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In Ihe prescnt wor\.; a ncw coordinatc system of curvilinear coordinales is proposed, in order to evaluatc Ihe oplical transfer function, OTF,
hy Ihe autocorrelation method. By using Ihcse curvilinear coordina!es the c1emcnts uf the exit pupil grid are detined by curves inslead of
~traigh( lines as is the case when using rectangular coordinales. So (haL these curvilinear coordinales divide Ihe doma in of inlegration in
segments that follow Ihe shapc 01'Ihe exit pupil. The curvilinear coordinates altow a bctter approximalion in Ihe calculation 01'lhe OfF wilh
less elcments in Ihe grid ami, Iherefore, a saving in compu(ational time.

Kt'ywords: Opticallransfer funclion; aulocorrelalion; curvilinear coordinntes

En el presente trahajo se propone un nuevo sislcma dc coordenadas. llamadas coordenadas curvilínctJs. para evaluar la función de transferencia
óptica. OTF. por el método de la autocorrelación. Usando estas coordenadas eurvi líneas los elemcntos de la grilla en la pupila de salida están
dclinidos por líneas curvas y no por líneas n;:¡;tascomo se obtiene al usar coordenadas reclangulares. De tal manera que dichas coordenadas
curvilíneas dividen el dominio de integración en segmentos que siguen la forma de la pupila de salida. Las coordenadas curvilíneas permiten
una mejor aproximación cn el cálculo del OTF usando menos elementos de la grilla y. por lo tanto, se disminuye elliempo de cómputo.

1Jc.\'cril'tore.c Función de transferencia óptica; autocorrclación; coordenadas curvilíneas

PACS: 42.15.Dp: 42.15.E4

3, Cllrvilinear coordinales

ralion, I(.~), (o lhe OTF for <In aherration-free sYSlcm lo(s),
that ¡s.

II.M I!opkins [2] has shown Ihal far lhe reduced spalial fre-
quellcy~, the normalizctl image conlrast, T(s), is given hy

T(s) = ~ II exp{ik,,\V(x,y;s)} dxdy, (2)
s

(1)
, t (s)

T(,,! = -(-,.
lo SI

In reference to Fig. 1, Ihe uomain of integration. S, dcnoted
hy the dash lines, is delinco hy shearing lhe pupil an amount
proportional to the spatial frecuency. ro is Ihe radius of the
exit pupil which is equal to one, that is, f'O = 1. e is the an-
glc lhat suhtends the Hne that joins the centre of curvature of
Ihe exil pupil, e, 10 lhe point wherc Ihe two shcaring pupils
interscct, P. Finally, H is the oistance helween poinls e and O.

where k = 2rr/.\, A is lhe arca nI. lhe pupil, \V{:I',.'I; s) is lhe
abcrration function which is a polynomial in ;t ami y, antl S
is the arca common to lwo pupil arcas ccntreu 011 the poinls

(>:s/2, O).

2. The OTF alllocorrelalion forl11l1lac

It is well known Ihal lhe "normali7.eu imagc contrast", T(s),
is dellned as Ihe mt io 01' lhe OTF under lhe presence of ahcr-

In optical design Ihe optical transfcr function, OTE is uscd
as a Illeans 01' assessing and predicling lhe image quality 01'
oplical systellls huI it can also he used as a I1lcrit function dur-
ing Ihe optillli/,ation proccss. There are two hasic Illethods for
evalllating the OTE (1) evaluating the aUlocorrelation of the
c.xit pupil function, or (2) laking the inverse Fouricr trans-
fmm uf the intcnsily point-sprcad functiol1. \Vhcn evaluating
the OTF by lhe aulocorrelation method the domain of inte-
gral ion is boundcd hy t\Vo arcs of circles of unit radius, that
is. two symmetrical circular segmcnts joined al Iheir slraight
sides. In arder lo perform the numerical inlegralion. lhe do-
Ilwin lllay he divided hy a rectangular mcsh into elcmcnts of
equal arca. This, howevcr, gives an error in lhc evalllation of
OTF tille to the zig-I.ag boundaries in the tlomain. This prob-
lem has been discussed by J. MaeDonald (1] who propused
<llllodifled polar mesh. \Ve introduce an allcrnalive solution,
curvilinear coordinates, for dividing lhe domain 01' integra-
lion inlo a numher 01' elcl11enlary arcas.

1. 1nlroduclion
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FIGURE l. The dornaio oC integration. S. which is denotcd by the
dash area, is defined by shearing the pupil an amount proportional
lo the spatial frccuency

FIGURE 3. The Ilormalized arca within (he are v = eonst. is the
value of Ihe v.coordinate.

On the :T.-y plane the coordinale 11 = etc defines Ihe are
of eirele P' R' of radius ,. (see Fig. 2) wilh centre al point C'
on the x-axis at a distance h from the origin O such thal

Ay

h=rcos8=rH.

The valuc of the eoordinatc, u, is Ihe ratio

area(OP'Il.'P) ~,.' (e - cos e sin e)1l = = = ,,2,

A ~(e - casesin e)

hence.

(8)

(9)

FIGURE 2. Thc normOllized arca within the are 1L ;::: const. is Ihe
valllc of the u-coordinate.

In order lo solvc the problcm in a completcly general way
wc cstahlish a systcrn of curvilincar coordinales 11, ti 011 Ihe
planc of the shcarcd pupil such that cach clcmcntary arca is
houndcd by two pairs of lines

,b- 1,. = jU, - = -,..
dn 2

The equatioll al' the are 11 = ete is
(I + h)2 + y2 = ,.2,

or

(I + H,.)2 + y2 _,.2 = O,
or

(10)

Consider now ¡he region OPR (Fig. 2) ¡he upper half of a
scgmcnt of radius ro = 1. The chord is in coincidence with
lhc y.axis and Ihe centre ofthe drclc is point e on the l.'.axis
al a distanee JI frolll the origin of coordinales O. The arca of
Ihe half-segment. Ihat ¡s, lhe area 01' Ihe regioll OPR, is

whcrc t, n¡.are TlOn-ncgativc integers and ó'u 6v are the sities
01'the clcmentary arcas. Insidc the domain of intcgration slIch
pairs nf ¡¡nes will divide the region into clemcnts al' cqual
arca and will conform cxactly to the shape of Ihe houndaries.
Thcse coordinates will be normalized to extreme values of
one:

1 .
A = 2(e - H SIfI e),

(I})

( 14)

( I 5)

0(1) = ve,

(It )
0(11+1) = a(n) __ '_'_

dv/dO'

For a givcn value 01' ti, a '¡rst approximation lo f) is

1" = Aarea(OQIl.)
1= A[area(CQIl.) - area(CQO)j

1= 2A (8 - II sinO). (12)

J.2 + 2H,.;c + (HZ _ 1),.2 + y2 = O. (11)

Also, 011 lhe x-y planc Ihe coordinate v = etc (see Fig. 3) de-
fines the line OQ lhrough the origin of eoordinates forming
an anglc 10 wilh Ihe x.axis.

The value of the coordinatc v is the ratio

successive beltcr approximations are oOlained with lhe
Ncwlon-Raphson mcthod

vln) = _1_ [Oln) _ H sin oln)]
2A '

(5 )

(l)

(4)

(6)

(7)

0$"$1.

U/+I = (1 + l)L'w,

Vm+l = (rn + 1).6.1.1,

o:::; 11 $ 1,

111 ;:::: l.6.u,

Vm = 11t6v,

\\...hcrc
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Thc equation 01' the linc v = ele is

"y
l'

e C'

F1(jURE 4. GeomcLry for Lhe dcriv<llion of dr/ds. dy/ds and

",,/dH.( 19)

( IX)

( 17)

( 16)

y = :1: tan '11I,

[h¡

D'.=lanw,
.r

sin O
tall1/.' = j¡'

('os8 -

dI' 1-=-[I-Hrose].
de 2:1

amI

hCllcc

Eliminating y from Eqs. (11) ami (18) we ohtain an cqua-
lion 01"secnnd degree in .r:

F = (1 + tan' ",):r' + 2fl,..r + (H' - 1),.' = O. (20)

(,ivcn lhe pair 01"curvilinear cnonlinates (ll, 1') of a poi nI,
lhe corresponding pair of Carlc~ian coordinales (.r, y) is
foulld as follows:

(1) \Vilh Ihe value of l' amI lhe Ncwlon.Raphson Illelhod
Eq'. (14) ami (15), olllain e and IIlen tan'" with
Eq. (19).

(2) With the value of 11 compute r willl Eq. (10).

R

FI<;URE 5. Gcol1lctry for tlle t1erivalion 01'd() /dll'.

x

(3) Sol ve for.1: lhe cquatiun uf sccond dcgree (20).

(4) Compute y with Eq. (17).

The parlial derivatíves of./' ami y with rcspect lo lhe co-
ordínale 11 can he ohtaincd Jircctly froll1 Eqs. (20), (10) and

(1 X) [31:

In trianglc COQ 01' Fig. 5 hy lile law of sine',

h r

sill(w - O) sin lO

hencc. \Ve may writc

F = I'sill(w -O) - hsinw = O

(27)

(2R)

whcrc ti.'; is the elelllclll of are alung a line It = ctc. From Ihe
gcoll1clry 01" rig. --l, (32)

(31 )

(30)

(29)

1, infinitcly c10se lo Q. It is

rcos(w - H) - hcosw
l' cos( 10 - e)

DF/Dw
DF /DI!

area(OQQ)
ti (1 = -----, JI

!I = OQ'.

!I
,. ros( '" - e)

de
dw

whcrc Q is a point on are II

casy lo show thal

wherc G = CfQ. then

Consider Ihe infinitesimal tríanglc OQQ l)1"Fig. Ó.

whcre

lhcn

(25)

(24)

(22)

(21 )

(23)

di}--.:....= cos8.
d ..•

/I./' •- = - slIlH,
d,••

D.r D.r dr DF/ Dr dr-----
iJ" Dr dll DF /D.r d"

1 fl.r + (f{' - I)r
2r (1 + tan' ",).r + flr

D!I D!liJ.r tan'" flJ:+(f{2-1)r
D,,- D.rD" --~(1+lan2",).r+f{,.'

\Ve shall now derive cxpressiuns for lhe partíal derivalivcs
nf.f ami !f wilh respecllo lhe coordinale v. First, we writc

D.I' tl.f t!,<¡ dO dw
[Ju = d.o;dO dw 7{;;'
Dy d!! ti.'; dfl dw
[J {l d.o; d (J -;¡;;: -;¡;; ,

:lnd
d..•
-='/'.
dI!

(2(,) (33)
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\Ve now suhslitute Eqs. (25), (26), (28)and (33) inlo Eqs. (23)
and (24) to ohlain Ihe folJowing expressions:

P]C;URE 7. Domain 01' inlegration dividcd ioto 3 rings and 12 scc-
tnrs (upper row) and 5 rings and 20 scctors (Iowcr row) for Ilor.
malizcd frcqucncics uf 0%, 20%, 40%, 60% and 80% fmm left lo
right.

Rectangular
coordinates
20 x 20

1.0
0.87342
0.74684
0.62025
0.50633
0.39241
0.29114
0.18987
0.10127
0.03797
O.

Rectangular
coordinates

6x6
1.0
0.8125
0.6250
0.4375
0.2500
0.1250
0.0

Norrnatizcd
frecuency
1//1/0

O.
0.16667
0.33333
05
0.66667
0.83333
1.0

TABLE 1. Yalucs ofthe MTF for an abcnalion-frce system in focus.
Note that Ihe normalized frequcncy values for the case 6 x 6 ele-
ments 01' rectangular coordinates is different due lo the Iimitalion
of the smallest stcp-sizc in the normalized frequency being equallo
lhe smallcsl clerncnt size in the sarnple grid (for 6 x 6 squares, the
srnaJlest normalizcd frcquency SICpis 1/6).

Normali7.cd Ideal Curvilinear
frecucncy J\lTF coordinates
vivo Eg. A.I 3 x 12
O. 1.0 1.0
0.1 0.87291 0.87289
0.2 0.74708 0.74706
0.3 0.62386 0.62384
04 0.50465 0.50463
0.5 0.3910t 0.391
0.6 0.28477 0.28476
0.7 0.18813 0.18812
0.8 0.10409 0.10409
0.9 0.03739 0.03739
1.0 O. O.

xe

FIGURE 6. Geornclry for the dcrivation of dw/dv.

D" 2AgsinO
(34)

D" G2 cos( '" - O),

tly 2AycosO
(35)

tlv G2 cos(w - O)'

Figure 7 shows the domain 01' intcgration.

Final/y, SUhSliluting in Eqs. (34) an (35)

ti" (r-hcosO). O- = -2A------SI11 .
tlv (l-llcosO)2

f)y _ ry. (1' - !LcosO) .0
- - .•••.•1 . cos .ti" (1- HcosO)'

hcosH + gcos(w - 8) = 1"

4. Resull~

In arder to show Ihe approximation ofusing lhe canonical co-
ordinales for the evaluation of the MTF for systems with cir-
cular apertures as proposeu in this paper, wc have evalualeu
lhe modulation Iransfcr function for an abcrration-free sys-
lem in focus, in lhree diffcrenl ways: lhe first one is lo evalu-
ale the arca COll1t1lonlo Iwo pupils according lo Eq. (A.I) in
appendix A, lhe second one is by using rectangular coordi-
nates and lhe third one is by using the cananical coardinales.

The results are presented in Table 1, In reference lo Ta-
ble 1, the firsl column shows Ihe normalizcd frequency, vivo.
The sccond column shows Ihe MTF valucs as a funClion of
the normalized frcquency whcn Eq. (A.I) is used. It is im-
porlanl to 110tetha! the values 01'the MTF given by Eq. (A.I)
are exact, in lhe sense lhat it gives Ihe value of the arca com-
lTlon lo Ihe apcrlure and Ihe apcrture displaced, for this rea-
son Ihe dala in Ihis column is named "ideal" MTF. The third
column shows Ihe dala for Ihe evaluation of the MTF when
using curvilincar coordinates. The dornain of integral ion was
divided into 3 rings and 12 sectors as shown in lhe upper row

(36)

(37)

(38)

(39)

(40)

r-heos8
q=-~-~
, cos( '" - O)

l-l/cosO
G=----

cos(", - O)

(l'-hcosO)
=------

(1 - H COSO)2'
!J

G2 ros(", - O)

}{rosO + Gcos(w - O) = 1

By nOling Ihal,

so Ihal,
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\\'hcrc

hy 20 rectangular elclllenls. Ihat is. it \\'ould he necessary to
perfonn four hundred raytraces lo rei.lch Ihe "ideal"valuc of
Ihe MTF as sho\\'n in Fig. X. inslcad 01'36 as is lhe case when
llsing curvilincar cooruinales.

\Vhen Ihe oplieal transfer runction is evaluatcd hy lhe all-
locorrclaliotl m~thod. Ihe domain of inlegralion is delined
hy Ihe shearing pupil, Ihal is. Ihe domain 01" intcgration is
hOllndeu hy tW() ares 01"eireles of unil radius. In Ihe prcsent
work. we have proposcd a syslcm of curvilinear c()ordinalcs
such lhal Ihe dOlllain nf inlegration is Jividetl into elelTlents
of equal arca ami conform cxactly the shape of Ihe hounJ-
aries of Ihe uOlllain. Thcsc curvilinear coordinates u, v have
heen \\'ritlen in Icrms of Ihe Cartcsian coordinalcs.r. y as wel1
as Iheir partial derivali\'es. so that {he cvalualion 01"Ihe opti-
cal transfer fllnclion can he carried out. In Ihe rcsults. we
show Ihat when lIsing eurvilincar coordinales (he valucs of
Ihe f\.1TF are cxact ror :1Il aherration-free systcrn nf circu-
lar apcrtllrcs. Currenlly. we are working on lhe algorithm lo
illlplclllcnt Ihcse fUIlCliolls on aherratetl systcms 01' circular
apertures.

5. SlImmary all<l cnnclllsinns

.-t".-3X 12e..-..._....._
----.6X6R~~ ••
-_I,IITf
X2OX20R~_ ••'~-~

I

"

"

"

(D.!')' (D.r)'
Da + {)u

"

"00 O,, 02 0.3 04 0.5 0.8 0,7 0.6 0,9 1,(

Normalized frequency (viI' J

FJ(¡URI" x. ~1odllla(ion lran~fcr function \'l'rSIH nOfl1lillilCtl frc-
L'Ucm:y. 1'/1'0. fm an alxrmtion.free :-;yslcm in focu •.•.

01' Fig. 7. Thc equalions prcscntcd in ScCI. .\ \vhcrc lIscd lo
pcrform Ihe cvaluation 01' lhe integral givcn hy.

~!TF(u)= }" JI h"h,d"d" (41)

~K!~'i!i~~ar

In Fig. X Ihe dala are plottcd in arder lO sho\\' Ihatlhcsc curvi-
lilll.?arcoonlinalcs allow lhe "ideal" l\tTF. Thc fOllrlh columll
shows lile dala 01' lile MTF whcn Ihe pupil is dividcd into 20
by 20 rectangular clctllcnts. Thc f1fth colurno shows Ihe nor-
fIlalitel! frcqucncy vallles, Pil'O. for Ihe eas~ when Ih~ grid
is divid~d inlo 6 hy 6 rectangular elcm~nls. Note thallhe dil"-
kretlee helw~cn Ihc in Ihe first column amllh~ nfth eolumn
is tlue 10 Ihe limilalion 01' Ihe smallesl step-sil.c in (he nor-
Illalil.ed frcqucney heing cqual to lhe smallesl elemenl sizc
in lhe sample grid. Thc sixth column shows lile f\lTF values
as a funclion 01' the nonnalizeu frequcncy whcn Ihe pupil is
dividcd in 6 hy h rectangular elcments 01"cqual arca. If Ihe
rcntcr nI"a rectangular clement is inside the comlllon arca 01"
Ihe 1\\'0 pupils Ihen this elcmcnt conlrihllles lo the l\.lTF In
Fig. X. we c~l.Ilapprcciatc Ihe error in the e\'alualion 01"the
i\1TP wllcn Ihc rectangular griJ is used. To improvc the ap-
proxilllalion. il woulJ he nccessary 10 divide Ih~ region in 20

Appendix A

pis Ihe cuto 1'1"frequctley in cyclcs per lllil1illleler andl'o is lhe
cUlOff frceuene)' gi\'en hy

whcl'l.' N A is Ih~ Ilullll'rieal aperlure and A is the wavelenglh
in millillleters. NOle that Eq. (..JI) applies lo circular apcr-
Imes.

(A.2)

(A3)

(Al)

1'0 =

(,,)(i' = ('()S-I -

/'0

.,
~ITF(l') = ~(.,; - ('()s";sin.,;)

"
\vherc

\Vhen no ahcrralions are presento lhe MTF as a I"unction
nf frcqucncy. 1'. is givcn hy lhe l'OmI110n arca hctwccll two
shcaring pupils as 111.

(42)(DY)'DI'(D.r.)' +
D"
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