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\Ve sol ve tbe Scluüedinger equation I"oran e1et'lron insidc an annular cylindril:al no\ in two silllations: i) in lhe ahscnce 01"any licios, and
ii) in the presellce of a unifonn, axial magnclic induction lleld conlined amlcclltereJ in lhe perforation. Thc Aharonov~Rohm cff~cl on lhe
hound sial es 01'lhe e1ectron is exhihilcd tbrough the analysis 01"Ihe depemklKe 01"Ihe cllcrgy eigcnvalues and eigcllfunctions OH the encloscJ
lllagndic !lux. 'rhe resu1ts of Ihis sludy serve lo illustrate Ihe roles 01"tbc magnclic vcctor polelltial anJ the gauge Iransformations in quantutll
lllcchanics.

Knwonl.\: :-"lagnetic vector potcntial in quanlum Illechanics

Se resuelve la cCllari6n de Schrócdinger para un electrón en el interior de un:1 caja allular cilíndrica cn dos situaciones; i) en auscncia de
cualquier campo. y it) en presencia de un campo de inducción magnética axial y uniforme conllnado y centrado en la perforación. Se exhibe
el efcclo Aharonov~Bohm sobre los eslados ligados del electrón a través del análisis de la dependencia de los eigenvalores de la energía y
las eigcnfullc;oncs COIlrespecto al !lujo magnético encerrado. Los resultados de esle esludio sirven para iluslrar los papeles del potencial
vcclori,Ji rnagnélil.:o y las transformaciones de norma CII mcdllica cu:ínlica.

/J(',w.,.i¡'Wrt'.\'." Potencial vectorial magnético en mednica cmínlica

I'ACS: 01.(15

t. IlItrnductio/l

II i:-; almosl rorty years since Aharonov allll Bohm analy~
led Ihe signilicancc 01"the eiectromagnctic vector potential in
qU:lnllllll theory, ami suggesled an cxpcriment to lest fOl"the
cllecl uf Ihe poh:nlia! in regions where Ihere are 110magnelic
liclds 11]. They preoicted t!lat Ihe fringe patlern in an elec-
lron inlerfcrellce expcrirnent should be shifted hy altering lhe
:U1101lnlof magnclic flux passing bctwccn Iwo hearns, cven
lhollgh Ihe heams rhernsel\'es pass only Ihrough lIcld-free re-
gions. Spccilically, a shift of 11 fringes is associalcd with an
clKlosed llllx of /l1/{'/ (', where (he natural unil or flux or 1111-
XOIl,1/('/1' = ,1. ¡;J:) x 10-7 gauss ' cm:.!. is determined hy Ihe
Pbnck L'ollstanl Ii, the velocity 01' ¡¡ghl (', aOlllhc cleclron's
elCL'lrie L'harge ('. \Vithin a ycar, Chamhers perfonned such an
l'xperimclll rcporting lhe cxpecled shifts 01' an cleL'tron inler-
rerenn.~ pattern hy the corresponding ma~nctic l1uxes, incll1~
ding ••iluation ••ill which the paltern appears 1I1lchangco due to
thcir ass(Kiatiull wilh magneliL' llllxes 01' an iUlegcr numher ur
llu\uns [21.

It i••also twent)' years since lwo did:KliL' anicles on rela~
led topiL's \\-'cre puhlishcd 13. el]. In Ihe lirSI one, Konopinski
discllssed the expliL'it physical tlIeaning ami direcl mcasura~
hility orlhe electromagnetic vector pOlenlial in the classical
conlcxt. And in the second Olle, Kohe dedllced Maxwell's
cquations from the gauge invarianre nI' qllantulll Illcchanics.

Konopinski's hook 011 electromagnetislll [5] and Sakurai's
hooks on quamum Illcchanics IG, 71 contain more detailed tre~
almcnts of thesc topics.

Bound slale versions of Ihe Aharonov-Bohm effect llave
also heen disclIssed in the Iiterature [8,91, In thc specialil.l'd
hook 01' Peshkin and TOl1omura 181, Ihe !irst author illuslra~
teo Ihe elTect ror the charged mlalor in a plal1e, and pointed
out Ihal thcrc are no importanl changes if the motion is allo-
wcd to he lhree~dimensionai inside a lorus. In Ballcntine's
hook 191 ¡he charged particJc confincd to the inlerior of a 10-
rus 01"reL'tangular cross~section is also used to recognil.~ that
the cncrgy (JI"the stationary states must depend on the mag-
nelic l1ux in lhe pcrforation. ln 00111 rcfcrcnces the respective
aulhors cOllsidered that the delailed quanlitativc ilnalysis of
Ihc prohlclll was nol necessary for their purposes.

This paper prcsenls a hound statc version of Ihe
Alwnmov~Bohm effect lhrough Ihe study of the energy spec-
tra and eigenflJncti(~ns of an eleL'lmn inside an annular cylin-
drical hox in t\\'o comparativc sitllations: i) in the ahsence of
any ticlds. ilnd in in Ihe presence 01' a lIniforrn, axial ll1ag~
nelic indllction tield L'onlined amI centcrcd in the pcrforation
wilh ils associated magnetic veclor polenlial in Ihe interior of
lhe 00\. In Sec!. 2. Ihe rcferencc prohlem of situation i) is
forlllulatcd and sol veo lúr the cfeL'lron inside a hox dellncd
in cylindrieal coordinates (a :s l' :s (¡, r..p, O :s z ::; L). Sec-
lion .~conlai ns the forllllllation amI soll1lion 01' the Aharono\'~
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Fr{iUI<F l. AlllluJar cylindricll hux with inner rauius a, Olller ra-
dills 1Iand hcighl I.. A lllliform aXIal rnagnclic inullclion lidd is
dpplicd ;llld ccnlcl'cd in ltll' pl'rforalion.

Equalioll (-'le) is rccognil.cd as lhe Besscl cquation anJ its ge-
neral SOllllion is Ihe linear com hinat ion 01"the onlinary Rcssel
runetioll ¡¡nd lile Nelllllann fUllclion 110),

U(I)) = Am.J", (I"T 1') + HIII}"m (/'.T (1). (X)

slIlee 111 is an integcr. Eq, (7), Thc hounJary conditions 01"
Eqs, (2a) 011Il1i" Sollllion are cxpresscd hy

(~a)

(~h)

A",.1I11(/,''I'0) + l1'Il}.m(l.TfI) = O.

A",.1I11(/,'1''') + Hm}'''¡(/'Tb) = O.

Bohlll probklll involving a magnetic intluclion fielJ fj = kn
l"lllllilll'd in (O < l' < 1)0:::; (1, ;¡J, .:) ilnd lhe magnelic vcctor
pOlclltial .T = 'l":'/lp~/'2f' inside lhe hox. Seclion 4 prescnts
illll'.>trativc 1l11llh.'rical and graphical rcsults of the solutions
rOl' Ihc cllcrgy cigcll\'alues amI eigenfunctions JS lhe magne-
lic Ilux l'ncloscd insiJe (he perforation, v = (B7iP6)/(hc/c),
i" changcd. Sl'Clioll 5 contains a discussion of the Aharonov-
Bohlll crfCCl on thc bOllnd slales with cmphasis on Ihe SYIll-
IIh.'lr)' ami pcriodicity of lhe energy speclra as fllncliolls nf 11,

illl'luding lile tkgelleraces for intcgcr and half-intcger values.

musl hc solvcd subjccl 10 lhe houndary conJition (hat lhe wa-
\'cfunelion vanishcs at Ihe positions 01' lhe walls 01"the hox:

2. The e1edron inside an annular cylindrical
hux

1,' [1 iJ iJ 1 ¡¡, iJ' ]
--- --1'- + -- + - ~'(f1 '" :)

'211I" l' nI' ¿)I/ I':!.D:p2 /).:"2 "

= £0(1', 'p, o), (1)

Tlle Schriicdingcr cqu<lli{Hl f(Jr Ihe eleclron insidc an :tllnular
cylindrical h(IX in cylindrical eoordinatcs,

dI' = u,,::,:) = dl'= /",::,:) = 0,

di",.',:) = dI'. P + ~;r.o).

1,'(1', p,: = O)= dI', 'P,: = L) = O.

(2a)

(2h)

(2e)

This is a sl'l tlf [wo algcbraic hOlllogencolls linear cqualions
for the unknown eoefliciclllS .--trll and Hm, \vhich aJmits non-
trivial/cm SOlllliolls onl1' ir ilS JClcrminanl vanishcs, l.e..

( 10)

The solUlions 01' Eq. Ha) suhjecl 10 lhe houndary conditiollS
nI" Eq. (2e) arlO

(1 I )

( 13)_ I (,1"",.,1,)). ('1'''''1')]' I'11I Hl 1'(1'.
11 (t

., (' ., "). (,- .r~l!s n-¡r-
I~IH"'I = -,,-. - ..,- + -L" '

_JI/( 0- -

/"[\' (~)J (.1'''',1')'\'''1,' = 1" ' ,,,
.(, ti ti

in [crllls 01' lhe <ll.illlllthal 111, radial s and axial n qU<1nlUIll
nlllllhers.

Thc ralio 01' the cocllkicnts ..4", anJ £'111 fol1ows from
Eq. (Ya) or Eq. (Yh), a11(1it allo\\'s lO write lhe normalizcJ
radial eigenl'tic[inn, Eq. (X), as

\\hcre [he normalil.ation constant is

Thc probJcll1l1f Ibis scrlioll has also heen stutlietl in (he spe-
ciali/cd rcsean..:h literalurc 11'2].

This lransecndcnlall'qualion has lo he sol ved nUlllerically to
ohlain Ihl' tralls\'crsc wave numhcr kT, The tasI\. is accolllplis-
hl'd hy lIsing nlllllerical rl'cifleS in e 1111, Lel kT(l = ;rm.~'he
lIle slIeccssi\'l' solulions,..; = 1,2,:L ... , for given vallles nI' 11

ílml (/,The cllcrgy cigellvalth.'s oí' Eq. (5) with Ihe explicil va-
IIICSnI' tlll' wavclllllnhcrs rmm Eqs. (5) anJ (10) are givell hy

(6)

(.la)

(3)

(411)

11 = 1. 2. 3, '

11' C;::().:::l:I,:f::2.,

.1' 2(0) __ /.' Z(-)
(\.::2 - '1,' '" ,

.1'01'(",) "I( )-,-1",-'-'-=- _11/-(1 "p '

[
Id .1 111'] .,
- -1'- - -, 1!(f1) = -"¡,R(f1),
1/ (l/' (1/) 1'-

Z(:) =

ELllIalioll (1) is I\nowll to adlllit lhe separahle sollltioll

in \vhich Ihc respective fal'lors satisfy Ihe onJinary diffcrcl1-
lial equaliolls

and the ellergy eigel1\'alue is the sum 01' lhe transverse ami
longiludinal cOlllrihuliolls,

¡:¡ . 1I¡r.:

VL~lllL'
The Sollllions nI' Eq. (-'lh) arc the cigenfuctiolls 01" the .:-
componenl 01' lhe orbital angular IlWIllClltlllll,
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3. Aharnnov-Bohm cll"ect on the hound states of
Ihe electron

in \\lhich jY= -ih'V is ¡he "conjugatc" rnOIl1Cntulll and Ihe
SCCOIlt.ltcrm is lhe ncgativc 01' Ihe "polcntial mOlllcnlum" 01'

lhe c1cctron in lhe magnelic vector POlcllliai [3.51. Thcll (he
Schtidingcr cquation can he written as

consistenl with Lhe sallle vnlue 01'Al. Thc differcnt slales ror
the dilTerenl magnetic tlllxes llave the same energies, which
lranslatcs inlo a periodic rcpctition 01' lhe cnergy speclrulll
as the lI1a~nclic flux incrcascs hy olle unit. In particular, Lhe
energy spcctr~ rOl' 1/ = 1,2. :3. . are lhe samc as 1'01'1/ = O
including grollnd statcs with/H = -1, -2. -3, ... and exci-
led douhly degenerate states wilh 111= Oand -2, 1 ami -3,
2 and -4, ... : -1 and -3, Oand -4, 1 and -5, ... : -2 and
--1, -1 ami -;J, () ami -G,. . .. ; respeetively. By c{lIlsi.
dering lhe inlcrval O < l/ < 1, únd lhe states with 111= 11/1.1
and -Iml - 1, we idcntify the common value 01'

M = 111+ U = (m - N) + (u + N),

N = 0,0101,0102,0103,. (20)

III = ::l::1. :::1:2,.. . sueh a degeneracy is removed when there
is magnctic llux in the perforation, since the corresponding
paramctcrs I'rom Eq. (19), M = Iml+ v ami M = -Iml + u
are dilTercnl. On the olher hand, starting froll1 given vallles
01' 1/1. and 1) lhere arc an inlinitc numher ol' cOll1binations 01'
successive valucs ol' such parall1cters,

(14 )

( 15)ti' D'}- -,) - -D o 1/J(f1o <Po=) = EI/J(f1. <p, =).
~lTIt, :;-

In Ihis scction \Ve formulalc and solvc lhe prohlclll \\!ilh lhe
magnclic induction ficld confincd in lhe pcrforation 01' Ihe
anlluiar hox and ilS associatcd magnctic vector potcnlial in-
side Ihe box. Thc Hamiltonian ror lhe syslclll is givcn hy lhe
minima! coupling prcscription

Comparisol1 01'Eqs. (1) ami (15) shows lhallhcy sharc the S<I-
me radial i.\l1lllongitudinal contrihutions lo Lhe kinclic cllergy,
ami thcir dilTercnce rcsides in lhe ex Ira lerm arising from the
lIlagnctic vector pOlential and aLlded 10 lhe :;-componcnl 01'
lhe angular momentum

\vhere lJ is the Illagllilllde of lhe Illagnetic flux in lhe perfora-
tion in Ihe lInits he/ e. Equalion (15) also admits a separahle
solution of Ihe sallle form as Eq. (3). Equations (4a) ami (6)
for the longitudinal eigcnfullclions conlinue lo he val id. The
cigcnfullc(iolls of the z-eomponent 01' lhe angular iTIOlllentulll
01' Eq. (7) arc also cigenfunclions of lhe angular operator 01'
Eq. (15):

e.B1rf'6 ,.--- = IIV,
27TC

( 16)

M = 111I1+ u "IHI -;\l = -(lml + 1)+ (1- v), (21)

lcading to lhe S<lllle values 01"lhe lransvcrse energics. NOli-
cc thal the states involvcd are neighhour stntes in lhe nnglllar
lllomenlUm C¡lIantllm nUlllher ami have lhe same energy for
complemcntary values 01' the magnclic flux, 1/ and 1 - v. Thc
!lel rcsult is that thc energy ol' lhe 111I1~stateinereases lTlono-
tonically as 1/ changes bet\vecn O and 1, while Ihe cnergy o"
the (-1'11I,1 - 1)-slaLe abo inereases monotonical1y in Ihe sa-
me way as 1 - // changes helween O ami l. In other words,
the lalter decreases monolonical1y as 1/ changes heLwcen O
ami l. for 1/ = 0,5 hOlh sla(cs have the same encrgy for Ihe
COIllIllOIlvalue 01' (he magnetie !lux, producing anolher silua.
(ion 01"dOllhlc degcneracy, Thc respective energy curves are
sYlllllletric relalivc lo lhe line l/ = 0.5.

( 17) 4. IIIl1strative nllmerical and graphical reslllts
Thclllhc radial parl 01'Eq. (15) hecomcs In Ihis scction \ve present sOll1e quantitativc rcsults il1ustra-

ling thc soluliollS 01"the eigcnvalue probleiTIs formulated in
Sects. 2 and 3, Tllc emphasis is on Lhe lransvcrse eonlribu-
tion Lothe energy eigenvallles and lhe associated radial eigen-
funClions. Thc 11111llericalresulls are containcd in lahles ami
figures for hoth cases 1/ = O anLl v :f:. O logelher.

figure 2 is ¡¡ graph nI' the determinant appearing in
10'1.(10)( 19)

( 1X)

11/ -t .Jl = m + 1/.

[
1 <1 <1 (11I+1')'] '0--1'- - '0 R(f1) = -k.- R(f1).
f' d(J <Ir ('- r

COlllparison o" the raLlial Eqs. (4e) and (18) shows lhal they
arc uf lhc samc type wilh Ihe diffcrence in their paramcters,

as <l !"unclion 01'.1"= 1,:"[" (/ ror different values 01' the parame-
ter JI, Eq. (19), ami ror lhe specific case of fJ = 2a. lis ,,"eros
,r,'I~' detennined Ihrollgh lhe eorresponding program of [11],
arc containcd in Tahle 1.

While lhc valucs of '11/, are restricLcd to he intcgers, Ee¡. (7),
lhe values 01".•'\1 can vary continuously following thc corres*
ponding varialions of lhc magnctic flux 1/. Thc Sollllion of the
radial Ec¡. (1 K) follows lhe same stcps of Eqs. (H)-( 13) with
Ihe SllhSlitution 01' IH by J\1 ofEe¡. (19).

It is also imporlanl lo rccognil.c LhaLwhilc lhe cigcnsta-
les nI' Ec¡. (..te) givcn hy Eq. (12) are douhly degcneraLe 1'01'

, (b:r)DM (.r) = .1M Cr)l,\J -;;- (22)

R/'l'. Me.r. F/\. 45 (5) (19lJ9) 4X5-tX9
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PlflURE 2. Gr~rh oftlle determinanl DM(X) ofEq. (22) for Al = ()
((hin line). I.lJ (dashed rine) and 3.14 (solid line). and b = 2u. Its
I.CfOS detelmine Ibe lransverse wavc nllrnher ami tile energy eigen.
valllcs according lo Eqs. (10) and (1 1).

TAIILE 1. 7.-cros of Eg. (22) l:M. for different values of Al ami
8. amI /1 = 2(/.. Their squares correspond to the transverse energy
cigcnvalucs. Eq. (11) .

.11\ 2 3 ~
0.0 3.12303 6.273-W 9.41821 12.56142

0.2 3.12601 6.27500 9.41926 12.56121

0.4 3. U492 6.2796S 9.42241 12.56459

0.6 3.14972 6.28747 9.42767 12.56855

O.H 3.17031 6.291B7 9.43502 12.5740H

1.0 3.llJ65X 6.31235 9.44447 12.58120

1.1 3.22X36 6.32940 9.45600 12.58990

1.4 3.1(J550 6.34950 9.46961 I2.6(Xll 7

1.<1 3.3077H 6.37261 9.48530 12.61201

I.H 3.355(X) 6.39S71 9.50305 12.62541

2.0 3.40692 6.42777 9.52285 12.64038

2.2 3.4(,332 6..t5974 9.54470 12.65691

2.4 3.523l)() 6.4945H 9.5(,857 12.67499

2.() 3.5HH59 h.53226 9.59447 12.69461

1.X 3.65h97 (>.57272 9.62236 12.7157H

3.0 3.72HH7 6.61592 9.65225 12.73H4H

.1.2 3.H04(X, 6.66181 9.6H410 12.76271

.1.4 3.XX231 6.7 Il))) 9.71791 12.78846

3.6 1.96342 6.76144 9.75365 12.H1572

3.H 4.0.1716 6.H1507 9.79131 12.84449

40 4.13337 6,X7116 9.83086 12.87474

-t2 4,211 R3 6.92967 9.87230 12.90649
44 4.31239 6.9905-t 9.91559 12.93971

-t.b 4.~04HH 7.05369 9.96072 12.97440

4H 4.49914 7.11908 10.00766 13.01055

5.0 4.51)502 7.18665 10.05639 13.04814

Figure 3 shows Ihe energy levels of Ihe staLes with lowest an-
gular cxcit:lliollS 11/ = O,:i: 1, :l::2, ... and no radial excit:::tion
.<; = 1, as fllncliolls of the magnctic llux [J in the pcrforation.
According to Eq. (1 1) <Ind its exlension fOl"the case 1) op O,
thlo'cnergy levels cOlTespond lo the squares 01' Ihe zeros of

IlII 1
11'1-
1I

F[(;URE.1. Tranwcrs(' cnergy eigcnvalucs ET in unils {,.2/211/.~a2

as fun..:tiolls of lile ll1agnctic l1ux 1/ in unils ch/e, for slales wilh
(he lowesl angular cx<.:itations /1/ = 0, :::I:l,::!:2, ... and no radial
cxcitaliun oS = 1, "mi b = 2a.

v

m
1

=1
,-.
3

\ / 1\ / 1\ 1/

/ \1/1\ 1/ 1\
/ 1\ 1/ 1\ /
i\ ,\

/ f\ / '\, /

/ i'--V
-

.1
O

.,

16

12

10

Er m-.

TABl.A 11. Transvcrsc wavcllumhcrs kT = LA/ .• /a and cocftl-
cients 01' normali/cd radial eigcnfunction AM .• and S.u.•.Eqs. ¡X)
,1I1d (12), for diffcrcllt values 01".\1 and .s, and b = 2u.

.11 :r .,t. A.\I B.\f
O 3.123039 1.18538 1.37124

2 6.273-t39 1.73003 1.89366

3 'J.41H211 214125 2.29878

4 12.561-t24 2.48549 2.64229

5 15.70.j(XXI 2.78759 2.94595

h 1X.X4h24lJ 3.06003 3.22109

l.!} I 3.3H03H4 -1.80494 0.17472

2 6412H72 -2.48722 -0.61B75

3 l).512694 -2.93332 -I.IIH32

4 12.632701 -3.2975H - 1.50910

5 15.7(>1176 -3.61801 -1.83150
(, 1X.X93lJ65 -3.90917 -2.11052

31.1 3.781170 -142795 - 1.10560

2 6.647763 -ú.21997 -2.55717
967-t336 0.79X96 -3.0317H

4 12.7552X4 1.54066 -3.2806-1

5 15.H59745 2.11991 -345593

6 IX,976J34 2.59959 -3.60214

Table 1. .r~/.~, in unils ol'''~ /(211/.1:02). Thc rcaJer may appre-
ciate the pcriodicily of Ihe cnergy speclra as v change"i by une
unit, the dOllhle degeneracy of Ihe states for intcger and half-
inlcger valllcs or [J, anJ 1111.:symmetry of the cnergy curves
within each unil interval 01"v undel" rcllection with respect to
Ihe line with lhe COlTcspondin'g half-integer valuc of v.

Tahle 11prcscllts;\ sample of the coefficicnts AM and li Al
01"the radial fUllction of EC). (S) ::lI1dits extensions for v f:. O,
nDrlllalized according lo Eqs. (12) and (13).

"10

,
.7

•,
•
3,
1,
..,
."

RCI'. Me.\". Fú. 45 (5) (199\) 4X5-4X{)
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5. DiSClIssioll

The comparativc analysis of Ihe formulations ano rcsulls of
Ihe prohlcllls of Sccts. 2 ano 3 serves lo exhihit {he ctTcclS 01'
Ihe magncric vector potcntial on (he cnergy eigcllvalucs and
cigcn~ta(cs of Ihe electron inside Ihe annular oox. in whi-
eh Ihcrc is no magnctic force neld. From lhe analysis al Ihe
cm.! or Scct. 3 and lhe rcsults of Seclo 4 sume general sl;:l-
tCJ11cnls aholll lhe Aharonov-Bohm effecl on Ihe cicclron's
cncrgy cigcnvalucs. as fUl1ctions of the magnitudc of Lhe mag-
nctic llux in lhe pcrforation. can be made. Thcsc slalclIlcnls

are valid for any c!losen valucs 01' lhe radial and longitudinal
qUi1nllllll Ilumhcrs .'i amI H.

1) Thc cncrgy cigcnvalucs of lhe statcs wilh 111

(J, 1,2, ... incrcase 1Tl0nolonically wilh v, in such a
way thal

n. Por 1) = 0.5 lhe ground ano cxcited states are all dou-
bly degencrate corrcsponding 10 m = O and -1, and J( and
-/\ -1, with /\ = 1,2,3," .. respeclively" For v = N +0.5,
Ihe corresponding states have m, = -N ami -N - 1, and
-¡V + h.and -N -1- K.

C. Thc symmelry oí" lhe encrgy curves in the ¡nterval
() :5 1) :5 1 with respec{ to rellection in lhe line v = 0.5.
is repeatcd in each inlervai JV :5 1) :5 N + 1 wilh rcspect lo
rel1eclioll in Ihe hne v = N + o.;).

lt is also inslructivc to evaluate Ihe energy 01' the radialive
transitiolls hetweel1 two transverse states, which I'ollows I'rom
the counlerpart of Eq. (11) with lhe suhslitution 11/,--t Al and
rOl"Ihe sallle longitudinal quantum numher n' = 11with the
result

.,
r,- (2 .')

-. --.) .l:A1s - ;rAl's'
2111('0-

E",(v + 1) = Em+1(v), (23a) rOl" m' = m:!: L (24)

A. FOI"1) = O, Ihe ground statc m = O is nondegenerale
<lmllhe exciled slalCs 111 = ::t:1, ::t:2.. are doubly degenera-
le. For 1I = N, lhe ground statc is the 111 = -.J.V slale and the
douhly ucgclleratc cxcited slalcs correspond lo "' = - N -1\"
ami -N + 1\". with 1\" = 1,2,3,.

2) Thc ellcrgy eigcnvalues wilh m = -1, -2, ... decrea-
se l1lonotonicaJly al f1rsl, in such a way Ihal they fol!ow
Eqs. (23a) ami (2311) with the negativc values nI' 111,UIl-
til Ihe magnetic llux lakes lhe values v = -'11I. From
Ihis value Oll, each one increases following Ihe samc
Eqs. (23a) amI (23h).

3) Equalions (23a) and (23h) dcserihe Ihe periodie nalure
or tlle encrgy speclra as functions al' Ihe magnctic flux
/.1 wilh pcriod one.

ami Ihe corresponding i1crativc cxtension

for .lV=1,2,3, ... (23h)

The selcclioll rule ror Ihe angular momentuJIl quantull1 num.
her 111 is Ihe usual slandard one for c1cctric dipole lransi.
tions [G, ¡J. The size 01' lhe annular box determines the rc-
gion of lhe speclrum for the corresponding radialions. In
practice, Ihey could he delected in microscopic conducting
rings [1:\1, l1Iesoscopic semiconducling devices \14J anu na-
110ltlctric qll<llltUI11dots [15]. corresponding lo l11icrowave.
fm illfrarcd and near infrarcd radiations. respeclively. Whi-
le the cllclosed magnelic flux is nol always qU<llllizcd. lhe
Aharonov-Bohm effccl should open new possihilities in lhe
COIlSlructioll 01' uitra-scnsilive detcclors.

As a conclusion of lhis discussion it is also cnlighlcning
(o cOlllpme lhe Aharonov-Bohm eJTecl in the slandard vel'-
sion of ¡he inlcrfcrencc paltern 0'- Ihe clcclrons and of the
electron hOllnd.states version of Ihis paper. Thc C0l11111011I'ea-
tme of hoth vcrsiolls is their pcriodicity "",ilh pcriod v = I.of
the inlcrfercllcc patlern and of Ihe energy spectrulTl. respec.
tivcly. BOlh vcrsions are solutiolls 01' Ihc same physical pro-
hlcm descrihcd hy the COllllllon Schrücdinger eqllation, and
Iheir dillcrcllcc COllsiSIS in Ihcir corrcspondencc with scatle.
ring statcs alld bound states, rcspcclivcly.
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