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Transient heat conduction in a plate with variable thermal conductivity and
non-linear boundary conditions by network simulation method
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The thermal response of a plíltc is predicted using an analysis based on the nctwork simulalion mcthod. Dne side of the plale is exposed lo
a time-dependent radiativc hcat Ilux on the surface. simulating solar incident radiatinn flux, and polynomial tempcraltifC dependent Ihermal
conductivity is assumcd. A general network medel is proposed for this process, whalcver lhe polynomial degree and including ¡nitiai and
houndary conditions. With this network model and using the electrical circuit simulatioll program, PSPICE, time-dependent temperature and
heat flow profiles can he obtained at any location

Keywonú: Nctwork simulation melhod; digital simulation; nonlinear heat conduction

Se obtiene la respuesta térmica de una placa. cuya conductividad depende polinómicamcnte de la temperatura, mediante el método de
simulación por redes; una de sus caras se somete a radiación armónica incidente. simulando la exposición solar; condiciones de convección
y re-radiación son añadidas a amoos lados de la placa. Se diseña un modelo de circuito wrrespondicnte a este proceso. independiente del
grado del polinomio. que incluye las condiciones de contorno e iniciales. Su simulación. mediante el programa de resolución de circuitos
PSPICE. permite obtener la totalidad del campo térmico transitorio y ios flujos de calor en cada sección.

Descriptores: MélOdo de simulación por redes; simulación digital: conducción de calor 110 lineal

PACS: 72.15

1. IlItroduction

The evaluation of lime-dependent responses in solids pos-
sessing variahle thermal properties is of great importanee
for many engineering applications. Transicnt non-linear Iher-
mal analysis 01' struclllres ami material s subjected to harsh
thcnnal environments is important because non-linear and/or
non.unifonll heatiing may have a significant effeet on their
performance characleristics. It is of particular importance in
lhe development of advanced materials Iike ceramics and
glass, or in lhe study 01' component bchavior and struclural
design in fumace teehnology. high tcmperature cngines or
cnergy storage systcms. Solar panel pIates. space and aireran
frames. and the melal supports of buildings are jusI same of
lhe cases to which lhe technique may be applied. Several ap-
proximale and numcrical methods have been sllggcstcd for
overcoming Ihe uifliculJies inherenl in Ihis prohlem [1-6]- In
this work we are intercsted in investigaling conduction in a
plale of polynomial variahle lhermal conuuclivily, Ihe frool
slIrfacc 01" wich is exposcd to a lirne-dcpcndent radiativc heat
flux on the surface. simulating solar incident radiation flux.
Inilially lhe plale is isothermal and at Ihe same lcmperature as
its cnvironment. which has a lemporal sinusoidal-variation. a
case which is similar to that of a solar eolleetoL The hound-
ary condilion on lhe front Cace is radiative heating countercd
hy natural convective eooling and radiant exchange with the
hackground radiation sink. Energy is also lost 10 the cnvi-

ronment on the rear faee of the plate by natural conveetion
and radialiolJ. Varialions in convection coefficienl with tem-
peralure diffcrcnce betwcen surface and surrounding air are
asslIl1lcd.

This investigation uscs lhe network simulation mcthod.
which is weH suiled lo trcating Iransport processes [7-9] and
which allows lhe description of any such proeess in terms of
electrical nctworks. The spatial variable in the heat conduc-
tion elJlIation is discrctizcd as in finite-difference schemes al-
though the time variahle rcmains continuous. This permits
Ihe malhemalicalmouello he described by a oelwork model,
the partial differcnlial equations involved in the conduction
prohiem heiog Iraosformeu iolo a sel of coupled ordinary uif-
ferenlial equalions (equalions of Ihe nelwork), Highly uevel-
opee! methods of circuilS analysis may then be used to ob-
serve lhe dynamic hehavior of systems obviating the need lo
ueal explicilly wilh whal are usually very eomplex differen-
tial equations describing Ihe proeess. The simulation program
I'SPICE1@ 110,111 was founu lO he very lIseful for Ihis pur-
pose.

Thc assurnetl conditions. which make the problem highly
non-linear as rcgards temperature. are easily implemented in
the nctwork mode!. This moJel is then simulated using the
circuit sillluiatioll prograrn. PSPICE. and the thermal behav-
ior of the piale. cilher during transicnt or stationary time in.
tcrvals, can thus he oblaincd.
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¡¡shed.

jx:L = -k (DT)
DI (L.n

= h(Tr~L - T,,) + w(T::L - T~). (5)

The ambient air temperalure Tu may he aproximated as [1]
FIGUR E 1. Slah of thickness L.

2. Nclwork model of an absorber plale

Thc transicnt ooe-uimensional heat conduction diffcrcntial
cquation in a single pIate may be expressed as

jx = O = -k (DT)
EJ., (0.1)

= h(Tr~o - Ta) + j, + óa(T::o - T~), (2)

(8)

whcrc k¡(i = O, 1, 2, .. n) are con513nts.
Thc ¡nitial condition is given hy

k = ko+ k, T + k, T' + k, T' + ... + k" TU. (7)

T(r.O)= To.

The general procedurc for oblaining the nctwork model
rcprcsentative of a transporl process consists of dividing the
physical region of interest into volurne clcments. Thus, ac-
cording lOFourier's law. for Ihe compartment i, ol' lhickncss
f..I, Eq. (1) can be wrilten as

wherc Tm YTu are the mean value ami amplitude o" the tCffi-
peraturc oscillations, rcspectivcly. and <PI is its initial phase.
Thcrrnal conduclivity is assumcd to vary polynomially with
tcmperature

( 1 )t > o. O < x < L,(DT) D (kDT)
pr,. DI = DI DI ;

whcrc .r anJ tare lhe spatial coordinatc and time, rcspcc-
tively, p is Ihe density, e" the specifie heal, k, the Ihennal
eonduelivity. and L, the thickness of the plate. The [ront sur-
face 01' lhe plate is assumed lo be receiving heal radiation and
lo he losing heat hy natural convectian and radiation by cx-
changc with its surrounding (Fig. 1); in this case, lhe thermal
flux al .1'= O. can he givcn by

and, since jd::.il are the lluxes Icaving and entcring lhe com-
panlllent i,

whcrc It is lhe hcat-transfer coefficient, T(I ano Too are,
rcspcclivcly. lhe ambient fluid and radiation sink tcmpcra-
(ures. é is lhe mdialive emissivily of surface, a, the Stefan-
Boltllllan constant, and ir, the radiant heat llux.

The daily variation of lhe incidenl solar radialion is as-
sUlllcd to hc

./ Ti - Td::.il
Jdfl = :H,etfl 6.I/2

Eq. (9) is expressed as

( lO)

Thc conditions 01' solar incident radiant llux during a com-
plete day are c10sely salisfied hy selecting 'Po = -Jr /2 amI
T,. = 43.2 X lO' s (hall"of the daily period T).

In the same way, a houndary condition at x = L, similar
10Eq. (2) without incident radianl heat flux, ir, can be estah-

I

Td::.il and Tí bcing the tempcratures al the ends and at the
central point ol"the eornpartrnent i. respeetively (Fig. 2). Con-
duclivilY kdfl = k(Tdfl) are the values 01"the k al these
ends. Suhstiluting Eq. (7) inlo Eq. (11) yields the following
cqualion

JI" = (J, for T, S; t S; 2T,. (4)

(<lT,) = (_l.)
('Ce di D.X [

k T,_fl - T,
l-il D.X /2

Ti - 7;+fl]
-ki+fl 6.;,/2 . (1 t)

(T,(~ T,) + 2(T,_fl _ T,) [ (~~r)T,_fl + (~~ ) (7;-d + ... + (:;:~ ) (T'_fl)U]

(T, (-¡;'t) 2(Ti -T,+fl [(~~) Ti+fl + (~~r)(Ti+fl)' ++ (~:) (7;+fl)"]' (12)
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foJGURE 2. Nelwork modcl for lransicnt hcat conduction in a vol-
time elemenl of material wilh Icmpcrature-dependen! Ihermal con-
dUClivity.

FIGURE 3. Nelwork mOllel for Iransienl heat conduction in Ihe en.
lire plateo Boundary condilions are explicit in the model. jeo and
jeL are the cOllvcclivc nuxcs nl x = O and x = L, respcctively;
jrro and jrr L are Ihe rc-radialion nuxcs al so al x = O and x = L.

The voltage-depcndent current source Gi,a is controlled
by \~'a = (1',-", - 1',) ami v.'; = 2(kJ/ ilx)T;_", +
(k2/tix)(T,_",)' + ... + (k"/il;)(1i_,,,)". Tbe tirst, V.'a'
is ohtaincd directly' on its associated nodes, while \Ii'~;
is evaluated hy anothcr auxiliary circuit with a voltage-
dependent current sourcc F¡,<1 controlled by Ti-,Ó through
a polynomial cxpression, anu the resistor R¡,a = 1. In the
sarnc way, G¡,b nceds to be implementcd by meaos of an
auxiliary circuit with thc voltage-dcpcndent current source,
F',b, OfOUlPUl2[(kl/ilx)T,+", + (k2/ilx)(Ti+",)2 + ... +
(k" / ilx )(1',+",)" J amI lhe resislor R',b = 1. The olber eon-
lrol vollage, (1', - 1',+",), is oblained direelly from lhe eir-
cuit. Control variables for the control sources and switchcs
are shown in Figs. 2 and 3, in italics and brackets.

For network modelling purposes, any number N of el-
emental circuits, such as that in Fig. 2, must be connecteu
in series to form the network model for the entire physi-
cal region undergoing a transient heat conduction process.
Fig. 3 shows the entire ladder network model for modelling
Eq.(12).

The next step is to include initial and boundary condi-
tions in the nctwork model. Initia! temperatures throughout
the systcm have hecn incorporated by means of the initial
potcntial 01' the capacitors in the network model. The inci-
denl radianl heal Ilux, Eq. (3), is modelled by a sinusoidal
variable current source Gr, 01' output ir' It is important to
note lhat any periodic solar radiant flux which satisfies spe-
citic conditions 01'a particular geographical area can be con-
sidcrcd in the prohlem and incorporated into the nctwork
model. The beal Iluxes 01' lhe natural eonveelion al x = O
and x = L are modelled hy the voltage-dependent current
sourees, Gco ami GeL, 01'OUlPUISjctl = h(T,=o - Ta) and
jcL = h(T,=/, - 1',,) respeelively, wbieh are eonlrolled by
(he voltagcs Tx=o, Tx=l. and Ta. These sources satisfy any
variations in tcmperaturc, which are generally of the forro
" = h(D.T)1', wilh ~T hcing the tempcrature difference bc-
twccn slab surfacc and the fluid, and p < 1. The temporal
variation 01'the ambient air tempcraturc Ta, Eq. (6), has heen
modelled hy an auxiliary

(13)

(14 )

( 15)(<iT,)ji"Y = PCI'D.X -;¡f .
. [( kl ) ( k2 ) 2J •." = 2(1';_-,>- 1',) ilx 1',_", + ilx (1',-",)

+ + (~:)(T,_",)"), (16)

j;,b = 2(1', - Ti+",)[(~~)T,+", + (~:)(T,+",),

+ .. +(~'~)(Ti+",n (17)

where

. Ti - Tif:.'ó
Jd-'> = oJo ilx/(2ko) ,

Equalion (13) may be eonsidered lo be Kirebboff's eur-
rcnl law and the temperature T as a variable satisfying Kirch-
hoff's voltagc law, hccause T is a continaus and single-
valucd variable. Thus, it is posible to analyse a hcat con-
duction proccss by an elcctric nctwark, charactcristic vari-
ables uf whieh are j and 1'. In lhis sen se, Eqs. (14)-( 17) de-
fine resistors with resistance Rif:.'ó = ilJ:/2ko, a capacitar
with capacitance "(= pCt;'D.X, and two multivariable voltage-
dependent current sources G¡,fI and Gi,b, of output ji ,a and
ji,b respectively, which are connected in accordance with the
Kirehhoffs eurrenl law, Eq. (13). Aeeording In lhe lopology,
1',_-'>'" 1"-1+"', Ti+-'> '" 1"+1-"', and Ij,-",I = Jj'-I+'"1,
Ij;+", I = Iji+I-",I: fnrlhat, (1',_",-1',) = (1';-1-1"-1+"')'
(1';- 1',+",) = (1"+1_'" -T,+¡), and from Eqs. (16) and (17),
Ih"I = Ij'-I ,bl, and Ij',I,1= Iji+1,,,l. In lhis way, lhe sourees
Gi,a and Ci¡,I, can he conrected hetwecn points i - 1 and i,
and i ami i + 1, rcspectively, as it is shown in Fig. 2.
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FIGURE 4. Simulaled time-dependent temperature profiles al x =:
O. L/4. L/2. 3L/4 anu L.

circuito wilh a variahle vollage source V"re(, of outpul TII• ami
its assockucd resistor Hn.f cqual to unity (Fig. 3). The hcal
tluxes caused hy the exehangc w¡lh the background radiatiofl
sink. al ;r = O antl .c = L. which are strongly non-linear, are
also casily implel11cntcd in the network rnodel by the \'oltage-
dcpcndcnt current sources Gr"o and GrrL, whose outpulS are
jrro = Ea(T:=o - T~) and jrrL = Eu(T;=L - T~). re-
spectivcly. Once the general nClwork moJel is obtained, the
temporal evolUli(ln 01'heat f10ws through any section and tem.
pcratures anywhcrc can he simulatcd simultaneously.

3. Nlll1lcricaJ reslllts

Timo: (h)

FIGURE S. Temporal varialions of the convective. re-radiativc and
total instant<lncous heat !luxes through the front surf<lce.

"O

Implcl11cntation 01'the network modcl ofFig. 3 in tcrms 01'an
eleclricai nctwork simulation routine sueh as PSPICE gives
the lhcoretical response 01'the system. PSPICE is a mcmher
01'thc SPICE family 01'non-linear circuit simulalors that can
calculatc the hehavior 01'analogue cireuits wilh specd ami m.:-
curacy cvcn in personal computcrs. Thc program uses a modi-
fkation orthe Ncwton-Raphson algorithm to solvc non-linear
algchraic cquations ami conlains a stiflly stahle prediclor-
correclor inlcgratioll tcchnil}llC that is a combination oftrape-
zuidal and Gcar's algorilhm wilh a truncation-crror timc-slcp
control [10).

Simulalions of (he ahoye considercd system wcrc car-
ricd out for the following values corrcsponding to an iron
piate and lo lypical ambicnt conditions: Ce = 4.49 X

10-.1 Jkg-I K-l. l' = 7.78 X 103 kgm-3• ko = 1.47 X

10-2 Wm-1K-I, kl = -2..12 X 10-5 Wm-IK-2• k, = O.
j > 1, Tn = 300 K." = "o(i'J.T)" Wm-2K -l. with ho = 10
anu l' = 0.25, Ea = 1.12 X 10-8 Wm-2K-" 1'm = 300 K.
1'" = 10 K, </JI = O. Too = O K. jn = 250 Wm-2

•
L = 2 X 10-3 m. N = 40. Simulations werc earried out
on a SUN Sparcstalion 2,4/50 GX.

Figure 4 shows lempcralure profilcs in the slab at x = O.
L/4. L/2. 3L/4 antl L. uuring Ihe two tirst cycles. There is
no signifieant transitory eontrihution heeause of the very low
thermal inerlia 01'the sIah. Figs. 5 and 6 show the time depcn-
dence ofthc total, conveclion and rc-radiation ftuxes at x = ()
and J" = L. rcspcclivcly.

FIGURE ó. Temporal dcpcndcnce of Ihe convective. rc-radiativc
.md tntal instantaneuus hc;,\t l1uxcs through the rcar surface.

Acconling to lhe lempcraturc profiles oblained, the max-
inltllll ami mínimum conduetivitics are 78.0 X 10-4 and
68.2 X 10-1 Wm-I K-l. respectively. corrcsponding to 285.0
and 32.,),6 K. To analyzc lhc intluencc 01' the non-linear
term we have chosen kl = -4.48 X 10-5 Wm-I K-2. Fig-
ure 7 shows lhe lcmpcrature profiles for thal value. the max-
imum and rninimum tcmpcrature of the slab being 327.7 and
285.0 K and the associalcd eonductivity fOf those tempera-
tures 0.167 X 10-4 antl 19.3 x 10-4 Wm-IK-1 Figure 8
shows Ihe tcmpcrature profiles for a constant conductivity uf
0.167 x 10-4 Wm-1 K-l.

Thc strains and slrcsscs indueed by the thermal flelds dc-
pend 00 the mechanical eonstrietions at the boundaries and
the siah tlimensions. By means of ANSYS 5.3. sofware of
Ansys Ine .. we evaluatcd (he stresses for the maximum ther-
mal gradienl (al noon) and ohtained the following values:
1'(0, y, z) = 325.6 K and 1'(x = L, y, z) = 307 K antl
E = 2.06 X 1011 N/m', " = 1.2 X 10-5 K-l. V = 0.3.
LlI = 0.5 III and Lz = 0.05 m. where E. Q and lJ are Young's
modulus. lhermal expansion eocfficient and Poisson's ratio,
rcspectivcly.
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1,_ thl

are (Jy(O,O,O) = 3.; x lO' N/m', (J,(O,O,O) = 1.9 x
10" N/m' and (Jr(O,O.O) = 1.9 X lO' N/m'- Wilhoul dis-
placcrncnls al y = ::f::O.25In ¡md z = ::f::O.025m. the maxi-
mum slre"es are (Jv(O,O.O) = 8.4 X 107 N/m'. (J, (O, 0, O) =
5.; x 107 N/m" and (Jr (O,0, O) = 4.9 x 10' N/m'. Wilhoul
restrictions (free slab) the strcsscs are ncgligiblc and the dis-
placclllcnt anu )¡l.lcraldcllcction are ~Ly = 1.5 x ]0-4 m
anu t5 = 3.5 X 10-3 m. rcspcctÍ\'cly.

r-HiURE S. Tem~raturc protiles for k = 0.167 x IO-"Wm-1 K-l.

FIGURE 7. Tcmpcralure profiles fm k" ::;:1.47 x 10-2 Wm-1 K-l.
k] = -4.48 x 1O-~Wm-1K-2.

By preventing lhe Jisplaccmcnt of thc bounuarics y =
:i:O.2!i In and leaving free (he othcr edges, max.imuIn strcsscs

4. Conclusions

In the lighl 01' the results. the lcmpcraturcs :JI x = O and
:r = L are atmos! indcpcmJcnt uf rhe conductivily whalcvcr
ils valuc or ilSdcgrcc ol' dcpcndcncc on T, the non-Iincaritics
imposcd hy Ihe houndary conditions (convcetion, radiation,
rc-radiation) delcrmining these proftlcs. Howcver. lhe ther-
Illal protilc inside of the sla" is scnsitive to changcs in con-
ducth'ity wilh tcmpcraturc, as was to be cxpectcd.

Thc maximum strcsscs ¡nLluecdby thesc (herma) ficlds, in
lhe least favourahle conditions (zcro displacel11cnt at the four
edgcs) rcmain far from thc clastic ¡¡mit of "lcc!.

To simulate lhe network rnodel proposed, including cap-
ture and complete analysis, a highly de\'cloped in(cgratcd cn-
vironrnellt I1llJM he used. PSP1CE has two options which are
casy In ¡carn and use for capluring the nClwork: graphically
or hy progral1ling; otht:rwisc PSPICE can hc implementcd in
Pe or work stations.
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