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\Ve discuss Kaplan's conservativc approach (O time drivcn dynalllical systems in [cl<llion with Hamilton's Principie and the symmctrics of
{he associatcd aclion integral. \Ve show how the syrnmctrics of Kaplan's "extended", cOllscrvativc, dynamical syslem "conspire" so as to give
r¡se lo (he syrnmetries of the original. time driven systcm. Thcsc cOllsidcralions providc. "in :'\octhcr's Theorem, an alternative path bctween
the eonservation laws of both the "extended" and the drivcn sy~telll

KC'Y"'Ofrl.~:Dynamicíll systems; symmetries; Nocther's theorel1l

EstuJiillllos c1tratallliento conservativo de sistemas dimlmicos forlados en relación con el Principio de fI¡¡milton y las simetrías de la integral
de acción asociada. ~10stramos cómo las simetrías del sistema din:ímico conservativo "extendido" de Kaplan se combinan dando origen a
las simetrías del sistema forz,ldo originaL Estas consideraciones constituyen una forma diferente de vincular, vín el Teorema de Noether, las
leyes de conservación de los sistemas "extendido" y forzado.

D{,JcriproreJ: Sistemas dinámicús; simetrías; teorema de Noether

PACS: OJ.20.+i: 95.IO.Cc

2. General formalism

\\'hich depcnds on a small paramctcr ..\, q and 4 standing
for the sets of gcneralized coordinates and velocities. respec~

Thcse timc dependent integrals of mOlion are shown lo arise
as appropriate linear combinations of the integrals of motion
01' thc extended conservative system. On Ihe other hand. it
is well knowl1 thal many imporlant conservation laws of La-
grangian dynalllical systcms are related, via Noelhcr's lhe-
orelll, to the sYllllllelries of the concomitant action inte-
gral [3-DJ. Thc purposc of thc present note is lo investigate
thc rclationship hctwcen Kaplan's approach and Noelher's
procedurc. Such a study would pave lhe way for estahlishing
uscful cOl1l1cxions hetwcen Kaplan's hcautiful approach and
some al" the main ideas of contemporary physics, that slress
lhe relcvam:c nI' s)'mlllctries in understanding physical pro-
cesses. Thc pedagogical value 01' Kaplan's approach should
in such a Illanner hc greally increased. To this cnd, we study
ho\},' the sY1l11llelries of the action integral charactcrizing thc
original timc drivcll system can he ohtained [mm the symlllc-
lrics 01"thc action integral associated with the extended sys-
temo The important examplc 01' lacobi's Integral of motian
fm rOlating potentials [7.8] is considered along thcse lines.
Thc applicalion of Kaplan's approach lo a panidc moving in
a plane-wavclike potcntial is ulso sludied.

1. Introduction

Rec~lltly Kaplan has introduced an intcrcsting approach to
timc drivcn systems [1]. Givcn a dynamical systcl11 charactcr-
ized hy a lime dependcnl Lagrangian (m Hamiltonian), Ka.
plan's propasal is hascd on the introduclion al' an ad-hoc "cx-
tendcd", conscrvalive, dynamical systcm tha! incorporates (at
Icast) one additional degrcc 01' frecJom to those 01' the orig-
inal system. In the ¡¡mit when the "inertia" associatcd wilh
lhesc new variahles tcnds to inllnity, lhc equations 01' Illotion
01' Ihe original systcl11 are rccovcred within Kaplan"s formal.
ism. The explicit time dependence al' lhc original Lagrangian
arises from the "matian" associated lo the !lew dynamical
variahlcs, whose behuviour hccomcs ..decoupled" from Ihat
01' Ihc ..old" ones, lhat pcrluin to the original syslem.

AClually, Kaplan's approach paves a quitc natural road
towards undcrstanding time drivcn systems. It is possihlc lo
argue that most time driven systems encountcred in nature
(if llot all uf thcm) admit a description a la Kaplan, in lerlllS
01' an extcnded conservativc systcm. Aflcr all. physical sys-
tcms are generally assumed tu he governed, al u fundamental
level, hy a time independent Lagrangian (or Hamiltonian).
The associalcd law of cnergy conservation is the mosl impor-
tant gencral principlc of Physics. Whcn a dynamical system
rcquires a non conservativc dcscription, this is so oecause the
system of intcrest is interacting with '.sornething cisc".

One of the appealing features of Kaplan's procedurc ¡ies
in thc ract that il provides a physical understanding ofthe ori-
gin of the integrals al' motion of time driven systcms [1, 2J.

Let us consider a Lagrangian

L(g, 'l. -'). (1)
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tivcly. The Lagrangian govcrning Kaplan's "extended" dy-
namical syslcm can be casi in Ihis formo thc small paramclcr
.\ bcing proportional lo lhe ¡nverse ol' lhe "¡ncrlia" charactcr-
il.ing lhe ncw degrces 01' frccdom [2].

Thc action integral, givcn hy

Thercfore, Eq. (8) conslitutcs an exprcssion 01' Hamilton's
principie whenever powcr series expansions about a small pa.
ramcler are ulilized .

\Ve consider now the particular instance of a Lagrangian
given hy

conlains all (hat relevan! informal ion about lhe syslern which
is indcpcndcnt uf its precise dynamical slale al a givcn time.
Through lhe Lagrangian L, lhe aClion is a functional of lhe
palhs q(t., .\). Notiee thal once a palh is given. Ihe veloeilies
<1(1,.\) are immediately ohlained.

Ir s is ¡nvariant (lO llrst order in lhe small paramelcr [)
undcr Ihe infinitesimal symtnClry transfonnation givcn by

whcrc La depends only on a suhsct qa! qa of the complete
sel (q, el) = (qfl, ('In, qlll ('Ib) of gcncralizcd coon..linatcs and
velocities. Bere Ihe peninent Kaplan's extended system is de-
scrihed hy a Lagrangian of the form (10). where 'la denoles
the "ncw" generalized coordinales, while qf¡ stands for the
uold" coordinales of the original lime driven systcm. The ac-
Lion integral corresponding Lolhe Lagrangian (10) reads

JI,

S= L(q,i¡,.\)dl.,
1,

'1' = '1 +EK(q,q',t),

l.' = t + E1'(q,q', l.),

(2)

(3 ) where

S = Sa + .\S"

= So + .\S, + (1 1)

'1(1, A) = '1o(t) + .\'11 (l.) + .\''1,(1.) + ... , (6)

then. aceording lONoether's Iheorem [4J. the system admils
lhe following integral of mOlioo:

lhe equations of mOlion for 'lo (t). '11 (l.), ... , are ohtained hy
recoursc lo a power expansion (in A) of lhe action inlegral S

(12)

(14)

and

where

SI = t [(~~:)o . 'la' + (~~:) O . <ial] di

+j" Ld'laO,<¡aO,'1bO, <¡bO)dI.. (13)

"
lIami1ton's principie requires that óSo vanish idenlically for
any infinitesimal varialion óqaO. This requirement yields Ihe
equalions of motion for Ci'IO, which are easily seen lo coincide
wilh Ihe ones corresponding to lhe Lagrangian La. Notice
also Ihat, ÓSl = () for arbilrary varialions óqaO, óqal, and
15qbO, which should providc lhe equations of motian for qal

and qbO. It is interesting lo pOinl out thal the Euler-Lagrangc
equations for qfll, assOCialed wilh the variational requircmcnl
ÓSI = O, are

(4)

(5)

Kp- fE,

j"6S = ó L('1, ti, .\)dt = o.
1,

whcrc p = DL/Dq stand s for lhe gcncralized momenls as-
sociated lo lhe generalized coordinates q, and E denotes Ihe
energy E = L P . <1- L. 11is useful. for latcr discussions,
lO observe explicilly that, ir lhe aClion integral S remains in.
variant under lhe transformation (3), for every A value, the
panial dcrivativcs ¡YI S /DAn rcmain invariant as well. NOlice
that lhese derivatives corrcspond to a givcn "fixed" trajeclory
'1(/.). This means that lhey only take into accounllhe explieil
A dependenee in (2).

According to Hamilton's principie. the aclual motion 01'
the syslem is such that the variation al" the action for arbilrary
e5q is zcro,

Lel '1(/.,.\) he a "real" palh of lhe SYSlem, lhat is lo sayo a
trajcctory for which the action is slationary. On expanding
'1(t,.\) in powers of Ihe small parameler .\.

s = So + .\S, + .\'S, + .
and rcquiring aftcrwards that

óS, = O(i = 0,1,2, ... ),

for arhilrary infinitesimal varialions

6'1j = O(j = O, 1,2, ... ).

(7)

(8)

(9)

Lv = [(~~:)o<¡al+ (~~:)o<¡al]' (15)

which are just the Eulcr-Lagrangc equalions for CiaD dcrived
fmm óSO = O. On lhe olher hand. lhe Euler-Lagrange equa-
lions deduccd from e5S¡ = O when considering arbilrary
varialions of qaO, aClually yicld the set of differential cqua-
lions for qfll. Intcrcstingly enough, this scrics-cxpansion-
procedure generates the differenlial evolulion equations for
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PIGURE l. Aplane rigid rotalor and a particle both contained in
the X}'-planc. The position of the rigid rotator is charactcrizcd
by the angular coordinate <p ami thal of the particle by the polar
coordinatcs l' and O.
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'1"0, '11.0,'1"1,' ". II should be noliced Ihal, on imposing Ihe
cooditioo ÓS) = O, Dne is led lo Ihe cquations of motiao
(Of <lb()thar would have been obtaincd [mm lhe Lagrangian
Lb (qao, (laO, <1IJO, qbO) considercd jusI as a function of both
qbO ami (lIJO. whcn qaO(t) has hecn rcplaccd by a solution of
bSo = O. This is a time drivcn SystClll, as Ihe Lagrangian
explicitly depends on lime.

3. Rotating potentials

In Ref. 2 wc have shown how Kaplan's approach ¡lIuminales
Ihe discussion oí"a problem which has important applications
in dynamical Aslronomy: lhe molino of a particle of mass
m in a uniformly rotating potentialrnV(r, () - wt). Herc V
denotes lhe potcntial pcr unit mass. (r,8) are lhe polar co-
ordinales 01' lhe partic1c, aod w lhe rotation angular velocity.
Thc concomitanl Lagragian reads

where wc !lave introouccd the quantily ,\ (that should serve
as a small cxpansion parameter). deflnco as lhe ratio

hclwccn the mass of the particlc and the moment of inertia of
lhe rolator. On comparing Ihe Lagrangian (18) wilh Eq. (10),
we makc the identiflcation

In ordcr lo ohtain Kaplan's "companion" conservalive sys-
tem lo the original time driven one, we !lave introduced a
planc rigid rotalor of moment of inertia 1, Thc position 01" the
rotator, whieh has a fixed point and lies on Ihe same plane
whcre the particle ll1oves, is given hy lhe angular eoordi-
nale 1>, Henee. the eonfiguration spaee (1", (}, </» of our ex-
tcnded dynamical system is of a lhree-dimensional charactcr.
\Ve aSSlllllClhallhc intcraction hclwecn our rigil! rotator ami
Ihe particle is given by Ihe potential mV(",8 - </». Thus, lhe
concomitant Lagrangian of our modcl is

(26)

(23)

(24)

(25)

8'=8+0.

</>' = 9+0,

<Po = w = eOllst.ant,

90(1) = 90(0) + wl.

So = 5b(</>0, "0, 80)

J" [1 ., , " ]= " '2/(f¡; + "080) - [\'("0,80 - 90) di,

wilh </>0(1)given by Eq. (25), musl veril'y

Morcovcr, sincc we also have <SS¡ = O, it follows thal the
aClion

so Ihat

associatcd with the conscrvation 01'cncrgy, and

rclatcd to the conscrvation of the l-axis-component of angu-
lar momcntum Lz'

Since the ahoye rcfcrrcd lo invariancc holds for arbitrary
valucs 01' A. hoth L(I and Lb. individually, share the invari-
ance propcrty. a raet rcadily verilled by simple inspection of
Eqs. (20) and (21). From the slationary condition S50 = O,
Ihe appropriate Euler-Lagrangc cquations yicld

( 17)

( 19)

( 16)

,\ = m
1 '

1, = ~/A,' + ~L\(i" + r'iP) - lAV(r 8 - </» (18)2 ~ 2 "

1 '1 1 2 2 ',)
1, = '2/</> + '2",(i' + l' 8-) - "'\/(1',8 - </»,

or

and

1 .) 2 '2Lb = -I(i'- + r 8 ) -/\/(1',8 - </». (21)
2

\Ve recall now that lhe Lagrangian (18) is invariant (and so is
Ihe concomilanl action S) undcr lhe infinitcsimallransforma-
liolls

for arbitrary infinilesimal varialions Sro and S80. (Notice Ihal
So '1 So.) The condition (27) furnishes lhe equalions 01' mo-
lion for "0(1) and 80(1). These are precisely lhe equations 01'
I11otionfor a particle moving in a uniformly rotating potcntial
whose Lagrangian is (16 j.

The aetion So. which can he cast in lhe form
(28)

(27)

J"So = 1", [90(l),,.0(t),80(l)) dt,

"

S50 = 0,

(22)

(20)

1'=1+0,
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whcre L: is the z-componcnl 01'the angular morncntum.

(37) are applied upon I'o(t) and 80(t). Therefore, Noelher's
invarianl, given hy Eq. (4), prevides us wilh Jaeobi's Integral
of motion [7,8]

rcrnains invariant under Lhe infinitesimal transformations (22)
and (23) when performed upon <1>0, 1'0 and 80. However,
whenever 90(1) is fixed, Ihe invarianee of So under (22) and
(23) is lost. Lc( us now analize jusI haw each onc ofthc previ-
ous transformations contributes lo the varialion 01' Só. when
lhey are applied upon 1>0(1). The resull of applying (22) lo
60(1), lo firsl order in <, is

C)=E-wL" (39)

(30)

(29)

\Ve now considcr the motian of a particle ol" mass m in a
planc-wavelike external potential

JI heing lhe uniform wave propagation vclocity. Pollowing
Kaplan's procedure, we introduce a particle of mass Al, its
position denoted hy y. and assume that the inlemetion be-
lween bOlh portie les is given hy lhe potenlial mll(.r - y).
The coneomilant "cxtended" Lagrangian reads

(40)

(41)

mll(J' - vi),

L 1 ., 1 ,= 2My + 2mi: - mll(x - y).

4. Plane-wavelike potentials-ClSo = [', Lb [<1>0(1+ f), 1'0(1), 80(1)] di
J,>

- r" Ld<l>o(l), I'o(t), 80(t)] dt
J"

[', (DLb) .= J" D<I> o <l>ofdt,

where (DLb(D6)0 slands for lhe partial derivalive wilh re-
speello o, evaJuated on Oo(t), "0(1), and 80(t). Thus we hove

i"(DL )-ClSo = fW T dI.
tI </> o

On lhe olher hand, when <1>0(1)is suhjeeted 10 lhe transfor-
malion (23) we oblain

On inlredueing lhe quanlily A, defined as lhe ralio of lhe
masses¡',-ClSo = . " Ld<1>o(t) + f, "0(1), 80(1)) dt

¡"-." Ld<;\o(l),,.o(t),80(l)]dt, (31 )
). = ~

,\1'
(he Lagrangian (41) can he rccastcd in Ihe form

(42)

so th:lI

[', (DL )
-ClSo = f J" a; o dt.

Therefore, on applying bolh

(32)

L = Ln + ALb,

whcrc

L 1 .,
(1 = 2.\ly ,

(43)

(44)

t' = t + f
and

onlo Óo(t), one is led lo

(33)

(34 )

and
1

1 ,-.. = 2M.;. - MII(.l' - y).

Ir is easily seen thar Ihe infinitesimal transformations

t' = I+ f.

(45)

(46)

-ClSü = O. (35) and

Now, sincc Só rcmnins ¡nvariant cilhcr whcn the Iransforma-
liaos

.r' =:l: +f,

y' = Y + E, (47)

ano

t'=t+E,

8' = 8+fW,

(36)

(37)

Icavc the Lagrangian (41) invariant, which cntails thal hOlh
La and Lb are, individually, invariant loo. From the station-
ary rcquiremenl 6So = O. the Euler-Lagrange cquations pro-
vide LIS with

(38) Yo = constant (48)

are perlürmed upon lhe whole sel <1>0 (t), 1'0 (1), 80 (t), or when
bOlh (36) and (38) are applied only onln <1>0(1),il is clear lhal
Só ::lIso rcmains invarian! when thc transforrnations (36) ano

so thal

!lo(t) = !lo(O) + yot (49)
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Addilionnlly, from lhe eondition oS, = 0, we eonclude Ihm
lhe aClion

(59)E - "1',

whcre p = 1ILl' is lhe conjugare momentum associatcd 10 x.

NOliee Ihm Ihe vnrimional problelll JSo = °yields, for :ro(I),
the same solulions as (hose corresponding 10 a particlc mov-
ing in Ihe wavelike pOlentinl (40).

nre applied lo Ihe whole sel Yo(t),.To(I), or when (56) nnd
(58) nre perfonnedjusl onlo Yo(t), il is elenr Ihal So nlso re-
maios invariant whcn lhe trtlnsformations (56) and (57) are
applied only lo ;ro(l). Then, neeording lo Noelher's lheorem
(see Eqn. (4», lhe symlllClrY Imnsformmions (53) and (54)
providc liS with lhe invarianl

5. Conclusions

\Ve considercd Kaplan's approach lo lime drivcn systcms in
conocerian with: i) Hamillon's principIe and ii) lhe syrnme-
tries 01" lhe associalcd action integral. The symmetries of Ka-
plan's "cxtended" conservativc system were shown to arise
as an appropriate linear combination of the symmetries 01'
the original time driven systcm. As an example, Jacobi's in-
tegral 01'motion for rotaling po(cntials was considered in this
rcgard. The application of Kaplan's ideas to the motian af a
particle in a plane-wavelikc potcntial was al so discussed.

(5 I )

(54)

(53)

(52)

and

y' = y +£V

(where v = Yo) are npplied lo yo(t), one is led lo

= /.." [~MX6 - MV(.ro - YO)] di, (50)

wilh yo(l) given by (49), must be of a stmionnry ehameler.
On npplying (46) upon Yo(t) we obtain, to "esl order in "

¡"(aL)uSó = -a b Yo fe di
ti y o

= Yo fe ¡" (OOLb) dI,
tl Y o

where (OLb/Oy)o stands for lhe partinl derivative Wilh re-
speel lo y, evnluated on yo(l) and :ro(/). On Ihe olher hnnd,
when lhe traslation (47) neIs upon yo(t) one finds

¡"(OL )uSó = fe -O b dt,
lt Y o

whieh enlails lhal, when bOlh lmnsformalions

l' = I+ fe

uSó = O. (55)

Thcrefore. sincc So rcmains ¡ovariant cithcr when lhe tfans- Acknowlcdgmcnts
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