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\Ve describe analytically the propagmion of optical ficlds in a cylindrical nematic liquid crys[al cored waveguide. In the limit of low incident
hC<Lrncnergy \"'C ca[culntc thc ray trajcctories, the cutoff frequency. lhe maximum nurnher of modes and the propagalion constant of the
Ileld dislributions. for a core wilh positive dielectric anisotropy (cyanabiphenil). \Ve I¡rst compare aur calculatcd values of the propagation
l'onslmlls wilh recent numerical estimations and show that the agreement is excellent within an error 01'0.8%. The field distrihutions are
also compared and we tilld lhal the differences between bOlh appro:.lches are larger. \Ve discuss what we hclive are lhe reasons for this
discrepancies and cornment on lhe advantanges and limitations 01'our precedure.

KeYlI'ords: Liquid cryslals; waveguides; aplical tields

Se descrihe analíticamente la propagación de campos ópticos en una guía de ondas con núcleo líquido crist.:llino. En el límite de bajas
energías incidentes se calculan las lrayectorias de rayo, las frecuencias de corte, el máximo número de modos presentes y I;)sconstantes de
propagación de las distribuciones espaciales de los campos ópticos. cuando el núcleo tiene una anisotropía dieléctrica positiva (cianobifenil).
Se comparan los valores calculadOS de las constantes de propagación con estimaciones numéricas recientes y se muestra que el acuerdo entre
ambas es excelente, dentro de un error del 0.8%. También se comparan las distribuciones de los campos y se encuentra que la d: •.crencia enlre
amhos enfoqucs son mayores. Se disculen las razones que creemos son las responsables de estas discrepancias y se comentan las vemajas y
limitaciones dclmétodo propucsto.

DeJcril'for{,J: Crislalcs líquidos; guía de ondas: campos óplicos

PAes: 42.65.h: 61.30.Gd: 78.20.Jq

1. introduction

The propagation 01"a laser heam through a nemalic liquid
crystal is a phenomenon that exhibilS sorne very unique and
highly non linear optical properties [1,2]. It has heen expcr-
imcntally verified Ihat a sufficiently strong linearly polar-
ized laser lield induces an orienlationa! transilion, Ihe so-
called Optical Freederieksz Transilion (OFf), in a nematie
film [31. Ahove the lransilion Ihreshold, a linearly polarized
incident hcalll distorts Ihe initial alignrnenl hy reorienting lhe
molcculcs against the elastic torques. For a circularly or ellip-
tically polarizcd hearn. also a varicty of nonlinear dynamical
regimcs may arise during lhe reoricntation proccss [4].

In recent ycars a great deal 01' attention has heen givcn
lo a di!"!"erenlaspeel o!"this proeess, namely, Ihe possibility
uf producing a wave guiding effect in optical fibcrs wilh I¡q-
uid eryslallinc eorcs [5, GJ. Thc basic idea is to lakc profit 01'
lhe non linear optical properties al' ¡iquid crystals to produce
l!lis cffcct vvithout resloring lO the usual mechanism hascd on
lotal internal relleclian.

In a series of papers we have developed an analytical
description 01' lhe propagalion 01' oplical fields in nematic
cored plane cells [;--0], nematie droplels (10), and eylindrical
wavcgllidcs [11, 12J. However. for the cylindrical geornctry
\Vc, arhitrarily, considered only lhe case of a core wilh a ncg-
alive dielectric anisolropy. f(l < O, with f(l == en - f1., where
('1' (1. denote, respectively. the dielectric constants parallel
and perpendicular 10 the long axis of lhe molecules. The op-

posite choice eould have heen equally plausihle, simply we
were not aware al" any experimental or nutllcrical results, ci-
ther rOl"positive or negalivc dielectric anisolropy, lo compare
wilh and assess (he validity of our approach. Recenlly we
llave hccome aware of intercsling numerical work on nernatic
cylindrical wavcguides [5. G, 13, 14] for Ihe case of a posi-
tive birefringenec, f(l > O , a fael lhat olTcrs Ihe possihility
of comparing Ihe results 01"our analytical approach with the
numerical one. Here lies lhe main 1l10tivation 01' the present
work. !\1ore spccifically. \Ve use the forll1alism \Ve have de-
veloped lo compare quantitatively the propagalion constants
and Ihe I¡eld amplitudes ealculated analytieally hUI in an ap-
proxill1ate way, with the exact hut numerical results oblained
hy Un el al. As will he shown helow, ollr approach offers
a hetter physical insight on (he wholc propagation process
and allows to calculatc physical properties of lhe waveguide,
sueh as dispersion rclations, cUI-off frequencics or maxirnum
numhcr al' guided modes. that are 01' importance fUf (he de-
sign 01' lhe guide itself. For this purpose we will quotc and
use previous I"esults 01"our own work proviJing ror {he spe-
cifk references where a more dClailcd derivation ol' thcm may
he found.

Lel us considcr a waveguiJe with a quiescenl ncmalic
liquid cryslal core conflncd within a cylindrical region 01'
radius R and lcnglh L. surrounded hy an inflnite homoge-
neous isotropic dielectric cladding with dieleclric constanl
fe. as depictcd in Fig. 1. The cquitihrium orientational con-
figurations are delel"mincd by minimizing the corresponding
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FICiURE l. Schematic of a linearly polarizcd laser heam propagat-
ing through a nematic liquid crystal cylindrical waveguidc.
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where the suhinJex j = z, 1', cP idenlifies lhe cylindrical co-
ordinales =, r anJ <P, {3 is the propagation constant and w
is lhe angular frequency of lhe wave. For each value of (3
there is a speeifie field distributioo deseribed by Ej(l', ko) all(l
Hj(7', 1.:0) which remains unchanged w¡lh propagation along
lhe gllide. These distrihutions are reterred to as the modes 01'
lhe wavegllide.

As will he shown helow, for Ihe geomelry under consid-
eralion it is more convcnient to describe lhe propagalion nI'
wavcs in lhe fiher in lerms of the complete representation
provided by lhe lransverse magnelic (TM) and eleetrie (TE)
modes 1161. The important issue to emphasize here, is thal
only lhe transverse magnetic componenls Er, Ez and 1/4>
01' lhe optical lield will couple lo the reorientation dynam-
ies, while lhe TE modes do nol and may, lherefore. be ne-
glected in lhe descriplion. The TM modes have only one mag-
nelic transverse componenl and are defined hy Ihe conditions
H % = Oevcrywhere ¡nside (he ccll and E% Ir=1l = E~ldIr=u
on ilS hOllndary. Likewise, the corresponding TE modes are
ErjI. !l" ami lJ% and satisfy lhe conditions E% = O in evcry
POill1inside eell and Oll,/Eizi,=lI = OH¡'''t/Ozi,=lI on the
fihcr houndary; in this case lhe electric field has only one
Iransvcrse component.

Suhstillllion of lhe ahoye cxpressions for the fields, (3)
alld (4), into the wave equatiolls for E and 8, Eq, (1). leads
to lhe following dimensionless set 01'equations for the lrans-
verse magnetie (TM) modes ll~,E, and E"

Ej (o, 1', 1) = E] (1', Á'o)exp [i(l3z - wl)] , (3)

Hk,I',I) = Hj(r,ko)exp[i(¡3z -wl)J, (4)

ami for lhe transverse electric (TE) modes

d' E. I dE" [ , ,/ ( ') 1 ]-1'/ + --1- + (Á'oR.)- '" - P" - -, E" = O,
(X- rfr x

(1 )

(2)

y

f1-(II[P¡¡ [ ]
e" 01' + V x ,-1V x /1 = o,

wilh a similar equalion for E. Thc veclors {j and E are re-
laled hy lhe following constilulivc relation

lotal Helmholtz free cnergy functional and we assulllc tha! Ihe
¡n¡tial slalc is givcn hy lhe so called scape c01lfiguration[151.
O(.r) = 2arctan:r, with 1~== rlR. Undcr these conditions
a Iincarly polarizcd laser hcam of amplitudc En is inciden!
ioto the guidc with an angle (Y with rcspcct lo lhe axis of lhe
cylinder. If lhe oplical fleld is ¡ntense cnough so Ihal lhe in-
ciden! polarization is greater Ihan the oricntationaltransitioll
Ihrcshold Ec• lhe initial statc will be distorted by rcoricnting
lhe director. Howcvcr. in Ihis work \Ve only considcr lhe case
01'a low inlensily heam whcre lhe inilial oricnlalion prcvails.

The dynamies of lhe oplieal f¡eld propagatillg through
an anisolropic nemalic is describcd in lcrms 01' the corre.
sponding Maxwell's equations without sources. Following
the usual proeedure [16J it is straighlf<llward to derive the
following wave equation for lhe magnctic field

\vhere (ij is lhe spatially varying dielcClric permittivity lensor
\','hich ror an uniaxial nematic is given hy

where i1 denotes the direcIor tleld. Furlhermore. since for
lllany nematics lhe magnelic susceptihilily is much smallcr
Ihan lhe dielectric one. we have assumed a nonrnagnelic
Illcdium. Ihal is fl = /1011. wilh Po = 1.

Ahhough the inddent heam in general is neither planar
Uf Gaussian. we shall assume that lhe normal modes w¡lhin
lhe cavity are cylindrical plane waves propagaling along the
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FIGURE 2. a) Ray trajectory fur cyanobiphcnil for an incidencc
angle n = 15° (solid I¡oe). Thc brokcn I¡oc corresponds 10 the
isolropic I¡mil with (a = o. b) Thc S31TlC as in IIg. 2a for o = 30°.
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Sirnilarly, as lhe causlic is approachcd frorn lhe central
axis, ¡/(k"N) < ,r < ,l'c, we lind Ihal .

l/o(''','''') = A , ,,'I(,-ko"I:'d'I[,((,ko) (12)
-IX (P;l - frr)4

:lml helwecn the caustic and the cladding when Xr < X < 1,
llrjJ(I", ~'o) is given by

x eos [koR lX

' '[¡If(]/,ko)]. (13)

f-inally. for lhe interval 1 < .r which corresponds to the
c1adding, \Ve have

¡;f;;'H,,(:l', ko) = ~C exp (--yRx) .
2,,,:r

In Lhese cquations f.;:;: = f 1- + f(l cos:! a, (rr = f1. +
f(JsiIl:!e, frz = fnsin8ros(), are lhe cylindrical compo-
nents 01'the dielcclric tensor of the nernalic, /1" == f3/ ko and

1I.(.r, ko) = Ae'l (l' + ex3 + ... ) . (11)

where ko = w/c, l' = f3/ko and X = r/ R. NOle lhal Eqs. (8),
(9) and (10) do nol depend on e and Iherefore, Ihey are nol
couplcd with Ihe rcoricntation, as was commentcd ahove.

Thcrc are (\VO important dirncnsionless pararncters in our
descriplion. One of lhem is q '" E1,R2 /8" 1\, which is
equal 10 Ihe ratio oetwcen lhe electric, Eo/BIT, and clastic,
A"£/R.2 L. cncrgy densilies, wheTe f{ is lhe ncmatic's c1as-
tic constan!, lt measures lhe slrength of lhe coupling octwccn
lhe dircclOr and Ihe aplical field. The above rncntioncd low
intcnsity ocam ¡¡mil is defined by q « 1. Thc sccond rele-
vanl dimcnsionlcss paramctcr is ko'R. which allows us lo de-
fine h01h, lhe optical O L and WKB limits. In lhe fonllcr une
(aL) all the contrioulions of order ¡/koR are negleeled so
Ihat only a gcolllclrical description of lhe rhase ficlds is 00-
tained. while in lhe WKB I¡mil these contributions are lakcn
into accounl to provide additionally the spatial varialions 01'
lhe field amplitudes.

In Ref. 11 we ublained the eikonal equation and the ray
lrajeelories in lhe aL [Eq. (23) of ReL II J, from lhe equa-
lioos for lhe TM mode amplitudes. In that situation where
ta < 0, we showeJ the existen ce af a cylindrical causlic at
.Le which restricts lhose regians ofthe fiber where a trajcctory
is defined, lo Ihe eenlral par! of Ihe fiber, Ihal is, O < x < xc.
In conlrast, for the case under con sideral ion in this work,
tn > O) we can show that the position Xc remains Ihe same
as in thc case fur tn < O, bUIthe region 01'Ihe cylinder wherc
Ihe ray trajcclory is real is naw the ouler part 01'thc cylindcr,
namcly. ;fc < :r < 1. Thc bchavior of thc lrajectorics in this
casc is illuslratcd in Fig. 2 whcre we plot twa ray trajccto-
ries of a bcam cnlcring Lhe guide al the interface bctwcen a
cyanooiphenil eore (fa> O) and lhe ciadding, Wilh incidenee
angles O: = 15° and 30° , respcctively. It can be seen Ihat in
the formcr case the Irajcclory does nol reach Ihe axis of lhe
l'ylindcr. suggesling a sort of inverse wave guiding cffecl in
\I,.'hichlhe ray is always confincJ in the interval :re < ;r < l.
In conlrast, for u = 30° there is no caustic and thc ray bends
lowards lhe central axis and eventually reaches the other side
01' Ihe cylindcr. In bOlh Figs. 2 we have included as a refer-
cnce. lhe trajcctory corresponding to lhe isolropic (f

tl
= O)

limit rcpresenleJ by the straight lincs.
Here, \Ve calculate Ihe amplitudes of the TM modes for

thc JilTerent regiolls inside Ihe cylinder anJ in the cladding
up lo \VKB order, since this is the requircd ordcr lo makc
Ihe (olllparison wiLh the llumerical results latcr on. It can be
shown lhal f.or O < x < ¡/(koR), lhal is, in the vieinily
of. lhe axis of. Ihe eylinder, Ihe amplilude JI"Cr, ko) lIlay he
well represclllcd by a thirJ order Frobenius expansion [17J in
powers of :1", Lhal is.

Thercfore. lhe rcsulling approximation for ll,p(;r, 1.-0) is no
longcr a glohal one fm this geornetry and it is 1101 valid in Lhe
wl10JedOlllain. As ••••..c shall sec hclow, the main conscqucncc
01' lhis faet is lo produce a slow converge of the approxima-
tion.

Re\'. Mex. Fú. 45 (3) (]0Y9) 254-259
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f(.r, '"") '" ¡['(.r, '"") is defined by n

2

1.5

Thc conslants A. e ano "Y are lo he dctcrmincd hy using
the houndary condilions al the ncmalic cladding interface

¡¡~(.r= 1,'"0) = H~(.l'= 1,'"0),

"[xJ!",(.T- = I,ko)] = _1_" [xJ!~(:r = IJo)]
fllJ~ dx (eX dx

5

o
1.5 1.55 1.6 1.65

p

1.7

where H is an integer number.
Note that fmm the definition 01' frn the right hand side

nI' the ahoye equation will he real if f..L < p2 < 1'11(strong
regime SR); however ror O < p2 < '.L propagation is stil!
possiole (weak regimc WR) [7J. From now on we shall re-
strict ourselvcs only to the SR casco Then the solution of
Eq. (15) is given in f'ig. 3 Cm the same valucs of the di-
clcctric constants of cyanohiphenil as used in Re!".6 and for
'"on = 41r '" 13.G. Sinee l' = 13/"0' fmm Eqs. (3) and (4)
it follows that the condition of propagation of waves "long
lhe axis 01' the cylinder is p > O. In ordcr to ohlain Ihe
maximum number nf propagating modes, recall lhat when
1'11 = /3/k::::: O propagation is no longer possihle. Therefore,
subslitulion of this condition inlo Eq. (15) yields the follow.
ing cUlorf frcqucncy W{"n

which rcquircs continuity of the Il t!J ami Ez componcnts.
Here Ihe upperseript (') denotes tbe fields in tbe c1adding.

For the purposc of comparing OUT analytic out approx-
¡mate prediclions wilh the cxact out numcrical rcsults of
Rcf. 13, \Ve now use the ahoye cxprcssions for I/cP(XIÁ:O)
lo calculate the amplitudes of the first two TM moJes 114>01
and H q,n2 lhal may cxist in the wavcguidc for the chosco val.
ues of the relevan! parametcrs in the nUlllcrical approach.
For this purposc \Ve use the same valuc of the pararnclcr
R/" = 2 as used in Ref. 13, where ..\ is the wavelcngth
of lhe oeam in frec spacc. Note that this value amounts lO
taking ko1?, :::::471"~ 13.6 in our description. This choice COf-

responds to the WKU limit, sincc ko R. is one order of mag-
nitudc larger than 1.

To calculate the modes distributions il is necessary to de-
termine tlrst p" as a function of lhe numoer mode n. This
is accomplishcd by solving the trascendental equation 00-
tained by imposing the boundary conditions at the interface
oetwcen core and cladding on the ahoye given expressiolls
for ¡¡~(.r,"o). Tbis yields

FIGURE 3. Number 01' Inodes 11 as a function of lhe values of p for
which 11 is an inlcgcr.

( 17)(~)f.((!!a'"/7;" 'a -1q '" -- In - - -- tallh
f .1 l'.1 J"fi.

QkoR'" = --o (18)1r

Ir we now subslitllte Ihe nUlllerical values of lhe material con-
stants 01' cyanobiphenil on Ihe rigbt hand side of Eq. (17), we
llnd that the maximum numher of modes is ni. = 2. Actu-
ally, this rcsult is already contained in Fig. 3, which shows
lhat only two modes may propagalc simultaneously in the
guide. Prom Fig. 3 il also fol1ows thal Pn=l :::::1.63 and sincc
JI" '" ¡Jc/w, Ibis yields j3R = 20.47. On tbe otber hand, fur
£'/ £'0 = O, Fig. (, in ReL (, gives j3R = 20.G4; comparing
these t\I,'Ovalues of H yields a difference that amounts to a
0.8% error. We Ihus conclude Ihat our analytical calculalion
01'the propagation conslanl is in excellent agreement with lhe
exacl numerical resull.

Now, the ampliludes of the modes llrt>Ol and }{t/J02 as
funclions oh: in tbe WKB limit are obtained fmm Eqs. (11)-
(14) and lbe values 01' 1'" given in Fig. 3. This yields Ihe
curves shown in Fig. 4. Note Ihat Ihe position of the caustic
.re = 0.56 is appreciahly different from the value givcn in
ReL 6, which is Xc = 0.75. Thcrcfore. in this casc Ihe agrec-
menl belwccn our results ano those in Ref. 6 is not as good
as for the propagalion conslanls. \Vc discuss lhis point below,
huI hcfore doing this il should he pointed out that in contrast
with Ihe nUl1lcrical method, our formalism allows us to cal-
culale Ihe spatial distrihution of lhe elcctromagnetic cnergy
dcnsily in lhe WKB limil. This quantily is ucfincd hy

1
11,.",(.1", '"o) = - (fijE,Ej + H"jf!.)). (19)

81r

where we have lIsed thc abhreviation

From the above exprcssions it thus follows that the max-
¡muro numbcr of propagating modes for a givcn frequency W

is detcnnincd by comparing W with Wen . That is, if Wem <
W < Wc(m+l)' Ihe maximum number of modes within lhe
ceH is 1/1.Thus, from tbis inequality and Eqs. (16) and (17)
we have

( 15)

( 16)
QC1r

WCII = .g n

R('I'..~lex. Fh. 45 (3) (1999) 254--259
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dinalc .r. h) Samc as in Fig. 4a for lhe moJe JJ~(ll.

f-igurcs 5 show (1lols 01' lhe normJlizcd cnergy den~ily ii
/1/.1;': '2:ir.1'u•.llld,r as a fUllctioll of;f for hnth modcs HÓOI

ilnd 1!e>0"!,' Note thal as hefore. these curves show Iha! lhe cn-
crgy is conflned within a rcgioll around lhe caustic and no!
along Ihe cenlral axis 01' lhe cylindcr. as occurs fOf lhe case
wherc '" < () [11].

In slIl1l1nary. in l.his work we have dcrivcd analytical ex-
prcs~ions rOl' lhe fay trajcctorics in lhe optical1imit and for
lhe <lmpliullks of (he only t\\'o allowcd modes ¡¡.pOI and
H~~(J:l'\Ve hah~ also ohlaincd cxplicit cxprcssions for lhe elcc-
In'lIlagllclic cncrgy dislrihulion, lhe culoff frcqueney ano
lhe maxil11ul11 numhcr of modes in lhe cylindrical nemalic
wavcguide. To elahorale on these results and on lhcir corn-
parisoll w¡lb lhe resulls of Ref. (), lhe following cOllllllenls
lIlay he uscful.

First. il should hc slrcsscd Ihal our oimensionless and
l'ouplcd equalinns ror the orienlation and field amplitudes
conlain two paramelers wilh a well dcfined physical inlcrprc-
talion. Thc tirst one, q, Illcasures the slrenglh of lhe coupling
hcl\\'l'Cn lhe llematic and thc external ficld, while lhe sccond
Olle, ¡"()R, dclincs the oplical and WKB ¡imits. Although our
calculaliolls \Vcrl~canied out only for lhe case of a low inten-

sil)' bcam. q « 1, our approach can he used heyond lhis limit
by carrying oul a systelllalic expansions in powers of koR
and li lhat would allow liS to sludy analytically al so the non-
linear case. In this itcrati\"l' scheme one starts !'rum a direc-
tor configuralion tha! minilllizcs lhe elasti~ frce cnergy and
then use the corrcsponding dieleclric tensor lo oblain the dis-
tributions of the propagating lields. Then lhe changes in the
uicleclric fcnsor arising fmm the torqucs produccd by thesc
Illooes are ealculaleo by solving Eqs. (11)-(I~) 1m the fielos
again. AClually, this pro¡;cdure was performcd cxactly numer-
icaH}" by Lin ami Palffy-Muhoray hy using an aJaptation oí"
(hc shooling mClhod. Ho\\'c\'er, il should be mentioned tha! in
a prcvious work we llave carried out analylically the first SICP
in this i!eration (weakly nonllllcar Jimil) [18, 19) for aplanar
Ilematic ('dI. inslcau al' a cylindrical olle. We showeJ that in
that case thcre lila)' cxi~1 propagating opfica! solilons in lhe
wavcguiJc anJ it w()uld he of interest lo investigate whcthcr
lhe sal1le result holds for lhe cylindrical gcometry considercd
herc. The elTec!s of lhe hydrodynamic oackJlows associatcd
\\'ilh lhe rcoricnlation have also hecn considercd hefore [20J

Sccolldly, \\'C should ¡¡Iso point oul that in our calcula-
!ions we used lhe salllc \'alue of Ihe cxpansion paramctcr

Re\'. Mex. /'ú. ~5 (3) (1999) 254-259
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l.:oR = 13.6, which was useu in lhe numcrical calculations 01'
Un el al. Note that although strictly speaking il is one arder
oí" magniludc largcr than unity, and that it ¡¡es wilhin lhe in4
tcrval wlleTe lhe WKB approximation is val id. Howcvcr. lhe
reason why Ihe ealculaleu ampliluues in Ihe WKB limit he-
have diffcrcntly than (hose in lhe nurncrical approach. lies in
lhe faet rhat thcsc amplitudes are no! wcll dcfillcd in lhe vicill-
ity 01' lile origino This can he sccn by nOling lhal lhe cylin.
urieal dilferential equalion from which Eqs. (12) anu (13)
\\IeTe calculatcd shows a singularily al lhe origino As a result,
our approximalions (1 I). (12) and (13) are nol well hchaved
in lhe ncighhorhood 01' lhe origino Thcrcforc lhe approxi-
mation (1 1) looscs glohality and its convcrgcncc dccrcascs.
Thcrcforc, sincc lhe local bchavior 01' lhe solUlion is essen.
¡ial amund the origin, the solution of the equalion can not he
weH describcd by a global approximation. One way 01' avoid~
ing these difficultics would be lo inelude higher order terms
in Ihe devclopmenl (1 1), in ¡his case, however, lhe analyli-
cal calculations hecome more involved. Also. it would be of
¡nterest to extend the exact numcrica! calculations to highcr
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