam-

o
pen's approach [1], from which the standard K-L generator
is obtained:

This type of evolution equation was also analyzed by Ghi-
rardi et al. [11] in the context of the wave-packet reduction
approach.

In shorl, once again we ask for the problem of finding
noises lo (t) in such a way that ao, and Heff be numerically
equal to those coming from the tracing-out technique. Now
due to the fact that we have a freedom for the election of the
noisc correlations. this issue will aIJowus to gel a consistent
corre/atian mapping.

To do this program Jet us 5tart analyzing the dissipative
parl. Assume the that we have found noises such that the fol-
lowing equality is tfUe

(76)

(75)

n :'S N2
- 1, (74)

Xo~( -T) -t (I~(t) I~(t - T))),

ro~( -T) -t «(lo (t) I~ (t - T)}).

n

F(t) = L 10(t)Vo,
0=1

n

iF (t) = Ü (t) = L lo (t)Vo,
0'=1

In this case we do not impose any restriction on lo (t) as in
previous sections due to the hermiticity (or anti-hermiticity)
of F (t). Introducing (75) into the formulas (57). (58) and
(59) we can see that the resuliing expressions for Heff, D. and
F [.] are formally the same as the one obtained from tracing-
out the bath variables, see (28), (20) and (21). From these re-
sulis we emphasize that the same expression (as from quan-
tum mechanics) foc the algebraic structure aOl' is obtaincd.
In arder to realize this fact the quantum correlations [see (18)
and (27)J ought to be replaced by the stationary classical cor-
relations of the noises:

Contrary to what happens by tracing-out and also in thc
case when F (t) is hermitian (or anti-hermitian, see previous
section), here in the full non-hermitian case, F(t) i Ft (t),
the pseudo-correlations «lo (t) I~ (t - T))) necessarily ap-
pear in the theory, i.e .. the generator (56) cannot be expressed
in terms of «(l~ (t) I~ (t - T))) alone.

As befare it is possible to choose different correlation
functions in arder 10 build up several K-L gcnerators. The
positivity of the algebraic structure strongly depends on
the correlations (I~ (t) I~ (t - T))). The pseudo-eorrelations
only appear in the expression of Heff.

and again we try to match with the trace-out technique, the
same problems Ihat in the hermitian case are found. That is. a
correlation map cannot be established consistently owing to
the asignation (68). This one-to-one correspondence is now
resuli of being Ü (t) hermitian. As in the hermitian case, if
the correlations of the noises were white, the shift cancel-out
and the dissipative generator gives the standard K.L semi-
group

In the next section we are going to analyze the most gen-
eral case of the SchrOdinger-Langevin evolution.

Rey. Mex. Fís. 45 (3) (1999) 217-233



22ll M.O. CACERES. A.A. BUDINI, ANO A,K. CHATIAH

Prom this cquations it is possiblc 10 scc thal for all cou-
pIes (n. n') arrcaring in Il!. il must he (rue that

anJ this Illust be true for aH couples (n,O:') appcaring in H ¡.
Thcrcforc from (81) it follows (hal noisc corrclations should
fui fi 11

\n~(-T) ;: Tr/1 (p~ B~ B~(-T)) = «1;' (1) I~ (i - T))),

«In (t) I~ (t - T))) = O (85)

Evcn when this formula only introduces two new restric-
liaos, lhcsc are ¡nconsistent with the previous anes (79). To
pTOOr this fact note thal because the interaction hamiltonian
H 1 is hcrmilian. thcre always exist an o' 5uch thal Ba, = El.
\'0' = \~!.Then from the quantum point of view il is lrue thal

(86))'U = D

Thel1. the Schrüdinger-Lal1gevin picture rcsults in

Note that aH what we have made in previous sections
was in faet lo solve this non-Irivial prohlem. But due to lhe
fael lhal lrom lhe Sehrüdinger-Lallgcvin pielure ilS algehraie
struclurc is formally the samc as lhe 0111..' fmm tracing-out
the halh variahles. in that particular case Ihese numerical
cqualitics wcre just sol ved by making the correlation map-
ping lhat wc have prescnted. Thercfore wc can conclude that
wc have provided a tloll-Markoviall evoluriofl corrcsponding
lO an open quantum system (where all efleets of the balh
are inlro<.1uceJthrough Ihe correlations 01' the noises) that in

<1"0 =)" L1= dT (((1; (t) l~ (t - T)))C",,( -T)
{3 o

+ «In (t) I~ (t - T)))C,j,( -T) ). (89)

5.5. Other possible applications

d
dtP,,(t) = -i[lls,p,,(I)] - (D,p .•,(I)}+

- i)' (:F(t)p,/(I) - p,,(I):Ft (1)) (88)

i 1<\» = (- iHs - D - i )':F(t) ) 1<\» (87)
di

which Illcal1Sthat the stochastic matrix Ps/(t) evolves with
the following non-Markovian equation

Let us now see other advanlages fmm Ihe Schrodinger-
Langevin picture. Assume that wc already have a given al-
gebraic structure aW'f' (i.e., a lvl x Al positivc hcrmitian ma-
lrix where M = N' - 1) lhen (25) can he seen in lhe re-
verse sensc, i.e.• as a set 01' ~Af (Al + 1) cquations for the
unknown noise correlations •

Then from (88) we can see, in the weak coupling approxi-
mation. rhat)..U = D is the responsihle 01'the dissipation and
:F (t) is lhe one produeing lhe Iluetuating terms F [.] in lhe
K-LfiJlm. We remark lhat the posilivity or nol al' the alge-
braic struclure is somcthing lhat depends 011 the structure 01'
lhe inleraction hamiltonian (sec our previous section on the
invariancc undcr Davics's device).

In this way the correlm;Ofl-mllppiflg-for the
Schrodingcr-Langevin picturc-will reproduce exactly the
sarne dissipativc pan as is ohtained [rom tracing-out tech-
niques.

Wc cmphasizc lhar with this assignation rule and
from (57), lhe shifl eoming frorn lhe Sehrüdinger-Langevin
pielure is nulJ, then H,ff = Hs and also from (55) and (58)
il folJows lhe identity

(84 )

(82)

(83)

In' (l.) = 1;, (t)

«/", (t) I~(t - T))) = «I~ (1) I~(1 - T))),

«In (t) I~ (1 - T))) = «/~, (t) I~ (1 - T)))

r",~(-T) = Xn~( -T) = TrB (p~ B~ B~( -T) ) ,

r,,~(-T) = Xn'~(-T) = TI'B (p;, B" B~( -T) ) ,

Ir this is so:F (t) would be hermilian, huI the hcnnitian case
only matchcs the dissipativc part fromlhc tracc-out tcchnique
al infinitc tcmpcrature, anJ as a malter of t:1ct this is not the
case 01' interest in the present section. Therefore in order not
to gct any inconsiSlcncy from (81) we have to resign to match
both, simultaneously. the irreversible and reversible part of
the generator.

Therelore lhe lwo degrees of freedom are slilJ undeter-
mincd. Thc rcmarkahle poinl is lhat wc can use Ihis frccdom
lo ehoose «(In (t) I~ (t - T))) = O. Then lhe resulting final
corre!lltiotl-map is

Iwo C{IUJlions 10 determine thcsc four real correlations. This
lael gives us lwo (free) degrees of freedom in the choice of
lhe complex-noises. NOle lhal X;,~( -r) triviaJly does nol
introduce any ncw restriction, and 011 lhe othcr hand the
slalionary property X~n(-r) = X:,~(T) indieales lhatlhe
eorresponding (79) fm X~n( -T) does nol impose any new
rcstriction in the four real corrclations neccssary lo huild
«I,~ (1) I~ (1 - T))). In eonclusion, we arrive lo lhe same dis-
sipativc K-L forrn that was obtaincd from the tracing-out
lcchniquc and without any inconsistcncy in the assignation
rule (79).

Now wc proceed 10 check ir thcrc is sorne contradiction
lo lry lo match with the non-dissipativc part oC the gcncra-
toro ¡.e .• wc now look ir Heff (obtaincd [rom Schr6dinger-
Langcvin) is numerically the same as the one coming [rom
the lracing-ollt. This task can he tacklc hccausc wc still have
lwo degree freedom to lry lo estahlish lhe foJlowing equalily

Trll (p;, Bn B~(-T)) ~ «1" (t) I~ (t - T))). (81)
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6. Conclusions

and ror lhe case o '# , rcsults

(((l~(I) lo (1 - T»))Con(-T)), (92)

lhe markovian approximation; correspond lo trace-out tech-
nique. This faeI open the possibility of work out with non-
Markovian simulations of lhe slate vector.

Whcn this case is nol available and assuming that we have
found a hasis wherc lhe given ao:¡ is diagonal, lhe resulting
cquations are

"00 = ,\'¿f" dT (((/;, (t) l~ (1 - T)))C~o( -T)
~ o

+ ((lo (l).l~ (t - T»))C~o( -T») (90)

()= ¿{'rlT (((l~ (1) l~ (1 - T)))C~o(-T)
(-1 . o

+ ((1" (1) l~ (1 - T»))Cfio( -T) ). (91)

Ir in addition lhe noises 3~Cassurncd 10be statistically ¡n-
dependent from eaeh oIher. ~sing (90) and (91) we anive to
a simplcr set of cquations forthe unknown noisc corrclalions

aan = Xl {=dr Re
./0

and for (\ i -1

() = .fn~rlT (((I~ (I) lo (1 - T))Con(-T)

+ ((In (1) l~ (I- T)))C,:o(-T)) (93)

which arc cquations for lhe half.Pouricr transform of lhe cm-
rclalions. Wc clllphasilc that il is always possiblc lo find
a ramily 01' noiscs lhal salisfy thcsc equations. This facl is
shown elsewhere [171.

Thcrcforc Ihe advantagc from our stochastic piclure
comes from a l1ulllcrical point of vicw. This is so because
solving non-equilihriulll thermal stalislical averages in the
context 01' lhe stoc/Illstic .Hate vector reduces lhe computa-
t¡ollal lime in cOll1p~rison with Ihe olle rcquircd by using den-
sity matrix algorithl1l.

Wc want to end this scction rcmarking thal the present
s\ochastic piclurc ¡caus lo a numerica! linear prohlcm, with
an easy interpretation.

The quanlum gcncrator uf the scmigroup has been wriUcn
in an altcrnativc form in terms of Ihe dissipative opcrator D
a",1 the I1l1elualing superoperator F [.] [see (3) and also ap-
penuix Al. Prom tile formal solution of the quantum semi-
group, we have shown Ihat D ought to he positivc in arder to
erase lhe iniliai condition p(to)'

\Ve have provcd that a K'ossakowki-Lindhladforrn is al-
\vays ohtainetl ir \Vc trace-out lhe halh variables of the 10-

tal syslern S + [1 !in a sccond-order perlurbation theory

applied lo the differential form of the equation of motion.
see (13) in remark 2). Neverlheless we have remarked that a
Kossakowki-LindbladJonn does not mean that the algebraic
structure (la")' is going lo be positive, Ihis is something that
conceros to the type of interaction hamiltonian H 1 between
syslem S and bath B [see (26) in remark 3].

Slress has been put on the completely positive condition
of J( [.]. Then we have used that a Kossakowki-Lindblad
forrn will be completely posilive if thisforrn is invariant un-
der Davies's average procedure (30) [sec Sect. 41. Thus in the
wcak coupling approximalion we have presented an explicit
condition (37), in tenns 01' an arbitrary H¡, in such a way
that after lhe application of Davies's device the dynamics of
the reduced system he the same as hefnre applying Davies's
device. We have exemplifled Ihis condition [or the particular
case of a spin system in eontaet with a hath [see (41 )].

The second pan 01' our paper is concerned with
the Schrodinger-Langevin picturc and its connection with
Kossakowki-Lindblad generalors for lhe redueed density ma-
trix. From this point of view a breakthrough has been prc-
sented giving rise to a non-Markovian (linear) evolution
equalion for the stochastic state vector Ill') [and also for the
equivalenl stoehastic malrix p,,(t) '" Iw) (wl]. We empha-
size that in thc present paper we were only concerned with a
Markovian description. This stochastic picture has been stud-
ied for differenI models of the stoehastie operalor F(I) ap-
pearing in lhe Schrüdinger-Langevin equation (42). In gen-
eral F(t) is non-hefmitian, so we have wrinen this stochastic
operator inlenns of Iwo hermitian operators F(t) = f¡ (t) -
iU (t). From this fael we have shown lhat lhe Sehrüdinger-
Langevin dynamics has two contribulions: first in addition
lo the reversible von Neumann term there is an extra random
l1ueluating contribution eoming from f¡ (1) (whieh ultimately
produces dissipation); second a purcly irreversible contri bu-
tion explicitly appears in tenos of lhe sure linear operator
U plus the stoehastie operator U (1) (whieh represents the
fluctuations in lhe dissipation). A remarkable point is that in
general both stochaslic operators are correlated and this COf-

relation depend on the specific model of inleraction hetwecn
the syslem and the bath. We emphasize lhat in the present ap-
proach the dissipation and Ihe fluctuations are both assumed
to be ai" the same urder >.. Other characterizations concerning
the dcpcndcnce on the strength para meter >. can also be done
in lhe context of the present picture.

From our stochastic non-Markovian operational equa-
tion (45) a perturbalion lheory in the Kubo nllmber has been
introduced to calculate the average--{)ver the noise-of lhe
stochastic matrix Pst(t). In this conlexl the linear opcrator
U has been sol ved in a consistent way to assurc trace con-
servation 01" the mean value of Pst(t). This fact guarantees
in mean value the normalization of the wave vector. Then in
this way the rcducctl dcnsity malrix p = (Psdt» fulfills an
evolution e4ualion which has a Kussakuwki-Lindblad form
(Secl. 5.1). From Ihis fael we have heen able to inlerpret the
tlissipative opcralor D and lhe flucluating supcropcralor F[.],
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appearing in lhe Kossakowki-Lindblad semigraup, as a fune-
lion of f¡ (t) and Ü (t) [see appendix BJ. Also we have em-
phasized Ihe parallelism belween the Sehrbdinger-Langevin
pielure and Ihe quantum semigraup. This follows, fram ap-
pendix A, realizing Ihat the strueture of eommutators and
anti-eommutator appearing in a Kossakowki-Lindblad gener-
ator appears also-in a natural way-from the Sehrtidinger-
Langcvin dynamics.

Later on al lhe end of our paper (Seels. 5.2 lo 5.4), by
n

pulling F (/) = L lo (t) Va we have assumed that the quan-
0=1

lum bath eould be represenled in a sort of "noisy" way.
This speeial form of F (t) has lhe advanlage lo work-oul
with cumulanlS of complcx noises rathcr than with gcner-
alized cUllIulant foe stochastic matrices. In this case, when

n
F(t) = L 10(t)Vo, the algebraie slruelure is formally lhe

n=l
same as in (25), bUI where Xo~( -T) has lo be replaced by
the noise eorrelalion ((I~(1) l~(/ - T))). Therefore, for lhis
model of F (t) lhe Sehrbdinger-Langevin pieture can be seen
as giving risc lo three remarkablc applications:

i) The Jirsr one is to chao se differenl noise eorrelations as
a possible way lo build up Kossakowki-Lindblad generalors
that represento in an empirical way, differcnt physical situa-
liaos.

i i) The secolld ane comes [mm the faet tha( we can map
the ,loehaslie dynamies wilh lhe lraee-out dynamies. This is,
we have found (he wlder/ying srochaslic llon.markovian evo-
lurion that in thc markovian approximation give the same re-
suh lhallhe trace-out dynamies. We remark lhat when F (/)
is non-hermilian only lhe dissipative part (al any lemperature)
can be mapped, lhe quantum shift eannol be obtained fram
the Schrüdingcr-Langcvin picture. out it can always be tri v-
ially incorporatcd into the stochastic dynarnics. In the case
whell F (1) is hermilian bOlh the shin and lhe dissipation can
bc mapped with (hc tracc-out technique, but only at intlnite
tcmperature.

iii) rhe thi,.d onc is lO give a stochastic dynamic that cor-
responds to a given algebraie slruelure; this can be tackled
fram lhe set 01'Eqs. (89).
We emphasize lhal all lhese faets open lhe possibilily 10

work-oUl numcrically wíth a stochastic state vector rathcr
than lhe density matrix. This clearly reduces the eompula-
tional lime in solvíng complex dissipalive systerns. Finally
this non-~1arkovian stoehastic picture is a starting point 10
work-OUI higher perturbations whieh eould go beyond lhe
weak eoupling appraximalion.
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Appendix A: On the Kossakowski.Lindblad
generator

Here we are going to see olher forms of writing !he infinites-
imal dissipalive K-L generator (see See!. 1). First define the
superaperator (A ICE) [.] aeling on the redueed density ma-
trix as

(A IC E) [pJ '" ~ ([Ap, BI] + [A, pB']) (Al)

Wilh lhis nOlalion the dissipative parl of lhe K-L genera-
tor can be writtcn as:

/••..2_1

L[) [pi = :L aOO (VA IC Vol [pJ. (A2)
o,,'y=1

Thus ifthe basis is hermitian, ¡.e., if A = A' and B = B'
hold, lhe following rclations can be writlen

(A IC E) [pJ + (B IC A) [pi =
l- '2 ([A. [B, plJ + [B, [A, pJj) ,

(A IC B) [pJ - (B IC A) [pi =
1'2 ([A, (B,p}+J - [B, (A,p}+]). (A3)

Using lhesc formulas and the faet that matrix 00)' is her-
mitian. we can pUl Ocq == ha)' + i CO)' where bo)' is a sym-
me trie malrix and cO)' antisyrnmetric. Thus it is possible to
wrile

1 /1/2_1

Lv [pi = -;¡ :L buo [\'0' [\lo, plJ
•• 0,)'=1

. ¡v2_1

+ ~ :L coo [Vo,{Vo'p}+]. (A4)
0,)'=1

Therefore (if the bas;s Va is hermitian) lhis expression is
equivalenllo lhe dissipative K-L generalor if lhe matrices bao
and cO)' are syrnmetric and antisyrnrnetric respeetively.
On lhe other hand, nOle that if we use the relations

2AB = {A, B}+ + [A, BI,

2 (ApB + BpA) = {A, {B, p} +} + - [A, [B, PIJ,
2(ApB - BpA) = [A, {B,p}+] - (A,[B,pJl+, (AS)

whieh are valid for any operators A and B, il is possible lo
rewrile lhe operalOr D and lhe superaperator F [. J in lhe forrn

1 ;\'2_1

D =;¡ :L "00 ({¡r~.vo)+ + [V~.voJ),
0,)'=1

/1/2 1

F[pJ = ~ ~ auo ({ Va {V~,p}+t - [Va' [v~,pll
0,)'-1
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Now ir the oasis is hermitian \'')' = V~and using again
that (1(\1' == ho') + i en')' \Ve have

Appendix B: Heff, D and F [e] as a function of
f¡ (t) and Ü (t)

In Ihis appendix Ihe cumulanl nolation {(... )} has heen
dropped-oul from any expression to simplify their formulas.
In order lo lind H,ff, D and F [.] as a funclion 01'f¡ (t) and
Ü (t), introduce

",2_1

LD [pi= -~ L /'0' ({ {Vo,v,l+ ,pt
0.1'=1

+ [Vo,[V"l'll- {Vo, (V"l'l+ t)
F (t) = f¡ (t) - ¡Ü (t) (B 1)

. "':-1
+¡L co, ({[VoY,],l'l+

0,')'=1

In this cxprcssion only lhe real pan is prcsent if aol' is di-
agonal. Thus lhe lerms 01'lhe gcncrator corrcsponding to lhe
real pan, musl have Ihe form 01'a K-L. To see Ihis facl we use
again (AS) and nole Ihal

N2_1

LD[P]=-~ L bo,({{Vo,v,l+,pt
0',1'=1

. ,\,2_1

-2(1!oI'V,+v,pVo»)+¡ L co,({[Vo,v,j,pl+
0,')'=1

Then, in lhe real pan it is possihle 10 rccognize terms wilh
Ihe fOfln 01'D and F [P].

in thcir cxprcsions. From cquation (55) we gel ror lhe deter-
ministic unknowll opcraLOr U

u = A ["" <iT ({Ü(t),Ü(t - T)}.~ +
+i [Ü (t), f¡ (t - T)]). (B2)

From (B 1) and (57) il follows lhal Ihe effeelive hamillonian
is

H,ff = l! s - i~'.fo~/T ([f¡(t) , f¡(t - T)] - [Ü(t) , Ü(t - T)I

- i({f¡(t) ,Ü(t-T) }++ {Ü(t),f¡(t-T) }+)). (B3)

The dissipalive operator D reads

D = ~' l~/T( {li(t) , f¡(t - T)}+ + {Ü(t}, Ü(t - T)}+

- i([Ji(t),ü(t - T)] - [Ü(t),f¡(t - T)J)) (B4)

and the l1uelllaling superoperator F [.] resulls

F[.] = A' {O dT( (¡I(t). f¡(t - T) + f¡(t - T)' f¡(t») + (Ü(t). Ü(t - T) + Ü(f - T)' Ü(t»)

+ i(f¡(t). Ü(t - T) - Ü(t - T) • Ji(t») - ¡(Ü(t). li(t - T) - li(t - T) • Ü(t))) (BS)

Finally using (AS) Ihis expression can be rewrillen in lhe form:

F[.] = ~' f' <iT ( {f¡(t) , {f¡(t - T),.tL - [Ji(t). [f¡(t - T),.]]

+ {Ü(t), {Ü(f - T) " LL - [Ü(t), [Ü(f - T) ,.]]

+ i ([f¡ (1) , { Ü (t - T) " L] - {f¡ (t) , [Ü (t - T) , .] t)
-i([Ü(I),{f¡(t-T),.L] -{Ü(t),[f¡(t-T),']L)) (B(')

Now il is inleresling lo compare expressions (B4), (B6)
wilh Ihe dissipalive K-L generalar given in formula (A7) or
alternalively cxpressions (B4), (B5) wilh (Ag). Then we real-
ize that lhe imaginary part comes fmm the cmss-correlatiofl
belween li (t) and Ü (t), bu! lhe real parl comes from lhe
sel[-correlaliolls 01' f¡ (t) and Ü (t). On Ihe olher hand any

scmigroup has a comhination of COnllllutator and anti.
COllllllutator ohjccts. Thcsc combinatiolls appcur in a nat-
ural way (in a sccond-ordcr pcrturhalion thc()ry) from lhe
Schrodingcr-Langcvill picturc.
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Appendix C: The fourlh-order cumulanl ap-
proximalioll

Hcre '.'le are going lo work out the Schrbdinger-Langcvin pic-
ture up lo fourlh oruer in the coupling pararneter ..\; then we
show lhal also up lo O(.\'Tn a K-Lforrn for lhe evolulion of
the rcduccd dcnsity matrix p is obtaincd. The Heff, the dissi-
p{l(il'e opcrator D anu the fluctuating supcropcrator F [.] are
oOlaincd in Ihe general casco Also for a particular choice of
the randolll 0PCf<llor:F (/) the cxprcss ion of a herrnitian llo"Y

is proved. Thcrchy <lsystcmatic way of calculating highcr or-
der corrcctinns lo (In'} can he made in the prcscnt frarncwork.
Thcsc corrcctions are 01'inlcrcst whcn lowing down ¡he ICI11-

pcraturc 01' lhe h;:¡lh.
Thc Ilotalion ami lhe mcthods are the sarne as in Suh-

sect. 5.1. Starling fmm the stochastic multiplicative opera-
lional equal;on (50). Ihe eumulanl e'pansion [23) allows us
lo Iind a elosed Markovian evolulion for the average (" (1»
in CJ(,\flT;¡-l)

,;; (" (1.) = (Ao + ,~.\ n le}" (1) (CI)

l\" is ¡he ,I-Ih urder generalor. In Suhsecl. 5.1 (51) givcs the
corresponding contrihulion 10 O(,\2Tc) in terms of /(1 and
1\'2. Hcrc we give the nexl lerm in Ihe cumulanl expansion
CJ(X1 T;I). Hnding in rhis way a closed evolution equation for
P = (11 (1» under the conslrain Trp(l) = 1. We show lhal
Ihis trace conservation contlition, once again. ¡eatls automal-
ically lo a K.L form, after solving in a consistent way the
lInknown dissipalive (sure) opcrator U. This expansion can
he done lo any order ,\11 hUI the algebraic manipulation is te-
diollS. tvlaking the same idenlifications as in (51) and (52) we
""Tile lhe nc.xt cOlllrihution from (el). We assume that odd
correlations 01"the random operator F (t) are null. Demnml.
ing trace cOllservarion for p Ihe operator U must fulfill (up to
order ..\:1) Ihe sclf-consistenl equation

2V = ,\ ¡'" tlr((Ft U)FU - T»)./0
- «F U) F (1 - T») + h.c.)

+ ,\2 .Ia'" tlTI .!~tlT2((FI U) [FU - T2),V( -Trl))

- «F(I) [F(I - T,),V(-TrlJ» + h.c.) (C2)

where \Ve have lIsed Heisenherg's represcntation for U( -T)
and for lhe ranuom opernlor F (t) Ihe same notation as in
Suhsecl. 5.1. NolV fmm (C2) we have lo solve the sure her-
milian opcralor U order hy order in '\. The solution can be
found in an iterati\"e way. Note thal lhe anliconmutative COI1-

lrihulion .\{VI,.}+ in (54) is of CJ(.\'T,), where V, reads
fmm eqllalion (55); then from (C2) the next iteralive correc-
tion will give n contrihution of O(,\4T:). Introducing Ihe so-
lulioll of U up lo arder ,\3 hack into lhe cumulanl expansion

Inr p a K-Lfimll lo O(X'T;') is ohlained. Then the effeclive
H<lmiIlonian ;¡nd Ihe jlUL"tulllillg supcroperator are

l/en = lis - ~ (.\21= tlT((F(I)F(1 - T»)

- «.TI U - T).TI (1»»)

+ Xl ('" dTI ¡= dT, ((F U) [FU - T,). VI (-Tr))))Jo JT¡
- «[VI(-Tr),FtU - T,)] FI (1»»)) (C3)

F [.J =.\' ¡'" tlT( «.T (l). FI (1- T»)./0
+ «F(I. - T). FI U»»)

+.\' (= tlTI r'tlT,((F(I) [V,(-TI),FI(t - T,)J»Jo ir¡
+ «IF(I - T,), VI (-Tr)J FI (1»»). (C4)

Taking iolo account th<llF.[lJ == D lhe dissipative operalor
D follows.
In Ihe case when Ihe bath can be represcnled as a lin-

ear comhination 01"stationary complex stochastic processes
n

limes operalnrs in Hs. so F (1) = I: I"U) 1'", the algehraic
0=1

struclure to o(.A-1 T;) is

""0 =.\'L (= tlT((I" U) I~ (1 - T))C~>(-T)
¡J .lo
+ «I~(/) I,dl - T))C~n(-T))

+ Xl L j'"';ITI j'"';IT2 («1" (1) li, U - T,)) S~>(-TI, - Tz)
1.1 (} . TI

+ «I~ (1) '" (1 - T,))S~n(-TI, -T,»), (C5)

where Ihe coeflicienls are

C",(-T) = Tr (I;II'Ó(-T)),

Sp,(-TI. -T,) = Tr (\~I [lÓ(-T,),VI(-Tr)J)

Nole that Eq. (C5) ;¡ssures henniticity. The remarkahle point
is thal up 10 Ihis order Ihe equalion for p also has the K.
L/or",. From Ihis cquation il is <lIsopossihle to sec thal to
O(A1 r/) Ihere is a ncccssary condition for the matrix ({Cl) lo
he POSilivc(in a similar way see remad 3). Up lo this order.
and bcciluse odJ correlations are null. the gcneralor only de-
pellds on the lwo poinl corrclaliolls «FI (t) FU - T»)). For
highcr order corrections Ihe occurrence of four-poinl correla.
tions are cxpecled.
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Indcpcndcllt rcscarchcr of CONICET.

{al A linear map ,\ : .A.-+ B, A ano [1, C. algcbras, is said to he
(,()IIII'!£>/e/y ¡WSilil'l' ir Ihe tensor product map A (n) ;:: A 0 In :
A 0 •.\.1(n) ----t B 0 }vf(n). is posilivc fm all posilive ¡nle-
g:crs 11.

(b) The dual gcncralor is defined by lhe following reJation:
T,. (1\" [p(t)] A) = Tr (pI{" [A(t)]).

Id Lell'I'.) be a complele hasis. Iheo Trp(t) = (L:(1>; I >1»(>1>I
'¡")F.FI = (L:(>I> I '¡'.)('1>; I >I»)F,FI =' (II>I>II')F,F'
thcreforeTrp(t):: 1= (1I>1>1I')F,F' = 1.

(<1) Note tha! if:F (t) wcrc hermilian thcrc should he (for all n,m
"collple (n',/J') ,"eh 'hallo' (t) = l~(t) aod Ip' (t) = I¡'(t)
with '~.I;::VJ . "ti' ::::Vd.
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