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\VCprcscnt a formal study aimed to the validation 01'theorctically nhtained resu1ts com.'erning the slcad)' st:l1e sllrface aggrcgation pnltern
fOl llllllmlllu Low Dcnsity Lipoprotein receptors ncar coated pits. The receptors will he a"sumcd 10 Illove by uiffusion anu radial convection
toward the eenter 01' the emlocytic traps. Their insertion is assurned (OOCCllrruniformly in restricled :lOllular regions sOllfroundig the traps.
The fundamental propcrties 01' the mean capture time and the steady state concentratioll density of llnoound rel'C'ptors as fUllctions 01' the
involved paramcters are formally studied. The implications of the derived results are disscused.

K('.nwml.c Receptor Illediatcd endocytosis; restricted receptor reinsertion; surf<lce distrillution

Presentarnos un estudio de las propied<ldes matemáticas de la función de distribución radial de estado estable pJm receptores libres de
lipoprotcínas de baja densidad. Dicho estudio se requiere en el proceso de validación de resullados te6ricos que caracteriz<ln a los patrones
de agregación de los receptores en torno a las trampas endocítieas. El movimiento de los receplores se supone eOlllrolado por un proceso
de difusión con convección radial dirigida hacia el centro de las trampas. La inscrción de los mismos ocurre uniformemente en regiones
anulares cercanas J las mismas. El estudio formal de las propiedades de la función distrihución de estado estahle y del tiempo promedio de
C:lptllra de los receptores se lleva :l cabo considerando la dependencia de estos respecto con los p<lrámetros pertinentes. Se discuten también
las implicacioncs tic los resultados obtenidos sohre el sistema real.

[)('Jcril'/(lI"CS: Endoci(osis via receptores: reinserción restringida; dislribución superficial
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1. Introduclion

Thc low densily lipoprolein (LDL) endocytic cycle is Ihe pro-
cess which permits lo the human t1hrohlastk cclls Ihe uptakc
01'choleslerolnceded in metabolk proccsses. The large LDL,
particlcs produccd in Ihe liver carry ahout Iwo Ihirds of the
cholcstcrol circulating in the hloodstream [16]. Before ils in-
lernalil.alion, Ihe LDL ligand macfOmoleclIle hinds lo ils cel!
surface receplor. The so formed complexes move in Ihe plane
01' (he ccll tllemhrane until Ihey are trapped. This occurs in
specializcd mcmbrane sites kno\Vn as coated pits. In a fur-
ther step, the Iigand-receptor unils are transponed to the inle-
rior of lhe:(el! in c;losed vcsicles formed by the invagination
of lhe coated pits. Al Iysosollle level lhe hinLlings are syn-
the:sizcd. The ligand is relained, and in lllany experimental
siluations including Ihe LUL syslem, lhe receptor is inSCrled
back in lo Ihe cclllllcmhranc to perform again their endocylic
tasks. This sophisticated interna!izatioll proccss is kno\Vn as
Receptor-!\-IcJialeJ l~nJocytosis il is uscd hy a numhcr of hi-
ologically active moleculcs, to g¡¡in enlrance lo Ihe cell [17].

Dcfkiencics in the LDL endocytic cycle are rcsponsihle
rOl' the aillllenl kno\V1las familial hypcrcholcsterolemia. This
is characterizcd hy high levels of ciruilatillg LDL and lhe

choleslerol deposition in mlcries and tendons [5]. This condi-
lion provokes coronary Jiscase and the illcidencc 01'strokes.
Because 01'ils medical importance Ihe receptor mediated en-
docytic cyclc ror LOL particles in human lihrohlaslic cells
has heen extensively studied al hoth experimental and Iheo-
relical levels. This has produccd a greal Jeal 01'data ami lhe
conceptual framcwork \Vhich pcrmits Ihe mathcmalical mod-
c:ling 01'lhe process.

A wiLle:ly accepreLl assumplion consiJers that lhe re-
ccptors 1110VChy dirfusion in the planc 01"lhe ceH mern-
hrane [2]. Nevcrtheless SOIllCaUlhors elaim thal additionaJly,
olhe!' I11cchanisms coulLl illlluellce Iheir lransport lo coaled
pits fmm the sites \Vere they are inscrled I..J]. An irnporta~1
tl1eorcli,ai prohlem pertains lo Ihe eSlimation 01' Ihe rate at
whkh LDL reccptors hit coatcd pits. A fasler Tatc \ViIIper-
mit a greater removal 01' the LDL Iigand. Besides diffusion,
as a fundamental me,hanislll for lhe transport of lhe LDL
recepLor, a local radial flow assllmeLl to he produceJ hy rhe
invagination 01"Ihe coaled pits has heen invokcd [8, 14]. Con-
Irasting thc hypothesis 01'a unifonn insertion 01'Ihe rcceptors
al! ovcr Ihe cell I11cmhrane in r 1], ami follo\\'ing cxperimen-
lal rcsults, il was conjectureLl hy Rohcneck and Hcs/' 119]
that a prcICrclllia! inscnion 01' rcceplms in siles !lear coaled
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pits mllst cxisl. Furthermore that inscrtion mechanisrn would
necessarily induce an observahle surface aggregation patlern
fOl"Ihese particles around Ihe endocytic Ir<lps. These surf<lce
cluslers were called plaques.

Ir Ihe rcccplors are inscrtcd in sites c10se 10 the endo-
eytic traps it is expeeted lh<lt their mean caplure lime \ViII he
shorter, Ihis independcnlly of Iheir lranspon dcvice. Preferen-
tial inscrtion was Illodeled by Wol'sy el. ni. Ref. 21 assuming
thal the receplors \Vere inscrlcd uniformly in annular rcgions
surrounding coated pils. The cfreet of this inscrtion mode on
lhe redllction of Iheir mean capture time was evalu<lted. In
Ihat SIlH.Jyit was assurned Ihal thc movelTlcnt of the receplors
was controlled soIely hy diffllSioll. As a result, preferenlial in-
scniol1 is a Il1CChallislll which could dramatically reduce Ihe
Illean capture time hased on diffusion antl uniform insenioll
all over the cel! rnemhranc. Nevertheless the characlerizatioll
of lhe corresponding stcady statc surface aggregalion patlern
fOI"Ihc unhound rcceplors near eoated pils was nol addressed.
\Ve \ViII maintain throughout Ihe term prefcrential insertioll
lo lahel an insertion mode similar lo the onc considcred in
Rel. 21.

In order lo evaluate the clfeet of radially conveclive di ffu-
sion and a preferential insertion Illcchanism a suilahle Illodel
W;:IS presenlcd in Ehavarria-Heras [8]. It was concluded Ihat
wilhin physiological limits Ihe local radial llow induced hy
the invagination 01' lhe coated pits would have only a negligi-
hle cffcet on Ihe aggregation raLe 01"LDL rcccplors in lhese
slrllctures. Although Ihis last sludy conlrihuled in the disclls-
sion ahout Ihe influence ol' conveclive transport in the aggre-
galion rale of the receplors in eoaled pits, the characlerizatioll
01"Ihe surface aggregation patterns for lhe unhound receptors
Ilcar coated pils rcmained as an open prohlem.

Follo\Ving the theorctical diseussion prcsenled in Re!". I1
Solana el. al. [201 inlrodueeJ a method hased on Ihe com-
puter graphics lechnique of ray Iracing [7J to generate the
surface aggregation pallerns 01"unhound LDL receptors near
coaled pils. These patterns \Vere obtained associaling a gray
tOIlCseale to Ihe values orthe steady state eoncenlration func-
lion receptors at a radial distance from thc cenlre 01' a coatcd
pit. In cach case hlack \Vas associalcd lo thc rnaximum pos-
sihlc value ror lhe referred coneenlration. The study in [20)
invokcd a radially conveclive diffllsion Iransport device sim-
ilar \0 Ihe one addrcssed in 181 hut considercd instcad, a gen-
cralizcd radially symmetric ¡nserlion mode [10,111. In thal
fr;:nnc\Vork prcfcrential inserlion could he includcd as a par-
liClllar charactcrizalion of {he insertion mode. 11 was eon-
clllded lhat prcfcrential inscrtion \Vas unahle to general e the
ohscrved plaques lInless Ihe radial now could lake strcngths
far hcyond its expccted physiological limil. 11was al so con-
jecturcd that \vilhin physiologicallimils, these plaques eould
he induced hy a conlinuous and decreasing inserlion modc.
I( is worth 10 point oul that this assumplion rcgan.Jing Ihe
fmm of (he insenion mode was not dcrivcd from experimcn<
tal stutlics as il occurrcd wilh prcfercntial inserlion. Conse~
qucnlly the further exploralioll of Ihis paradigm deserves our
attcn(iull.

[n lhat ordcr 01' ideas, in this paper eonsidcring again
Ihe model introdllced by [8) amI generalized by [201 amJ
assllllling Ihe case of a preferential inserlion mude \Ve will
presenllhe study 01"the fundamentalmalhematieal propertics
of Ihe associatcd steady stale concenlralion funclion for un-
hound reccptors. The formal study prescnlcd herc will test the
consislency nI' the analYlical methods crnployed lo silllulate
the surfaec aggregation patterns rep0rled in 120]. Thc conse-
quenecs 01' Ihe hehavior of Ihe arorementioned sleady state
coneentralioll function on the corresponJing mean capturc
lime funclional are also presented. This will also contrihutc •
lo Ihe corrohoralion nf lhe adcqllacy 01" the prcferential4
insertion radially-convcctive Jiffusion model lo represent Ihe
LDL receptor dynamics. This ¡ncludes Ihe charaClerization of
Ihe associatctl surface aggregalion palterns. Furthermore, on
(he basis of Ihe formal analysis presen(cd hcre \vc will cor-
rohorale in a rigorous way Ihe conclusion Ihal preferential
insertioll is Ilol an adcquate paradigm lo induce the observcd
plaques. COllsequcntly aecording lo Solana l'l al [20) Ihe fael
Ihat wilhin physiological limits a continuous and dccreasing
inserlion mode could induce Ihesc aggregation paltcrns leads
to the considcralion of addilional experimental cfforl aimed
to the characlcrization of the corrc~1 insertion mechanism.

The mathemalicallllodel is descrihcd in Seelo 2. The stud-
ies 01' lIJe propcrties 01' the derivcd sleady stale surfacc dis-
Iribution amI the mean capture time functional for unhoumJ
LDL appear in Sccts. 3 ami 4 respcclivcly. For compleleness
01"lhe prescntalioll in Seclo 5 we \Viii providc the hehavior of
Ihe mean caplure (ime and the associaled surface aggregation
paltcrns ror LDL reccptors near coated pits. This will he done
using in the paramclcrs pcrlincnt to the LDL system in human
f1hroblaslic cells. Thesc reslllts are discussed in Sect. 6.

Thc prescnt authors corrohorale tltat the surface aggreg<l-
lion patlerns reponed in Re!". 19 l,otild be explained hy dif-
fusion, the radial /low antl uniform inserlion bUI only in the
case where tlle now has strcnglh valucs heyond its physiolog-
ieal lilllits. The invoked prefcrenlial inserlion mode bcsidcs
dilfusioll is not capable to induce lhe reported plaque ronn
surfaee aggregalion paltcrns. The eornhination of diffusion,
radial convection ami preferential inSCrlion of the form COIl-

sidcred here eould do so huI only under suitahle llow s(rcnglh
valucs. For details on Ihe biological hackground as weH as lhe
Ihcorclical framework lIseo lo huild the mooel prescnlcd here
Ihe reader is rcfcl"rcd lO Refs. 9 and 11.

2. The Illudcl

In tlle experimenlal systelll lIsed to sludy Ihe reccptor-
mediatcd cycle for LDL panicles in human flbrohlastic cells,
coatcd pits cover only 1% (11'the cel! surface ami appear lo he
partially aligneo over eeHular fihcrs. Ifence the .set of coated
pits can he approximatcd hy a two dimensional dilute, ano 01"-

dered sySICI11of lraps. This induces periodicity propertics. Ir
\....c also invoke sYlllllletry condilions, a simplifkalion could
he introduced. As explained in [91 using lhe Berg-PlIrcell ap4
proximalion method I~]\Ve can reduce 'rhe realmultiplc-trap
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where 1" I has Ihe lInils of distance/lime, Vr is a sea lar func-
lion nI' /" and ii is Ihe unit vcctor poinling out radially fmm
Ihe origin lOward (,..8).

The scalar funClioll p,. Illusl be negative heeause thc llow
is lowards lhe trap and ii poinls out. Now Ihe alllount of IllCIll-
hranc .-\,. passing ,. pe!" unil timc is cxprcssed in tcnns of Vr

hy means of

siluatioll ami considcr a single trap of radius el surroundcd
by a circlc of radius b. This is calculatca according lo Ihe
surfacc dcnsity 01'cndocytic traps. In lhe prohlcl11 studicd by
Bcrg and Purccll (3} lhe particlcs wcrc supposcd lo 1ll0VCby
Ihe inf1ucncc of diffusion ami wcrc inscrlcd unifofmly ovcr
Ihe refcrcncc annulus (1 S r SI,. Thc internal houndary al
1" = a was absorhing ami lhe external al r = !J rcllccting.
Thc last houndary condition rcllCCls lhe fael that dlle lo lhe
involvcd pcriodicily. on average. il takcs lhe same time for
Ihe particlc lo he trappcd by a neighboring sink than what il
takcs lo rcach the coatcd pil closer lo lhe sitc wherc il was in-
sCrlcd (sec Rcf. 9. for a dctailcd cxplanalion of the rationale
01' this approximation).

Following [8] we assume here that in the referenee annu-
lus IT = {(,',e) I (/ S ,. S I,} ahoul lhe trap, a steady stale
conccntration density of particles is maintaincd hy the hal-
ance hclwccn the numher of particles lost lO the traps and
Ihe numher inserted. A radial How t1irected toward the een-
ler of Ihe traps will he assumed to inHuenee the diffusion
transport of Ihe receptors. Also we will assulIlc prefercntial
insertion, ;.('. lhe reccptors are assumed to he inscr!cd uni-
formly in annular rcgion~ surrounding coated pits 119,21].
\Ve \ViII also consider thal the coated pits has an inlinite Iifc-
timc. This a ••••umption \vill corrcspond lo the considcratioll of
Ihe maximlllll clfcct nf the radialllow on lhe trapping rale of
LDL !"L'ccplors by coated pits. The study of thc receptor IllC-
dialed L'lldocylic cycle laking into considcrationlhc Iransicnl
bcha\"ior of the traps \!"'as studied in R.er. 13. 11was found Ihal
lhL' inlinitcly-livcd lrap JIlodel is consistenl wilh experimental
dala for Ihe rale 01"aggregation of the LDL receplor in coated
pils.

\Ve rcvit:w now, lhe rallially cOl1veclive lIiffusion amI
prefcrenlial insenioll tllodel for receptor Illediated endocylo-
sis introduccd in 181. The velm:ity ol"the Illembrane now inlo
lhe lrap is sllpposed lo have the form

.T = -D\'C + VC

whcre lhc scaling factor Ji is a positive constant which we cal1
"l1ow strcngth constant". SubSlituting this cxpression into
Eq, (1) \Ve ohlain

(7)

(4)

(3)_ l'
If(,., e) = - -11,

"

-div (DC) + div (CI!) = 5(7'),

Sinec by radial symmetry lhe steady stale conccntralion
depends onl)' nn r. \VCge( Ihal a HlIx vanishing houndary con-
dilion al r = b is equivalenl to

DCI l'D-
O

+ -C(b,I') = O.
,. r=b Ú

where D 2: () is thc diffusion coefficienl of the particle un-
der study, assumed to he a positive constant with units of
cm2/s. and 5(r) lhe rate of particle production in units of
particlc/cm2.s, al a dislanee r !"rom the eenter 01"the trap.

To model insertion in plaques [191 follo\Ving [21] \Ve
could assume Ihal 5 (1") has the form

5(1') = {5 (j S" S 111ft (5)
O liJO < l' :s: (J,

where S is a POSiLivc constant relaled lO Ihe Lotal number of
partieles insertcd.

SllhstiLuting Eq. (3) into Eq. (--l) one geLs Ihal C(r,Ji) sat-
is/les Ihe equation

., l' OC .
D\'-C + -;:o;: + oS (1') = (J, (6)

As we already poinled oul using the involved periodicily
and s)'ltIlllclry properties Ihc single Irap appro.'(imation can
be ohlaincd ir \vc ¡¡ssume lhat Ihe tlux aeross the boundary al
r = Ú vJ.nishes. T!lis gencralil.es the Bcrg Pureell [31 rellcct-
ing hnulldary conditioll and cxpresses the proper t)()und~ry
condiliun for C(r. JI) at 1. = b.

Thc Ill~gllilllde of Ihe flux vcctor .r givcs Ihe net nUlllhcr
01' particlcs per unil lime per unil lenglh crossing a bound-
ary: its unils are particle/cm.s. Therc are t\\'o contrihutions lo
the flux, unc dllc lo diffllsion and lhe second tille lo the flow.
lIel1ce

Thc equ<ltion ror lhe steady sIal e concentration C(r, Ji)
01' parlicles at a distancc 1" from lhe center of the trap moving
under Ihe inl111cnce 01' dillusion ami radial conveclion with
strcngth JI is [22].

(1)\~ (,., e) = ¡'e'l,

The absorbing boundary eondition at r = a is,

NotÍl'e Ihat lhe assulllplion Ihal S (r) has Ihe form (5)
makes il neeessary lo alld eonlinuity conditions: al r = 1//(/,

f .l'. ,

"

ror (j S l' S !J, lt is has hcen hYPolhesizcd [12] lhal
within experimental conditions the coaled pit reeycling pro-
ccss maintains a sleady sIate surfacc distriblltion. If \Ve want
Ihc J.ll1ounl of Illembrane per unit arca 10 rcmain COllstanl,
t!lcn the seal.lr fUllction ..ir musl hl.: constan!. Hcnce v}" must
have Ihe fmm

C(O,I') = (J,

C(r.Jl) eonlinlloUSJ.I" = /lUl.

(8)

(9)

1I
I'r. = ,. (2) DC(r.ll) .

O
contlllllous at r = /T/(/.

r
(10)
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Sa2m2

J{, = 2D ' (12)

[,,=0, (13)

follow rrom lhe eorresponding ones on C (1",J')' By proving
thcse propcrties we will test that lhe model adequately repro-
duces lhe hchavior 01'the real systclll.

Replaeing ,,'C hy l/¡'{[D/D,'JI¡'(DC/D,')]} in Eq. (10)
we have lhal C(,., 11). under condition (2.5), is given by

(11 )

l1W < ,. :s: b,/
[,.,D

/';.11'-11 [) + ---
J'

whcre K 1, A'2, /';3 and l\.j are integration constanls. Apply-
ing the houml<lry and continuity conditions over a ~ r ~ U
we ontain that thcse constanls are,

C(r, JI) =

In Ihis seclion wc oOlain C(r'¡L) and establish sorne of its
propcrties. Thcse will be nceded lo test the theoretical con-
sisteney of the mode!. This can be also aehieved studying Ihe
hchavior ol' the associaled mean capture time functional. In
the nexl section wc will define such funclional in lerms of lhe
numocr of unhound receptors averaged over the approxima-
lion circle O ~ r ~ u. The required properties of positiveness
and monolonieity for the dependencc of T (J', m) on J' will

I

3. Tlle fundamental properties ()fC(r, ¡.t)

Surnmarizing, the steady state concentration densily
C(r,J') of particles diffusing on IT under the additional in-
llucncc of a radial llow ¡nlo the trap al r = a wilh uniform
insertion restrictcd lo the regioo a ::; r ~ ma :S v, an ;:Ib-
sorhing houndary al l' = fI and \vith the flux of particlcs
across the houndary al r = b sel lo zera, can oc Illodc)cd
hy means of Eq. (6) for S(r) as given by Eq. (5) and laking
¡nlO account the boundary and continuity conditions given by
Eqs. (7) through (10). We throughout refer lo Eq. (6) and its
associated sel of boundary and continuily conditions simply
as the model.

( 15)

As shown in lhe next seclion, lo ohtain lhe mean capture limc T (JI, m) predictcd hy Ihe model we need to calculate the
numher of diffusing particles averaged over lhe approximalion circle O::; l' :s: 'J. In order lo do so, \Vewill need lhe integral,

1'. , .- DS {(m'a'-a')' ",(a)"/D[(J'+2D)IlI'_I'_2DIIII"/D)+2]}
IC(I,JI)d, - 2D 8D +,,, -1 2 (D) ,

<l Jl - I 1'. l' + 2
( 16)

whieh is valid for 1 ~ m ~ b/a, l' > O,D > O,and l' '" 2D,
and rollows from Eqs. (11 )-( 15) aner some algehraie manip-
ulalions. Thc result can he easily extended to Ihe whole do-
main Il 2: O (see propositio1l 4./).

To check on the positiveness of C (1",J') , from Eqs. (6)
and (5) using the polar coordinates form for the Laplaeian
\vc ohtain

I
Then

C(",J') 2: o,

Similarly for"UI ~ l' ~ b from Eq. (11) it follows lhat

!!.- [,.,'/DC(I"JI)] =or

{
(
SIIl2"2'D- S,.2)rl"/D)_1

fI :s: ,. :::; ma
O 111a<r:::;h.

Hence for a :s: r :::;l11(l we must have

( 17)

C(
. ) _ constant
1,11 - /D'rlt

By Ihe eonlinuity of C (",J') at m",the eonstant must he pos-
¡tivc. Then 1'01' (1 :::; r :::;b, 1I > O, D > O, \Vehave.

( 18)

Using direct algehraic manipulation it is nol difficult lo
demonstratc that Ihcrc exisl a funclion </J(u,111, D, u) which
docs not dcpcnd on 11 and dcfincd through.

Conscquenlly 1'11/ () e (r,ll) is incrcasing and necessarily

,.,,/DC(",J') 2: a"/lJC(a, 1') = O,
f"Jo f(",J,)C(",I,)d,. = 4>(a.,7Il, D, 11), ( 19)

Rev. Me.\". Fú. 45 (3) (1999) 27&-2X4
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whefe

By virllle 01' ioequalities (18) and (20) from Ihe ahove equa-
(ion we must have

Taking lhe partial ucrivative wilh rcspect to 11 in Ihe ahoye
cquation wc have for a ~ z ~ 1t ~ b,

Sincc Ihe partial dcrivativc (lf C(1', JL) with rcspcct lo JI cxists
and is hounded, it follows from Eq. (19) thal

(27)f" O'C
"' dI' 2: O

• (¡ (JJl

for (l ~ r ~ 11 ~ /).

This implies

j." o'c
II(I",J'HO ,dr2:0.

• <l P-

OCI _ OCI _ °
811 "=("1, - DJl r=d¡, - .

Equalion (24) will now give

1'."J!...- oc (", /,) dI' = _ld' C (1', '1) dr.
("1, DI' DJt q. Dr

This is again a conlradiction hccause in Ihe ahoye equa-
tion the righl-hand sitie is by virtue ol' inequalily (18) nega.
t¡ve aud the Icft-hand side neeos lo be positive sincc by our
a'Sumption [e!, d.] e P. As a eonelusioo P = 1>. Henee for
a ~ r ~ b and JI > O, D > O, we musl have

OC (1", JI) < O. (26)
OJI -

Thc ncxl rcsuh will be nceded lo sludy {he behaviorofthc
sccond derivativc of T (Ji, 1/I)with rcspcct to JL. Prom Eq. (2)
we have

f"D/(r ,,) OC(r",) fa O'c
2 '. O dI' + 1(",1') O 2 ,b- = O.

(l DI" 1' n JL
Now sincc inequalities (26) amI (20) hold for a ~ r ~ II

from Ihe ahoye cqualion \Ve conclude that

\Ve now show that 1I (1') is ncgalivc for 11 > O ano
a ~ r ~ b. Supposc f1rstly without loss 01' gcnerality thal
!I (,.) > O on a set l' <; l1and assume thal g(r) <; O on a set A
sueh thall'UA = l1. \Ve show no\V thall' = 9. Assume that
l' = [r¡, b] where 11 <; r¡. Sinee inequality (22) holds in IT our
assumplion regarding the sign of g (1') in Ihe intcrval [a, q]
is corree!. Sincc 9 (,.) is conlinuous, the form of P implies
!I (r¡) = O. Now from Eq. (24) we have fOl a <; r¡ <; u <; b.

fu J!...- OC(r, '1) dI' =
q DI' 0"

- [UC(II'I') + f" C(",Jl) d"], (25)
OJI q DI'

Sincc we have choscn q ~ u ~ b then obviously [q, 11] ~
l' ami sinee ,,( Dr 2: (J the left-hand side 01' Eq. (25) must
he positive. Sinee hy virtue 01' inequality (IR) C (1','1) 2: °
then the right-haod side nf Eq. (25) musl he negative. As a
conelusion l' eannot he taken in the fonn l' = [r¡, bJ . In a
last possihility we coulu have 9 (1') changing signs several
times. \Vithout loss ol' gcncrality Icts consider for instance
¡hat 1) = U;/.=IPk for 1l 2: 1 and whcre Pie n Pj = <1>,
fOl k f j. \Ve no\V show thal 1'. = 1> fOl all k sueh that
1 ~ k :s 11. In faet. aSSUI1lethat g (1') is positive in a sel of
[he form I\~ h,d.] <; [a, b]then inequalily (22) will imply
that !J (r) is ncgalive in an interval beforc Pk ano also in an
interval al"tcr Pk ano by conlinuity,

(23)

(24)

(20)

(22)

(21 )

a:Sz:Sr::SH:Sl1W
I1W :s z :S r ~ u ~ b,

_01_(1"_,,_,) < O.
DJI -

f" OC-O dI" <; O.
a '1

9 (1') -_ OC (r, J') b
---- a~1'~ .

OJI

1 (I",J') <;0, alld

{
J:' (sa";':jJS") dI"

O

fa 01 f" oc-o C(1" ,,) dI" + 1('1, r) -O dI" = O.
• '1 1I a JI.

OC (o, JI)

al'
+ f" (_C_('_-'_J'_)+ _J_' _OC_(_Z'_JI_))dr = O.
. , Dr Dr D"

Now define. the real valued function g (1') through,

R (11, 5.111, (1,D, o) =

Noticc Ihat R (u, S, m, a, D) docs nol dcpend on Ji. Jntc-
gration in Eq. (23) yields

/
" 11 C (r, 1')

C(II",)-C(Z,JI)+ ,D ,. dr

= R(II,S,m,a,D,o).

lnvoking incquality (20) again and cOllsi<.lcring thal lhe
ahoye incquality holds fm all1t such that II :5 r :S 11 ::; b \Vc

Illllst have that for Jl > O and D > O, C(r, JI.) satisf1cs,

1(1",/') = ('1- D _ J!...-),uD D,.

rOl" (l ~ 11/{I :s 7' S. It ::; 1). Thcn for a < r ::s II anLl
/' > O, D > O we have

f" OC[- 1 (JI, r)]" dr <; °
(l ul'.

Now sincc C(r, Ji) salisfics Eq. (6), using lhe polar c()or~
dinalcs form of lhe Laplacian il can be casily shown that for
a ::s ..:::s 7' :s 11 ::; b, D > O, It > O, we have

(
"[OC(I",") JI C(r,JI)] ¡. R( S D)

O
+---- (r= ,1L, ,rft,a, ,Z

. :: r D r

whcrc

OC (u, JI)
OJI
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- DefillitioIl4.2. Let T (/1, 11/) be the mean capture timeJor
partie/es ll1uler the assll1llpriOIlS nJrhe mOllel. Then

This delinilion can he explained straighllmwardly. If p
stand s for tile trap dcnsily on the ceH surface. Ihen the prod~
uel

4. The fundamental properties 01' T (Jl.,m)

In this scction wc will statc and provc several propcnics 01"
lhe mean capture time T (/l,11I.) ror diffusing reccplors undcr
radial convcction nf Ihe fonn (3) amI prcfcrcntial ¡nserlion as
shown in (5). Wc derive .rirsl. the explicit form of T (/i, m).

- Dejillirúm 4./. we define 1,:111/1+as rhe diffusioll COIH'ectioll
Iimited /orwani rate e<ms(llnt depellding 011 lllliform particll'

¡IIJerrioll ove,. rhe regio" a :s: ,. :S 1I¡{J. ~ b. /1 js gil'l'Il by

"b'
l' (I',m) = --.

km/l+
(31 )

') aC(r"')1
-" Da al'

r=n
(C(r,I'))

(2R)

(32)

gives Ihe mean number of hils lo lhe trap per unit lime per
unit arca. This qllantily equates Ihe ralio

where (C(r,I')) 1m every fixed value 01", slands Inr Ihe
Ilumhcr of unoound Tcccplors avcragcd aver (he approxima-
(ion rcgion O ~ 7" ::; b. It is givcn by,

(C(r, "»)
T(", m)

(33)

(34)

(35)
1', '( ). n ,'C 1',11 dr

l." I.5(r)Ib ..
. "

1
p = 1rb'l.

di!. "') =

The resulI 01 Eq. (31) is eSlahlishcd hy nolicing Ihal ae-
cording to the single trap approximation Ihe outer radius b 01'
the annlllus IT must he ohtained frorn Ihe relation

(See 191 1m dclails).

Using Eqs. (30) and (31) we gel 1", T(", m),

Using Eq. (26) we easily eonclude Ihal lor l' > O, D > O,
1/ i- '2D. amI 1 < /11 ~ "la wc have

(29)

(30)
2rr J: 1'5(1') ,b'

(C(r,I'))

(C(r.I')) = ~ {b 2rrrC(r, 1')dr.
¡rb .1(1

\Vc noticc Ihal };;m/t+ can oc intcrprctcd as the flux of dif.
fusing particles ¡nlo the trap divided by Ihe average concen.
Ir:tlion (C(r, ,,)) or equivalcnlly, as Ihe nurnhcr 01 parlicles
hilling Ihc trap per unit timc per diffusing particle. Sincc the
steady stalc assumption implies that the number of particles
Irarped cquates Ihe numbcr inserted inlo the refcrcnce anml.
¡us TI. wc musl have.

(
2D ){m2a2_r¡2 (/~ (")Il/J) [r(/1+2D)JIt'l._/I,_2Dm.(II/D)+'l]}

T(¡',m)= --- ----+( ., _ ( .
1,-2D 3D IW -1) b 2" 1,+2D) (36)

From Eq, (35) ami using incquality (18) il can he easily secn that whenevcr 111, f. 1 we have T (,t, rn) 2: O. On lhe olher
hand From Eq. (36) implies,

. (")Il/f)lim T(p, m) = {/ - lilll
111--+1 b 11I--+1 [

(11 + 2D)/I/' _1' - ~[)/I/(I'/IJ}+'] =
(.') ) o.
/1/- - 1)~/'(I' + 2D

(37)

Hence 1'01' the case of m = 1, using Ihe rcsull 01' Eq, (37)
we can sel T (", 1) = O. Thi, will givc To show Ihis, ohservc thal hy virlue of Eq. (35) we musl

have.

T (", 711) ~ O, (3R)

fol' 1I > O ¡¡lid J:S 11/ :S blo.
For T(/I. tI/) as given hy Eq. (36) \Ve also have,

0;-(",11I)

IJ"
2 {b oC (1', 1') d

= (",' - 1) ,,:'5 Ja " al' r.

O, (¡I-. 1Il)
al' :S o. (391

Ikncc rOl' /11 f. 1 incqlJalities (32) irnplics lhe rcsult of
inequality (391. 1111,= 1 using Ihe resulI 01 Eq. (37) lo deline
T (,1. ¡)\Vill renllillo complete Ihe proo!.
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Lel T(/I. 1/1) he gi\'en hy Eq. (36) then for l' > O, ami
1 :::; 11I :::; (I/b \\'e have.

---,-,'--- {[31210g(::/II/ - 25G]llI'
G2.1D (11/' - 1)

Jim T(I"m) =
¡l--+"}.D

\Ve slImmarize the ahove rcsuhs in the following,

- PropIJ.I"itiOIl 4.1. l.el T (/1, 1lI) be gi\'en by Eq. (36) for
D > O, 1' > O, /' # 2D. 1 < /JI :S u/a Then T (1', m)
satis!;es the properties (37)-(41) and takes the additionallim-
iting values.

(40)

= hm T(II,11I)
1' ....•0

D'T (/1,11I)
DI,2

The result follo\\'s from Eq. (35) ami inequality (27).
Let T.~", he Ihe limit of lhe mean capture time 7(,1,11/)

when 1/ approaches O. It is straightforwanJ to sho\\' thal I"or
lixed 11/ \Ve have

\Vc notil'c Illat w!len 111approaches b/a. 75". upproaches
thc mcan c:aplure lime T ohlained hy Berg and Purccll (31. f.e.

+ [102 - ~5G log (111) - 15G log G)] m'I)211/"l log (111 )

~D(/II' - 1)
2lJ2 + (1112 -1)([2

8D
(41 )

+ [GI - 15G log ('i)] } (43)

T = lilll Ts",
1ll ....•I,/n

lim T (JI, 11/) = O
/¡....:,=

(44)

1>'(1)//1)' lu~ (u/a)
~D ((!J/,,)' - 1)

2u2 + ((u/a)' - 1) ,,'
8D

(42)

.).) .)

llI-a- - ,,-

lilll T (JI. 11I) = -----
D ....•O 411

lim T(/I.llI)=0
lJ....:,=

(45)

(46)

(
2D ) {/I' - ,,'JiUI T (/1. /11) = "D ---C:--D +

,u-'''/'' 11 - _ Co

(,,!J) ,
(b'2 _ 11'2) (~)"I[) [(/1 + 2D) ,,'- 1/(/' - 2 (~) 1< /12] }

" ~I/I(' (/1 + ~D)
(47)

Using thcse Iimiting valul's, T (,1.111) , can he extended
(o a conlinllous funclion iJi the region D > O, 11 2: o.
1 :::; !II ~ 11/11. The prool" 01' these rcsults can he casily oh-
(aincd.

5. 1{esults

On jlrSI !land \vc hriefly rcvie\\' Ihe implica(ions for recep-
lors dynalllics derin'd fmm the mode!. In muer lO UO SO. \\C
nccd lo charaCICril.e (!le expcL'led physiological "<llue f(JI"Ihlo'
!lo\\' mte scaling faclOr 11. The radial no\\' originales \\'hen
Ihe porliolls 01 the cell Illemhranc associated lo coaled pils
im.¡¡ginale lo inlernalize Ihe Irapped ligand-rcceplor com-
plcxes. Since expcrimelltal reslIlts [G, 12, 151 indicale tl1at Ihe
cnalee pil has an ,.l\.crage lirelimc 01' appro.xim:llcly 5 min-
Ules, \ve cxpeCllh¡¡1 in onkr lo I\eep lhe amOllJ1101"Illcrnnranc
in Ihe neighhorhood 01"the coall ..'d pit al a constanl Ic\ el. in
Ihal alllollnt 01" time (he llow must Iransporl inlo lhe region
occupied by Ihe cOtllcd pit an amounl of lllemhranc equal lo
ih surf~\(T afca. Since Ihe flux inlo the (rap al l' = 1/ dlle
to Ihe Ilo\\" is '27:"11 ami thi~ corresponds lo the net arTlount
llf lllcmhl"allC crossing /' = 1I per unit time in lhe direc-
tion of lhe cenler nI" lile coatcd pil ollr requiremcnl \ViII he
sa(i~lied by ¡¡ !lo\\' pf slrenglh 110 satisfying 10iTl1o = ,;;,(/2,

lhal is. l/o = (10-11) cm:! /mill. The parameler values 112]
for Ihe LDL syslelll are 11 = 1O-5crn. i) = 1O-,lcm ami
D = 2.7 X l()-'fcm'2/min. Maximally there are J(f' LDL re-

f
ceplors inlhe ecll surl"ace [IS]. The ratio 01"reccplors hound
in coaled pits 10 unhound Olles (l~J is 2.2. Hence for a lixed
valuc 01' 1/ Eg. (1 h) can be used 10 estimule lile constanl
S in Eg. (5). Using Ihese paramelers \'alucs Eq. (36) givcs
T (,/(), (,/a) = 2.91107 mino that is. a radial flow tha( has Ihe
physiologkally plausihle slrength 110 wil! have only a ncgli-
gihlc elleet on the mcan capture time T ohlaincd on lhe hasis
of purc dilTusion and unilonn inserlion all O\'er the celllllem~
hrane (el E<'l.42 which gi\.cs T = 2.91 IS331I1in).

FOI"a radial llo\\' uf ,..;ln..'ngth 1/1) a non.ullifonn inscrtion
fUllclion of (he I"onn (5) \\'ould require a prekrel1tial inscnion
radius 01"3.:3(/. in order to hal\"e T (scc Fig 1). This implies
lhal in lhe presellce 01"Ihe no\\' indllccd by rnemhrane 10ss as
I"."oall'dpil fmm \"esicle:-.. inscnion of receplors 11111sthe ex-
lrcmel)' reslricled in order lo produce u suhslanlial effect on
lhe Illl';¡n caplure lime calcul~lled hased on pure diffusioll and

unil"onn inserlion all ovel" the annulus D.
Using lhe cOmpUle[ graphics tcchnique 01"ray lracing [7]

we can reproduce the corresponding expecled stcady state ag-
gregal ion pal!crn fOl"LDL rcceptors near coatcd pils. To do
so. for each {l lh.cd \Vc rotatc the plol of lhe conccntralion
I"llnclion C(r,ll) wilh respecl to an imaginary axis through
l' = O ano perpendicular lo the inlcrval (j :::; l' S; b. Next.
for lhe so generalcd surface ,: = C(r, 11) lhe valuc of z will
correspond to a le\"el or gray proportionalto Ihe \"alue \\'hich
r(/',I/) (al\cs 011 ¡¡ cirele of radillS r. I"or cvcryvalueol"/l.
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f.'lCiURE J. Tlle rombinalioll of diffusion. prcfcrcntial insertion ;Ind
radial cOIl\"C'clionCJn induce the reported surCace aggrcgalion p.ll-
[erns for LDL rcccplOrs. (Ser Rc!". 19). This wiJl occur only Cor
valucs ortlle no\\' s[rcngth JI 01'Ihe ordcr 01' 10°/0. For tha! value a
plaque hcgins lo tOrlll. (~CCb). A clcar]y Jcpic[ed plaque is shown
ror JI = llH)O/o. (See r). To produce these figures a prefcrential
illsertion lildius 11I = 3.3a WJS considcrcd.

6. Conc!usions

Proposirioll .J./ slIlllll1arizcs lhe hehavior 0'- Ihe mean capture
lime T (JI, /11) I"ordillusing particles inserted uniformly into
a region nI' (/ :s ,. .s 11/(/ aholll a trap 01' radius a, ano mov-
ing under Ihe additional influcncc 01'a radial flow with con-

Black will he associated lo lhe maximum value of C(f', Ji).
The projection 01"the so constructed surface over the annulus
nwill simulate lhe expectcd aggregation paltcrn.

The prcfcrenlial insertion Illechanism unaided oy the
radial no\\' fails lo produce the ooserved annular cluster.
ing 01' the LDL receptors surrounding, coated pits called
plaques [lal (see Fig. 2). FlIrlhermore. Ihe dilTusion, radial
llow and prderential ¡nsertion lTlechanism will fail to pro-
duce lhe plaquc effect unless Ji Lakcs extremely high values.
Figure .3 shows an example ohtained for 111 = 3.3 and dif-
ferent valucs 01'JI. \Ve can ooserve that a surface aggregation
patlern similar lo the reported plaques will form only if Ji
takes valucs far hcyond the physiological expected value Jlo.
ILis showll in Fig. 3c, lhat Ihe plaques reported hy Roheneck
and HeS!. 1I a] \ViII sho\V IIp for /1 2 lOO/lO'
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FI(;URE 2. Thc slcady stnte surfacc aggregation paltcrn for un.
hound LDL receptor ncar coalcd pilS induccd by difrusion and a
prcfcrcntial inscrtion mode ol' (he fmm given hy Eq. (5). Diffcr-
enl valllcs nf Ihe inserlion rJdius 1IH1 were considered. Thc smnllcr
[he vJlue of '1/1 sma1Jcr the dcplction region for the concentratiotl
01' unhound receptors about coaled pils (see e). This gives an ideJ
of Ihe cffectiveness of Ihe prcferential inscrtion mechanism to ell-
hanre Ihe trapping rate induccu hy diffusion anu unifonn insertioll.
Ne\"ertheless assuming diffusion. [he sole aclion 01'this mechanislll
f:lils (o induce the reported surface plaquc fmm receptor aggrega-
lion palterns.

FIGURE l. Thc polcntial of the prcferential insertion moJe (5) lo
reduce ¡he mean capture lime T calculalcd on ¡he hasis of diffusion
;md uniform inscrtioTl all aver the ccll mcmbranc. \Ve ohscrvc ¡ha!
for a now of slrcngth /10 halving T rcquircs a plaque f<ldius ol' 3.3a.
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stanl strcngth JL [(1 Eq. (2)J and dircClcd toward lhe center 01'
lhe trap. For instance, as a fUllclion 01'Ji, T (Jl, m) dccrcascs
monolonical1y and its graph lioes no! ha ve intlcction points.
Thc Ihcorctical cxploratioll 01' lhe dcpcndcnce of T (,1, In)
wilh rcspcct lO m can be casily obtaincd as wcll. Wc concludc
that T(Jl, Hl) as givcn by El). (36) posscsscs all lhe ucsircd
propcrties lO modclthe bchavior orthe mean capture time rol'
diffusing and drifting LDL rcccplors among lhe pcrim.lic set
01' cnJocytic traps. Consequcntly lhe formal analysis summa-
rilcd in proposifiol1 4. J pCfmilS lO concludc (hat lhe rnodel
nI" Eg. (6) and ilS associalcd set 01' houndary amI (,;ontinu-

ity conditions exhihilS the Ihcoretical consistency reqllired to
modcl the receplor IllcdialeJ endocylic cycle thal we have ad-
drcssed. Hencc lhe aggrcgation patlerns induced hy C(r, JI)
are cxpected 10 rcscmhlc Ihe c1uslcrs thal undcr physiological
condilions must he ohservcd in the expcriments.

Tite invoked receptor transport ami ¡nsertion mechanism
\I,'il1 in facl reduce lhe mean capture lime í (see Eq. 42) for
suilahle values 01" 711 and the expecled valuc of ¡Lo Never-
theless. lhe device will fail to produce a plaque form sur-
face aggregation pattern lInless Jl takes extremely high \'al-
tles. The ahilily of Ihe ceH lo sort Ihe recycled LDI. recep-
tors lO Jifferent largcts within lhe cell or its surface has heen
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