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Tbc color spin.orhit (LS) contrihulions (o the encrgy of the hcavy-lighl ((J, ij) amI I¡ghl-light (1/, (7) scmi-classical systcms confined by both
an scalar polcntial and a limc.like vector potencial. ¡¡fe calculalcd. It is f(Junu Ih", in lhe ¡¡mil of a very l1igh orbital angular nlomcnlum. they
are ver)' sensilivc on1y lo Ihe prescnce of an scalar pOlcntial. ami that. if Ihis potcntial is ver)' slrong. they spoil the contincrncnt rcgime.
It is shown also Iha! for a cnnfinerncnl potenlial dominantly timc-like Vl'ctor. the LS contrihutions are only neglihile relativistic corrcctions
ronsistcnt wilh the quark continement. Within this schernc a tirne-like VC'l'IOIconfinement is prefered over (lne (jI' scalar typc.

Kt'.\'Iwm[s." Heavy-Iighl and light-light scmi-classical syslems; semiclassical hamiltonian

Son ('alculadas las contrihuciones de cspín-orhita (LS) de color a la energía de los sistemas quark pesado-4uark ligero (Q, q) y quark
ligero-quark ligero (q, ij) confinados por potenciales vectoriales y escalares. Se encuentra que en el límite de un momenlo angular orhital
alto. ellas son muy sensihles solo a la presencia de un potencial escalar. y que si este pOlencial es muy fuerte. ellas estropean el rcgimen
de rontlnamiento tamhien. Es demostrado que. para un potential de continamiento dominantemente vector. las contrihuciones LS son solo
correcciones relativistas consistentes con el confinamiento de los quarks. Dentro de este esquema un potencial semi-clásico vector es preferido

sohrc lino de tir<' escalar.

f)('.\criI'Wrt'J: Sistemas excitados quark pcsado-4uark ligero y quark Iigcro-quurk ligero; hamiltoniano semi~clásico

PAes: 12.39.-x: 12.39.lIg: 12.39Pn

1. lntrnductinn

The study nI' quark-antiquark systerns in high orbital angular
mOlTlentUI1lsiates (i.e. highly excited mesons) has been used
in the past lo explore Ihe nature 01"contlnemcnt. Delailcd kno-
wledge 01"the characteristics of thc contlnemcnt has many
implications for a dceper underslanding of Ihe mesons pro~
pcrties. helH:e the importance of such a studies. The main ap-
proaches so far used for analyzing cxcited mcsons have been
mainly based on t\\"odiffcrcnt points of vicw: a scmi-c1assical
one [IJ and a second which uses a Dirac-Iike cquation [:2,3].
Although in principie, it seems more realistie to work within
a Dirac-like approach for a very excilcd a quark-anliquark
system. a semi-c1assical approach proves lo be vatid 100.

1Iis currently belicved that the Lorentl. nature of Ihe con~
lincmenl potentials can be either linear scalar or vector linear,
elllbedded in a Dirac equation. In order to investigate which
of thesc Iwo potentiais is rrally Ihe responsihlc of Ihe conti-
ning. in Re!".2 it was studied a «(J, ij) mesonil' system in the
Iilllit of very high orbital angular rnomentum states. By assu-
rning Ihat the heavy quark-light quark system is describcd hy
a Dime Hallliltonian and eonllned by eithcr a scalar or vector
polential. in Reí".2 it \Vas shown that, only Ihe scalar polcntial
has physically admisible solutions.

Through a different approach, consistent of a serni-
c1assical Hamiltonian. it was poinled out in Ref. I thal a to-
wer degeneracy is allowed, in the limit 01"very high orhital
angular mornentlllll. only in prcsence of a scalar conllnement

potelllia1. This faet helps lo slIpport the preference for a sca-
lar contining pOlcntial over a vector one in the description of
a quark-antiquark syslem.

However, it is important lO crnphasil.c al this point, that
Ihe spin-orbit contributions 10 the Illcsonic cnergies have not
heen calculatcu so far. These contrihutions are very impor-
tanto mainly when the system is in Ihe so-called Reggc limil:
a very large value. of Ihe orhital angular 1l1Omentum.Therc-
fore. without taking thern inlO account, any infcrence ahout
(onfincment from the Rcgge Iimil, could not have validity at
al1. ror that rcason, the purposc of the present work is lo cal-
culate the LS contrihutions to the energies of both the (Q, q)
anJ (q. fj) rnesonic systems, in the ¡¡mit 01' a very high or~
hital angular momentum (L). Once these contrihutions are
calculatcd. it is possihle lhen tn have a more complete model
lIarni1tonian lo slutly lhe eonflnement anJ other related as-
pects. such as Regge trajectories. Calculations are carried out
hy using of the scmi~c1assical formalism inlroduccd in Ref. 3
in which Ihe quark-antiquark systcm is confincd by hoth a
lillle~like vector potential anJ a scalar potential.

The way wc procced in this work is as I"ollows. in Sec!. 2,
we calculatc the LS contributions while in Sect. 3 we discuss
lhe implicalions on (onfinement of such a conlributions.

2. Hamiltonian wil" spin orhil tcrm

The Lagrangian 01"a classical ljuark of mass 11l moving
\\'ith a vclocity \' in presencc of an effcctivc scalar potcntial
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FIGURE 1. POlcntial Vóff(r) planed when L = 50 for lhrce dif-
reTenl cases: i) S = (J. jj) \1 = O, and jji) S = V. Thc coupling
wnstants "'6 and,..v are in units af Gcy2. Thc value af the strength
nf the ("olor Coulornh pntcntial is ( = 0.445.

5(1') = ",1', a lime-like veclor potential V(,.) = "",. and a
color Coulomh potcnlial U(,.) = -~(,. is

Lu = - [m + 5(,.)] )1- v2 - V(,.) - U(,.), (1)

wherc lJ2 = ;,2 + w2r2. Since Ihe nonpcrturbative linear po-
tcnlials S ano V. in lhe aboye cquation, are Ihe rcsponsiblc
01' lhe confincrncnl of lhe two quarks ¡nside lhe meson. COI1-

scqucntly n,tI > Oano 1'\,1' > O.
Equalion (1) descrihes a (Q,¡¡) syslem Wilh Ihe heavy

quark al lhe origin l' = O. In lhe case 01' a lwo ligh!
quarks system, lhe cClller uf mass is equidistant bctwccn
lhe quarks which have <1 rclativc displacemcnt r. Thc res-
pective Lagrangian dcscrihing this (q, q) systcm would be.

Lu = -(2m + 5))1 - v2(4 - V(,.) - U(,.), While those
changcs do 1101 modify substantially anything of Ihe [0110-
wing discussion. in what follows we will continuc working
wilh lhe Lagrangian (1) and quoting whcnevcr neccssary, any
t1itTcrcllce wilh the (q, ij) systems.

The canunical momenLa obtained fmm (1) are
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= [", + 5(")h + V(I') + U(,.). (4)

Hu = )[111 + 5(,.)]2 + 1'; + .1'(1'2 + \1(,.) + U(I'). (6)

In Ihe case 01' a two ¡ight quark system. the corresponding H¡¡-

llli1tonian is: Hu = )[(2m)2 + 5(,.)]2 + (2(»2 + 1'(,.) +
U(r). Le{ us observe that Ihis hami!tonian can be ootaincd
from (6), simply by making the rcplaccmenl 111 ---t 2m ami
l' ---t 2p.

Whilc sludyiog lhe Hami1tunian (6), in ReL 3 il was
found lhat. only thc sealar eonfmement leads to Illeson 10-
\Vers. wherc mesons 01' different angular momentum lie on
top of each other.

In naler lo have a further understanding of the lIamilto-
nian (6) in the limil L » 1, it is JIlore convenicnt to make a
lírsl orderexpansion in powers of 1';(((111 + 5)2 + .12(1'21 in
such an equation. Aftcr doing this. it is ohtaincd the familiar

A primary condition for lhe confincment potentials. F and S,
is Ihat they lIlust he very strong in order lo compete with the
intense centrifugal forces. This requirement means that thcir
slrengths must he of the order nf the angular momentum L,
l.l'. t1.s, 1'\(,2: L.

In Fig. 1 the potentiai (8) is plotted for lhe Ihree differenl
cases: i) 5 = O, ii) V = O, and iii) 5 = V. From thalligure,
it is casily secn thar Ihe classical turning points af the light
lJuark are finire. In nthcr words, to first order of approxima-
lion, Ihe semiclassieal pOlen!ial Vu'ff (,.) allows for perfeelly
conSislen! bound states, indepenlly of which 01' lhe lwo po-
tenrials, Sor\' is the dominant.

Let us investignle now the consequences orthe spin-orhir
inlcraction 01\ Ihe confinement oí" a quark-anliquark system.
In nrdcr (o calculate Ihe spin-orhit lerm. we assume that lhe
quark has a color magnetic lTloment

eqg
l' = -S, (lO)

2m

wherc ('1/ is lhe light LJuark color charge, 9 a color gyromag-
Iletic factor, and S is lhe quark spin. This magnetic momento
togcthcr with the Coulomh color intcraction with the static
sourcc at the origin, induces a Thomas precession effect. The
corresponding potcntial associatcJ lo this intcraction is [4](l

(9)

(H)

( 1 1)

(7)

v' = -11' lI' + S .WT,

.,
H = 1';' + \I,ff (,.)
o 2A1

0
{} ,

M" '" )[111 + 5(1')]' + P(,.2.

1'0'" (1") '" M" + V(,.) + U(,.),

wherc

cxpresslon

and

(5 )

(3 )

(2)

p2 = p; +.12/1''1

= [", + 5(,.)f'l2V2
= [", + 5(,.)J2('(2 - 1),

Ihe vciocities can be eliminated in (4) 10 obtain

Hu = "I'e + wJ - Lu

Through Ihe relalion

OLo .
I'e = -. = [m + 5(")h",al'

OLo
J = aw = [111 + 5(")hWI',

where'l = (1 - v2)-1/2.
The respective l!ami1tonian derived fram (i )-(3) is
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where H' is the color magnetic induelion measured fmm Ihe
qllark rest framc and l.<.,,'T is Ihe Thomas angular veloeity of
rotalioll. These quantilics are defincd as follows aJl(1

1" H' = --L5. L~ dU(r)
2m2 l' d1" '

(15)

By substiluting (15) and (16) in (11) it is obtained the LS
intcraelion polential

5''':T=_~_1_5.L~dU(r). (16)
1/1- 1+ / r dI'H' =, (11 - v x E) - Lv(v. 11),,+1

amI ,2
u...'.= --a x v, ,+ 1 '

( 12)

(13 ) U' = _I_(!!. 1_)5. L~ dU(r).
m:! 2 " + 1 .,. dI'

( 17)

whcre

a = "" ~[E + v x 11- (v. E)vl. (14)
/11

Thc color clcclmmagnclic ficlds E and Hin Eqs. (12)-(14)
¡¡re Illeasured from the origino

Sincc we are nol considering any external magnctic licld
(i.c. 11 = O) aud duc Ihal eqE= -i:dU(r)(dr, il is slraighl-
fmward to see Ihat

\Ve must ohserve t\Vo things at this slagc. Thc first one
is lhat that Ihe spin-orhil inleraclion potcntial (17) is valid
rOl' bolh the (Q,ij) and the ('l,iJ) 5ystems. The other is thal
El..). (17). is a complele rclativistic cxprcssion. In fael, it is
slraightforwanJ lO check that if one lurns off lhe scalar po-
Icntial (¡,(', S = O) and lakes Ihe nonrelativistic limit in (14),
Ihe familiar /Irst order cxpression ni" ordinary quantum me-
chanics is oblaincd [51,

Fmm (6) ami (17), \\'e t¡nd the complete hamiltonian in-
cluding Ihe spin-orhillerlll J-! = 110 + U',

11= \ [11'+ 5(rJF + 1" + P + F(r) + U(r) + _1, [!!. _ ~===="='=+=5=(=r)~ ] [~_dU_(_r)]5. L.
r 1.1 '/1/- ') J ) J2 " d,.- [/11+ 5(1')1' + 1'; + ';:'I + /11+ 5(1')

( 18)

Fmm Eqs. (18)-(19), ;1 can be ,cen that the spin-orbil
contritlUlion is no longer a corrcclion tcrmlo Ihe encrgy \vhcn
the Illeson syslelll is in high angular Illolllentulll slalcs, AIso,
it is ohserveu that the LS lerm is highly sensitive only to Ihe
presence of an scalar conlilling pOlenlia1.

Now, \\'C calculate lhe Reggc I¡mil (i.e. L » 1) of Ihe
Ilallliltonian (1 R), In that limit il can bc writlen as

( 19)
.!=L+1(2
.! = L - 1(2

Since the lotal angular momenlllm can lake only Ihe va-
Il/es.! = L + 1(2 and.! = L - 1(2then

5. L = (.1' - L' - 5')(2

{
L(2

= -(L + 1)(2

H= . ., L' ~ [!I[/11+ 5(1')]' + PO'+ ., + \'(1') + U(r) oJo ;;-:--'" :--
"- ,¿11l 1'" .2

"' + 5(1') ]
)[," + 5(1')]' + ['; + ~ + In + 5(1') L,

(20)

whcrc we have lllade S . L :::: f:.L/2 and

In whal fol1ows, \Ve shall assumc that in the ¡imit L » 1,
Ihc LS couplillg term, can be Ireatcu scmi-classically, This
Illeans that thc quantulll I11cchanic operators can he lhought
as scmi-classical ctlnonical variahles.

Lel us l'onsider Ihc follO\ ••..ing Hamilton equalions":

has a nonzero valuc. which is a very rcasonahlc assllmplion in
Ihe Iimit wherc Ihe orhilal angular rnorncn(lllll is vcry large.

\\'here <p= (11I+ 5)' + p; + (l} (1"). \Ve ,hall al so assume
Ihat Ihe angular vclocily,

(23)() = L.':,

. uf{ [ ~ 11I+5 ]lL
H = DL = I:¡: 2(/111')' (.fi3 + /11 + 5)2 1> 1'2' (22)

(21 ). 011 [ ~ '" + 5 ] p,
l' = 0[". = I:¡: 2(11I1')' (,¡;¡; + 11I+ 5)' -;S'
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FI(iUI{E 2. POlentials \'"Tr(r) plotled in Ihe case Ii~ ::= 1.1Gey2 and 1\:,. ::= L Gcy2. for several values ol"thc orbital angular rnorncnturn.
(olor gyromagnctic ralio, and qllark mass rllnning in the ranges 10 < L < 20, D.l < Y < '1.1, and 10 < 11/ < 300 MeV. rcspcclively.
The value 01" Ihe s(rcnglh 01' Ihe color Coulomh pOlenlial is (, = tlA45. In (a). (he \'"ir(r) potenli<lls associated lo the slalcs (L = 1O,!J =
.1.1.111= 10 Me\' and (L = 10, q = 0.1,11I = 300 i\1cV) bound from IOp and hot1orn respcctivcly, (Olhe resl 01"Ihe pOlenlials associalcd
lo olher :-.tales. In (b) ¡¡ti al' Ihe \~.ff(") POlclllials lie hetwccn Ihc curves :ls:-;ocia(cu lo Ihe slalcs (1.. = 20,9 = 0.1.111 = 10 f\--1cV)and
(l. = 20,9 = ".1, 111= 10 MeV).

It is nol diftkult lo \'erify lhal, Ihrollgh a f¡rsl order cx-
pansion in po\Vers of 1';/[(11I + S)' + (L/,.)'I, I'q. (20) can
!le wriuen as

The qllolien( ()f (21) and (22) gives lhe radial 1I10lllcnt as
a fUIlClioll 01"lhe radial \'elocity 7;, ami the langenlial velo-
(ily 1' •.••'

\ :tr(r) '" )(,,, + S)' + (L/r)' + F + U

U [!J 'n + S ]I ~=======~--- (26)2",',." 2 - )('" + s)' + (L/r)' + ,n + S .

The I"orm ofEq. (25). remint!s us the familiar radial cqua-
[ion 01"a particle 01' ellcclive Illass JI. llloving in a licld 01'
l'orces \ ~,~(r).

As il call he apprccialed from Eqs. (25)-(27).lhe LS Icnn
is very sellsilive only lo lhe presenee 01' a sealar contlne-
111enlpOlenlial. As we shall see hclow. Ihis single depellucllce
01"lile LS lerm. reslricts in a eonsiderahle way lhe strenglh
,,1' S(r).

In Figs. 2-4 are ploltcd the pnlenlials \~.ft.(I'} ror several
relevant values nI' h,; ami ""l'. Inlhesc t1gures Ihc quark fIlass.

Ihe orbital angular mOlllenllll1l and lhe color gyromagnetic
ralio are allO\wd 10 run in Ihe rangcs 10 :S 111 :S :W() l\.-tcv,
10 :s L :s 211. antl 0.1 :s 9 :s .1.1. rcspcclivc1y. In thc-
se figures, Ihe slrcng(h 01' color COlllol11h-like pOlenlial re-
mains tlxed in a v¡¡llIe ~ = 0.-1.15. Thus. in Figs. 2a and 2h
lhe pOlelllials \~.ir(r) and \ ;.ir(r) ¡¡re plOllCd respeclively ror
Ihe case 01"an sc;¡]ar polelllial slrollger Ihan lhe veclor po-
lcnlial. \Vilh lhe purpose 01"laking rcprcsenlalive values only,
\Ve ha ve considered Ihc case where /{s ano t\s lake lhe \'3-

lucs ",; ::::-:l} eieV2 ami "1' ::::-:L GcV2. In Figs. 3a ami
3h \Ve have plolled lhe s¡¡me pOlenlials hUI now ror Ihe case
in which the pOlenlials S(r) ami \-"(1") compile in strenglh:
"'s ::: "{' = L (leV2. Finally in Figs. 4a ami 4h. \Ve have
plolled lile POIl'1l1ials \'~,~,(r) for lhe case f\s ::: L GeV2 and
"'1' := L2 GeV2. C'.g. whell S(r) is \Veaker lhan V(r).

Figures 2 :lIld 3 show lhal. while more dominant is lhe
Sl':Ilar polcnlial, lhe more dirtlcult is lo gencrale a two quarks
hound sl<lle. In o(her word ..•.il"we consiJer for inSlance. me-
sOllic l'ncrgies 01' ordcr E 1 TcV I"rolll Figs. la. lb, 2a, and
2b il is ohserved lhat the classical turning roinls 01' (he qllark
\\"ollld be al inlinily. for any vallle 01"[) and 11I in Ihc rall-
ges sla(ed ahove'". This hehavior mcans Ihat ir lhe IllCSOIlis
confined by ¡¡ dominalllly scalar pOlenlia!, (he LS inleraclion
\vould hreak lhe meson. This lInphysical behavior discarJs
lhe sealar POlclllial as a gOlHJconfinelllenl pOlenlial.

In Figs. 4a ¡¡lid 4h, wc llave plolted lile polcnlials \~,Tr(r)
in (he silualion \\'here !l0\\', the \'cctor potential is the do-
minant (lile. i.l'. ".1' > 1".~.\Vilh (hc purpose of illllslraling
Ihe corresponding hchavior, \Ve have laking lhe reprCsC!llalÍ-
vc v¡¡lues: "¡' = ¡} (IeV2 and ".' = L Gey2. Frollllhese
IIgures. jI is evidenl lhal. when lhe conflnclllent polcnlial is

(25)

(2-1)

(27)

L ,..
[Jr = --o

r r",,'

.,
II JI; \d()= 2j1f + 'df r .

.;r;;;+W+C¡;¡;:r
l:i::~ m+S .

211I. r.
l [J( III+S}2+( ¡.lr}2 t m +8 J ~

JI =

where

Un. ,l/('.r. Fil". -l5 (4) (1<)<)<))~J6--J41
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(1.. = 20,!J;;::: 0.1, m = 300 McY) bound from top and honom rcspcctively. lo the rcsr ofthc potcntials ass()ciatcd 10 other states.ln (b)
ull 01'¡he \ ','~f(r) polcntials lie octwccn ¡he curves associated lo ¡he states (L ;;: 20, 9 = 4.1, m = 10 MeY) and (L = 20, 9 = 0.1, m =
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dominantly vcclllr, the classical turning points for a given po-
sitive quark energy, are finite. This result implics that thc LS
inleractiun uocs not fragrnent the meson, and stHI it alluws
for physically admisible bound states. This bchavior of thc
potentials VpTr (,.) assurcs that the vector potential resist lhc
mos! important test. the one of confincment.

3. Conclusions

From Eq. (1H) it is possiblc to condude that, within a sche-
mc ol"a very cxcited quark-antiquark systclll descrihed by the
Lagrangian (1). lhe color LS contributions are only vcry sen-
silivc to the prcsencc of a scalar conflning potential.

Rev. Mex. Fí.1".~5 (4) (1999) 336-341
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As can he seen fmm Figs. 2 and 3, the JepenJcncc 01'
lhe LS term on S(,.) makes that, with a dominanl confine-
menl potcntial of scalnr nalUfe, the LS conlrihutions wOlllJ
leaJ lo the unphysical fragmenlalion the meson into free
quarks. Thc conlincment regime might be resloreJ if Ihe co-
lor gyromagnclic ralio in (26) acqllires an unusual valllc.
.'1 - S/(S + '¡S' + (L/r)'), to cancel out thc tcrm pro-
portional lo ~ in such an equntion. Since Ihis possihility is
vcry remote, \Ve can conclude thal wilhin the semiclassil:al
approach of Eq. (1). the scalar pOlenlial is discarded as a go-
od conllnClllenl potential.

On Ihe olher hand. Ihe vector potcntial \'(1') is ¡css res-
tricted than the scalar potent;al S(r). The only restriet;on it
has, is lo he nol \vcak. This rcstriction is vcry rcasonahle ¡md
il is jusI lhe nccessary for avoiding the quark deconfinemenl.
Jue lo the inlense interquarks centrifugal forces. As il call he

(ul In (he case of a (q, (n system there ex.ist an internet ion tcrm nI'
Ihis kind for caeh light qllark degrec of freedom.

(1,) The other (wo Hamilton equations ¡ir ::;; -(DHjDr) ami
.i ::;;-(Dl/jDw) are nol nccessary for lhe prcsenl JisclIssion.
lIowever. it should he obscrved from (17) thm consistently it is
obtaincd . .i ::;;o.

(e) These cnergics eould be available in a ncar future with the ad-
venl 01"lhe LHC.

t. ~l.G. Ol"on. Ph, ..'. Rr>'. IJ 55 (1997) 5479.

appreeiated from Fig ...•. with a time-like vector confinement
potenlial and Jarge valucs 01"L, the LS conlribulion do not
Pllt at risk lhe confinelllent regime.

To concluJe. Jel liS ohserve from Eq. (27). that the eon-
f1nelllcnt of a I¡ght quark in a rcgion smaller lhat its Comp-
ton wavelcnght, Ac = 1/11I is only an apparent paraJox..
This fael is tlue thal. as a conscqucnce 01'the confinement in-
Icraction. the ligh! quark acquircs an elTcctivc mass grcater
(han its currenlmass. Thcrefore. we can concJuJe that within
this semi-classical approach a time-like veclor confinerncnl
is prefered over one 01'scalar typc.
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