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Symmetry of the Kepler problem in classical mcchanics

G.F. Torres del Castillo
DeparwJ1Iellto de Física Matemática, Instituto de Ciencias, U"i\'crsitiad Alltó"oma de Puebla

72570 Pucbla. Pue.• Mcxica

Recibido el 6 de agosto de 1998: aceptado el 16 de noviembre de 1998

It i.•...••hown lhal the Kcpler prohlcm can be transformed ¡nlo lhe prohlem of íl free paniclc moving in the sphere. lhe planeo or a hypcrboloid
in Minkow"ki "p.IL'C,dcpcnding on the \":lluc 01'the energy.

Keyu'onl.c heplcr prohlcm: dynamic<ll ~ytl1metry

Se tI1uc"tra que el prohlema de Kcpler puedL. transformarse en el prohlema de una parlícula lihre moviéndose en la esfem, el plano. o un
hiperholoide en el espado lk rv1il1kow~"i.dcp~~ndiendo del valor de la energía.

{)c'JC'I"ip/OI1,'.\: Problcl1l;1de K':plcl": ..•im•..'lría din~íll1ka

rAes: OJ.20.+;: 02.20.-a

I. Introdllction 2. The Kepler problem in two dimcnsions

2.1. E<O

wherc k is a posilivc COllstanl, Thcrefore. the hypcrsurfacc in
phase spaec H = E cOlTcsponds lo

Following Re!"s. 2 and 3. making use ofthc stercographic pro.
jcelion, we replace the veclor p = (PzoPy) by a unit vector
1l = (H.ro II.!I' 'l:) aecordillg lo

(1)

(4)

(5)

(3)

(2)
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I 1 .>.
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Jl = (lI,r, /ty, 11;:) =

whcrc

henec.

\",here Jl == J';' + 1';. As we shall show now, dcpending on
whelhcr E is posilive. negative or zero. une can find a canon-
ieal Iransrormalion lhal lakes Eq. (2) into " = const., where
" is the Hamiltonian oí" a free particle in a maxirnJlly syrn-
melric two.dimcnsional spacc.

The Hamiltonian correspondiog lo lhe Kepler problem in lwo
dimcnsions, cxpressed in terms of cartesian coordinates. is
gi\'en hy

II is "'ell kno",n Ihal Ihe Kepler prohlem possesses a hidden
sYl11ll1elry. which is associalcd wilh the existence of a con-
servcd \'ector-lhe Hcrmann-Bcrnoulli-Laplace-Runge-Lenz
iHBLRL) \ eClor-lhal lies on Ihe plane 01' lhe orhil and
poinls lo Ihe pcrihclion. The conscrvation of the angular mo-
lll~nlUIll <l1ll101' Ihe HRLRL vector permils te obtain the orbit
wilh(HII Ihe cxplicil integral ion ofthe cqualions oí' mOlion. (In
r"el. Ihese rcsulIs hold 1'01 lh,- Kepler prohlcm in any numher
uf dimensions 1] ].) Dcpcnding on the value of the energy.
hy sllilahly normali/ing the HRLRL vcctor, one finds Ihal the
Poisson hrackels het\\'cen ilS componenls and those ofthe nn-
guIar J11oJl1enlulll coincide wilh lhe cOlllmutation relations ror
lhe Líe algdwa 01"Ihe rol,Jlion group, lhe Euclidean group or
lhe Lorcntt. group.

In lhe case 01" Ihe quantuIll Kcpler prohlem for hound
slales. Fock 12] showcd lhat. by Illeans of the stereographic
projcclioll, tile Schródingcr cquation in mOlTlcnlum space can
he Iransformcd inlo an inlegral equation on a sphere, in such
a \Vay Ihal the invariancc under the rolation group becornes
m<lnircsI (scc abo. C.g., Rcfs, 3-5). \Vhen Ihe cnergy is pos-
ilive nI" zero. the Sehrodinger equalion in momcntutn sp¿lce
can he trans!"onned inlO an inlegral equation on a hyperboloid
nI" a hypcrplane, respcclivcly. lhat displays the invariance oí"
lhe rrohlclll IInder Ihc Lorcntz group or Ihe Euclidcan grollp
(see. ('.,1.:., Rcrs. 2 and 6). In this papt.::r it is shown in an el-
clllelllary manner lhat ¡¡ similar rcsult applics to lhc Kepler
prohlclll inl'lassicalmechanics. giving canonical transforma-
lillllS Illall clatl.: Ihe Kepler prohlclll with the rroblcm 01' a free
particle 011 a sphcrc, a hyperplanc or a hypcrboloid. Some car-
liel" Ircalmcnls of lilis corrcspnndcncc can he fnund, e.;:.. in
Rers. 7-1.). In urdel" 10 presenl lhe rroecdure in a simple way.
\Ve L'ollsidcr in sume dctaillhe two-dimensional Kepler proh-
km ami rOl" l!le three-dimensional Kcplcr prohlcm we only
disclIss (he ¡,:;¡se wherc lhe ellcrgy is equallo I.ero.
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lherefore,
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1
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where

from lhe origino The orhit (15) is lhe so-ealled hodograph and
the fact that this curve is a cirele follows immediately from
lhe fael lhal lhe orhils of lhe Hamiltonian (11) are grea! eir-
eles and that the stcreographic projection maps circles anta
circlcs.

are the nonvanishing eomponents of the Hermann.Bcrnoulli-
Laplace-Rungc-Lenz (HBLRL) veelor A = p x L - M kr Ir
wilh L = r x p. From Eq. (13) and lhe well-known Poisson
hrackel relalions {lx,ly} = Lx, {ly,l,} = lz, {1"lx} = ly,
whieh can he derived from Eq. (10), one can easily oblain lhe
Poisson hrackcts hetween Ar. Ay and izo

The orbils on lhe unil sphere can be easily oblained by
noling lhal Eq. (10) leads lo Ir sin O cas c;\ + Iy sin O sill4> +
1, ros O = O,or, cquivalently, (Lx> ly, 1,) . n = O, whieh Is lhe
equalion 01' a greal circle, as expeeled. Then making use of
Eq. (5) one linds lhal 2lx/>OPx + 2ly/>Opy +l, (pi +p~ - 1'5) =
O. On lhe olher hand, form Eqs. (10) and (9), li+ l~+ li =
p~ + p~1sin' 0= (Mkl]Jo)2; hence, assuming 1, '" O, we
have

whieh is lhe equalion of a eirele of radius Mk/ll,1 whose
center is al a distance

Henee, lhe funellons (10) are also conslanls of lhe mOllon for
lhe Hamiltonian (1). (Alternalively, {!L, Jl = O If and only
ir f generales eanonicallransrormalions lhalleave lhe hyper-
surfncc h = consto ¡nvariant; therefore, sincc h = consto
is equivalenl lo H = eonst., {/¡, Jl = O is equivalenl
lo {H, Jl = O.) From Eqs. (6) and (8) one finds lhal
1'0 = cscO(",]>, + y]Jy) and Po = x]Jy - YPx; henee, us-
ing Eqs. (6), (7) ami (2), il follows lhal lhe eonslanls 01' lhe
mOlion (10), expressed in lerms of lhe original eoordinales,
are

The auxiliary Hamillonian (11) is conjugale lO a fiClllious
"lime", T, which is relaled lo lhe lrue time, t, by

(9)

(1 1)

(10)

(7)

(
2 )1 ., p.

Ir == - ]Jo + -.-.,- .
2 5111-8

Ir = - sin 4>]JO - colO eos e¡)P.,

ly '" cos</>Po - calO sin 4>P.,

1, = Pi> ,

1 ( 2 ]J~) _ 1 (Mk)'- 1'0+-- - - ~
2 sin'O 2 Po

The left-hand side of lhe lasl equalion is reeognized as lhe
Hamiltonian of a free particlc (of unit mass) Illoving on the
unit sphcrc: which is manifcstly ¡nvariant under the rotation
graup SO(3). This invarianee is relaled lo lhe fael lhal lhe
functions

which generate rotations about the Hz-, Hy- and Hz-axis, rc-
spectivcly, hu\'c vanishing Poisson brackets with the Hamil-
tonian

and
]J, d.!' + l'y dy = 1'0 col (~) (cas.,; d,. + sin"; dy)

= d[¡>oeot (;)C""os c;\ + ysin e¡))]

1 ., (O)+ 21'0 ese" 2 (x eos 1> + y sin";) dO

+ 1'0 col (~) Cnin .,; - y ca, .,;) de¡),

whieh means lhal O, ,;, and

Po = ~Po ese' (~) (x ros <t> + y sin di),

1'. = 1'0col (;)CrSin4>-ycOS4» (8)

are eanonieal eoordinales. From Eq. (8) and (7) il rollows lhal

. 4 (0) ( , )2 :2 4 Slll 1 :2 Pe¡>
.T +y = 2 1'0 + -.-,-

Po SIn e

(
21'0 )' ( , p~)= 2 2 ]J(J + --.,- ,

l' + 1'0 sin- O

lherefore, laking into aeeounl Eq. (4), one finds lhal Eq. (2)
amounts to

Under lhis corresponden ce, lhe plane is mapped inlo lhe unil
sphere and making use of lhe spherical eoordinates O, 9, of
n, fram Eq, (3) we find lhal

p = Po O(sinOcos.,;,sinOsine¡)
1 - cos

= Po COl (~)(cos4>,sine¡)), (6)
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As is weH known, lhe oroil in lhe configuration spacc is
casily ohtaincd making use of lhe conscrvation oflhe IIBLRL
vcelor (14). Indeed, if t/J is Ihe angle helween A and Ihe posi.
lion veelor r, Ihen ¡'IAI ens~) = r. A = r. (1' x L) - ¡\f kr =
1; - Al/;7'; hence

where E '" IAI/M k is Ihe eeeentrieily 01' Ihe orhit.

2.2. E=O

whcrc Po is a constant wilh dimensions ol' momcntum. Undcr
Ihe inversion (18), Ihe plane is mappcd inlo ¡Iself. Then,

( 19)
flo

l' =-
"

l'
11 = ('0---:;-,

1'-

In Ihis case Ihe vector p will he replaeed by a two-component
dimcnsionless veclor 11 ::::: (un uy) according lo

(
(ux,Uy) 11

P = Vrd1.l1) = Po., .) = PO?' (18)
Ui + tl;¡ u-

( 17)
l',

Mk(! + E eos ~))'
1'=

and

_ I [ Hz:?: + '/IY!!]- (, Po ') 2
Ui: + Hy

.lre canonic:al coordinalCs. prom ¡hese lasl cxprcssions olle
linds thal Pi + 1'} = ¡,,'e,.' + y')/fl5; Ihus, Eq. (2) wilh
E = O lakes Ihe form

Tite functions PI, P"}. and urP1 - IlYPI gencrate lhe action
01' 510(2) on Ihe phase spaee alluded lo ahove and Iheir Pois-
son hrackcLs wiLh H also vanish ¡see thc discussion aflcr
Eq. (12)1. l'1Om Eqs. (19), (20) and Eq. (2) wilh E = O il
follows that

The Icrt.hand side 01'Eq. (21) is Ihe Hamiltonian 01'a free par-
lide (of unit mass) in lhe planc. which is manifcstly invariant
lInder Ihe Euclidcan group SE(2).

Clcarly,lhc funclions PI. P'2 <lmI1l.r,P'2 - HyP¡ have van-
ishing Poisson hrackcts wilh the auxiliary Hamillonian

(24)(
_ flOP,) , ( flnPl)' _ (Mk)'

1'.1' 21:; +]JI/ + 2lz - lz

I
Eq. (19) il follows Ihal, in lenns 01'Ihe original variahles, Ihe
orhil is givcn hy P:!Pr - PIPy = (i:;/po)(p; + p~) or, taking
inlo aecollnl Eq. (21),

[</ Eq. (15)1. whieh is Ihe equalion 01' a eirele 01' radius

Mk/II,1 passing Ih10Ugh Ihe origino
The orhil in contlguration space is also givcn by Eq. (17).

Owing lo Eqs. (21) and (23), IAI = ,\1k, Iherefore lhe ee-
ccntricity is cquallo l.

1I is knmvn that, making use 01' parabolic coordinates, lhe
lv.'o-dimensional Kcpler prohlem w¡th energy E can hc rc-
lalcd to a two-dimcnsional isolropic hannonic oscillator of

angular frequeney w = J -2E /M (see, e.g., Refs. 5 and 10);
thcrcforc. hy Illcans nf Ihis relatiollship. lhe lwo-dimensional
Kepler prohlem witll 7.cro cncrgy corrcsponds lo the problcm
nI' a free particle in Ihe plane (see, e.g .. Ref. 11). However, hy
contrasl w¡lh Ihe canonicallransformation givcn hy Eqs. (19)
amI (20), Ihis p10eedure cannol he applied lo olher dimen-
sions.

D, E>O

(20)

(21 )

(22)

!(' ,_ 1 (2M k)'- P, +1',)-- --
2 2 Po

(' ") ?_ Y Hlj - u; + _.Tllxlly

1"=flo (., ,)"u; + /1.11 -

(., ") ?_ .1' 11; - Il!i + _YUxliy
1'1=flo (., ''j'' ,

ti; + u;¡ -

hCIlCC, /tol' !ly and

2AxPI = ---,
{Jo

2Ay
J~,::::: ---,
• 1'0

Now Ihe veclor p will he replaccd hy a vector 11 =
(11.:r, /1 1/,11::) salisfying Lhe condition 12, G]

,,' + ,,' - "., = -1 (25)
;e " ::

(23) by IIlcans 01'

wilh Ar and Ay dclined hy Eq. (14).
Using Ihe fael that PI, P"}. ano H;eP"}. - lJyP1 are con.

s{anls 01' lhe mOlion, one finds Ihallhc cquation 01' the orhiL is
lIJ.P:! -1I.lJP1 ::::: ,:;, wherc 1:;, PI ami P2 are constants, which
correspollds lo ti straighl line, as expccled. Then, from

wherc, in Ihe prcscnl case,

1'0 '" .,J2M E.

(26)

(27)
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Therefare, have vnnishing Poisson hrackcts with lhe Hamiltonian

l,r and t" gcncralc Lorcnlz trtlnsformations on lhe lly71:- ami
Hxl1:-plane. respectivcly. and 1: generates rotalions on lhe
H;rlly-plane. These fUllctions satisfy lhe Poisson hrackel re-
lalions {l,.ly} = -1" {ly,l,) = Ix, {l"lx} = ly, and are
constants 01"lhe rnolioll. Making use of Eqs. (29) and (31)
one finds that Po = (;rp:r + Ylly)/ sinh B. P4I = :rpy - !lIJ.r.
\Vhieh, logelher wilh Eqs. (33), (14) and (2) imply lhal

( 2' ')
(. ) - 21'01'"- I'ol'y, l' + 1'0 (28)

n=llx,lly,nz= ? 2 .
[1. - Po

Sinee l' > 1'0 [see Eq. (1)], ", > 1. Under lhe eorrespon-
denee given hy Eqs. (26) and (28), lhe region l' > 1'0 01'
lhe plane is mapped inlO lhe hyperholoid (25) wilh 11, > 1.
Thus, wc can writc 11 = (sinh B cos 4>, sinll B sin 4>, cosh 8)
and from Eq. (26) we obtain

P = -IJocoth (~)(eOS4>,Sino/», (29)

thcrefore

( ')_ 1 :! P4J
[¡ = - 1'0 + -.--,- .

2 slllh B
(34)

Henee, 8, o/>and

Po ;: -11'0 eseh' U) (x coso/>+ y sin 0/»,

I'O;:-I>oeoth(~)(;rsin4>-yeoso/» (31)

are eanonieal coordinales and from Eqs. (31) and (30) \Veoh.
tain

and

I',d;r + I'ydy = -/Jo eoth (~) (coso/>dx + sino/>dy)

= d[-I'O coth (~) (;r eos o/>+ y sin ti)]

1 ,(8)- 21'0 eseh- 2 (.rcos o/>+ y sino/» d8

- 1'0 coth (~) (;r sino/>- y eos 0/»do/>.
(36)

1, = "l'y - Yl'x. (35)

( lyl'O)'
JJy +T =( lxl'o)'1', +T +

1
_ Ay,- ,

1'0

3. The zero-enerl:Y Kepler prohlem in three di-
nlensions

le! Eq. (15»), \Vhich is Ihe equalion 01' a eirele 01' radius
JIk/I/:1 whosc cenler is at a distance fmm lhe origin given
hy Eq. (16); ho\Vever, in lhe prescnl case, lhe hodograph is
not lile complele c¡rele (36) out only the are contained in lhe
region p > /'0.

Finally, from Eq. (35) \Ve íind lhal IAI = 1'0Jl; + l~ =
MkJl + (2Eln/(Mk') ['! Eq. (16)], lherdarc, lhe ee-
ccntricily 01'Ihe orhil (17) is greater than l .

one f1nds Ihal Ihe conditiol1 11 = O is equivaler.t to

1 .) .,.) k
¡¡= 2M (1'; + 1'~ + 1';) - J.Y' + 11'+ =' ' (37)

The procedurc shown in the preeeding seclion can he applicd
to rhe Ihree-dimensional Kepler prohlem (and, in faet. to Ihe
Kcplcr prohlcm in any numhcr nf dimcnsions). As an i1lus-
Iralion. we shall cons.idcr here only the case where the cnergy
is equallO zcJ"o.Slarting from lhe Hamiltonian

Again. lhe mhil is easily ohtained using lhe constants ol'
lhe mOlion. From Eq. (33) we have Ix sinhOcoscP +
Iy sinh B sin9 - 1: cosh O = O. oro IxH:r + [yny - IzHz = O,
\Io'hich.owing (o Eq. (28). amounts lo 2/xIJoPz + 2/ylJofJy +
1;:(Il~ + fl~+ Jl6) = O. NOling that 1; + 1; - 1; = l'~+
1'~/sinh' H = (M k/I~))' and assuming 1, '10, we can also
write

(32)

(30)l' = I'oeoth (~)

., ., 4 sinh
4 (O ( , I'~)

.1"- + y- = 2 Po + -.--,-
Po smh B

( 21'0 )' ( , I'~)= -.-,--o Po + --.,-
Ir - ])5 sinh- (}

\Vhieh implies lhal Eq. (2) is equivalenl lo

1(, I'~ )_1 (.\fk)'- 1'0 + --. - - - -
2 sinh' 8 2 /Jo

['!Eq. (9)]. The left.hand side 01'Eq. (32) is lhe Hamillonian
of a free particle of unit mass on lhe (maximally symmctric)
l\Vo-dimensional Riemannian manifold defined hy Eq. (25),
for 11: > 1, wilh Ihe rnelric induccd by lhe 1.orcntzian Illct-

rie (dn,)' + (dny)' - (dn,)' and, henee, is invarianl under
SOt(2,1 ).

It can he rcadily seco that lhe functions

Ix == sin 4> Po + foth B ros q) p~,

l¡¡ == - ros O po + cúth (j sill1> 119'

1, ;: 1'", (33)

(38)
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u. lir
I'xdx + pydy + p,dz = p. dr = Po --.,-u-

[u. r]= el Po -.,- + P .du,
'11-

where Po is a constant with dimensions 01' momentum aod
l' = (1'"p., 1',), making use 01' [he notation r = (J.. y. z)
\\'c ohtain

Introducing the vector u = (ux, u.' 11,) hy

(43)

1 [ ., Jp = - 2(r . 1')1'- por
Po

= _ 2 [1' x (r x 1') _ ~p'r]
Po 2

2 ( Afkr) 2A
=-PO pxL--,.- =--¡;;,

whcrc wc have mude use ol' the faet that E :::;::O and A is
the HBLRL veclor [ef Eg. (23)]. Thus, lhe lmnslalional in-
variance 01' (41) corresponds lo lhe "hidden symmelry" 01' lhe
Hamillonian (37) when E = O.

which generale the "ohvious" (rotational) symmetry 01' (37),
and that Ihe rcmaining constants of lhe mOlioo amount lo

(39)

(40)

11
P = Po-:¡.

""
01'l'll;:;: Po-:¡,

}J

_ Po :.!P = (PI. P" P3) = ,(2(r. u)u -" r).
"

\\'hcre

Thus. lhe new variahles p. u are related with p, r hy a
canonical transformation. From Eq. (40) one easily sees that
1" = 1'5"'/"'; therefore, making use 01' Eg. (39) we find
[hat Eg. (38) amounts to

~(Pi + pi + pi) = ~ (2lVfk), (41)
2 2 Po

[ef Eg. (21)]. Clearly, lhe left-hand side 01' Eg. (41) is the
Hamiltonian 01' a free particlc in three-dimensional space,
which is invariant under lhe Euc1idean group SE(3). This in-
variancc is rclnted lo lhe conservation of PI. P'2. P3 aod 01'
Ihe components of lhe angular momentum L = u x P.

Using Egs. (39) and (40) one finds that

4. Concluding remarks

Wc havc shown thal hy Illcans of suitablc coordinate trans-
formalions in phase space, lhe Kepler problem can he related
lO lhe prohlem of a free particle in a homogeneous spaee.
These lmnsformations can he regarded as the analogs in elas-
sical meehanics 01' Fock's lransformntions. A slight differ-
ence hetwccn the classical and thc quantum Kepler problem
with positive energy comes from lhe factthal in lhe laller case
ho[h sheet s 01' the hyperholoid (25) have to be taken inlo ac-
(Dunt; lhe sheet with 11;: < -1 corresponJs to the c1assically
forhiddcn region.
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