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Simultaneous measure of refractive index and thickness of dielectric plane
parallel plates by fringe counting: a case for generalized regression
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Measurement of refractive index and thickness of a plane parallel diclectric plate is proposed as a laboratory exercise on Physical Optics em-
ploying the technique of counting interference fringes. The plate under inspection is tilted in one of the arms of an appropiate interferometer,
thereby causing the interference fringes to shift. When the fringes are adjusted to be concentric rings. the shift produces an apparent shrinkage
or expanding of the rings. Counting fringes which contract or expand gives an idea of the phase changes as a function of tilting angle. Such
readings can be compared with the theoretical shift, which can be found by geometric considerations. Besides. due to the mathematical form
of the derived phase behaviour, the readings become an example of data to be subject of a generalized regression fitting. Because some math
software packages include functibns designed to do such a fitting, they can be directly used to complete the experimental data processing,
thus making a quantitative comparison with the theory. The report of experimental results and discussion on several alternatives for fitting
are presented. Among these, the simultaneous estimation of both refractive index and thickness are emphasized.

Kevwords: Interferometers; laboratory experiments and apparatus; interference: parallelism

Se propone la medicién del indice de refraccion y del espesor de placas dieléctricas plano-paralelas como un ejercicio de laboratorio de
dptica empleando la téenica del conteo de franjas de interferencia. La placa bajo inspeccion se inclina en uno de los brazos de un inter-
ferémetro, causando que las franjas de interferencia sufran un corrimiento. Ajustando las franjas para obtener anillos concéntricos, éstos
sufren un encogimiento o expansién aparentes dependiendo del valor del corrimiento inducido. El conteo de anillos colapsindose o expan-
diéndose proporciona una idea de los cambios respectivos de fase como funcién del dngulo de inclinacion, de modo que las lecturas pueden
compararse con el corrimiento tedrico, el cual puede hallarse bajo consideraciones geométricas. Ademis, debido a la forma matemdtica del
comportamicnto de la fase, las lecturas tomadas representan un cjemplo de datos apropiados para un ajuste de regresion generalizada. Dado
que algunos paquetes de computo incluyen funciones disefiadas para realizar tales ajustes, pueden emplearse directamente para complemen-
tar el procesamiento de datos y realizar una comparacién cuantitativa con la teoria. S¢ presenta el reporte de resultados experimentales y s¢
discuten varias alternativas de ajuste. De entre éllas, se destaca la posibilidad de la simultinca medicion del indice de refraccién y del espesor
de la placa.

Descriptores: Interferémetros; experimentos y arreglos experimentales: interferencia: paralelismo

PACS: 07.60.Ly: 01.50.Pa; 42.25.Hz

1. Introduction

Fringe counting is a classical optical interferometric techni-
que to estimate optical path differences (for example, in mul-
tiples of some wavelength) between two interfering waves by
keeping track of the number of interference fringes passing
through a given reference point while changing the optical
path length of one of those waves [1]. The technique is wi-
dely used in the teaching physics laboratory while working
with interferometers of the Michelson or Fabry-Perot type in
order to measure length differences (in wavelength units, for
example) or unknown wavelengths [2]. On the other hand,
inspection of parallelism of transparent plates can be carried
out inserting the plate in one arm of a suitable two-beam in-
terferometer, such as a Mach-Zehnder interferometer. With
this method. it is also possible to measure the plate’s refrac-

tive index if the plate thickness is known (or measured sepa-
rately) [3]. Conversely, knowledge of refractive index leads
o determination of thickness [3]. Constant angle interferen-
ce spectroscopy has been proposed to measure refractive in-
dex and thickness of transparent layers [4]. These techniques
use several wavelengths and holds the tilt angle fixed. Va-
riable angle monochromatic [ringe observation, another type
of measurements, requires two or more wavelengths to de-
termine both parameters, as reported carlier [4]. Along this
communication, the fringe counting method is described as
experimentally applied to a step-wise tilting dielectric plate
Lo inspect the parallelism of its two wider planar faces. In
particular, it is emphasized that the technique is also able to
led to the simultancous determination of both refractive index
and thickness of the plate on the basis of the same data set,
using just one wavelength, and an appropiate fitting. Because
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FIGURE |. Determination of the OPD as a function of the entrance
angle ¢. ¢ is the refracting angle, n,, the plate’s refractive index,
and d its thickness. Inserted figure: grazing incidence case. ¢, is
the critical angle.

the fringe shifts rather admit generalized regression fittings,
the interferometric inspection of plates as described offers
a good opportunity to employ corresponding functions in-
cluded in some commercial software packages for advanced
mathematical calculations. Data processing using a widely
spread math package is also presented [5].

2. OPD of tilted plates

First, we consider the fringe shifts of the interference pattern
between two waves, one of which pass through a tilted trans-
parent plate.

2.1. Interference pattern shifts

Figure 1 depicts a ray impinging on a plane-parallel plate
at an angle ¢. Such a ray is deviated from its original path
and cross through a new path AB. The optical path difference
(OPD) with respect to a ray which do not pass through the
plate can be shown to be

]

OPD =:dne |1 — (5111(.')) —dn, (1

Np

where d denotes the plate thickness, 1, the plate refractive
index, and n the environment s refractive index. When a be-
am having crossing the plate is placed in superposition with
an external reference wave, the ideal phase difference ®(¢)
of the emerging beam is given by

1
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2md sing '\~
B(p) = = : ne |1— (Hm( ) = (2)

R

where A denotes the wavelength associated to the beam. As
a result of the beam superposition, the conditions outlined

render an irradiance pattern /(7, ¢) of the form
(7 ¢) =a-{1+m - cosla(F, ¢) + ®(o)]}, (3)

where it is seen that the fringe pattern has to be shifted by an
amount $(¢) as the entrance angle ¢ changes. In the above
equation, a7, ¢) denotes a given wavefront distribution on
position 7" at the observation plane [a(7, ¢) includes the la-
teral displacement of the beam], a is the corresponding irra-
diance background, and m the fringe modulation.

2.2. Circular interference patterns

For the case of incident plane waves, «(7, ¢) carries the in-
formation of some amount of spherical aberration due to the
crossing of one beam through the plate. When one of the be-
ams are shghtly adjusted out of focus, the interference fringes
tend to adopt concentric ring shapes in addition to the sha-
ping duc to spherical aberration and the lateral displacement.
But these two contributions can be neglected by making the
observations at the centre of the circular pattern. The phase
shift (o), on the other hand, will cause the ring radius
to “shrink™ or to “grow”. Then, the rings in the interferen-
ce pattern appear to contract or to expand. In this case, frin-
ge counting consists in keeping track of the number of rings
which contract into (or emerge from) the centre of the circu-
lar pattern.

According with the previous observations, it is possible
to pay attention on ¢(¢) as the only etfect responsible to
the main changes of interference patterns when a plate is til-
ted as described. Inspection of Eq. (2), to begin with, shows
that ¢ () is a periodic function of period 7, and with ma-
ximum and minimum values given by ¢, = ®(r/2) and
¢, = PB(0), respectively. Thus, the width range of values of
$ () is a feature that can be defined as ®,, = ¢ .
resulting in

1
2y, 1 \N72
O, = dn (I — —,) -1], (4)
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and directly related with experimental data arising from frin-
ge shift counting. Note that the value @,,,, corresponds to
the case of grazing incidence (i.e., ¢ = 7 /2), and subsequent
refraction within the plate at critical angle ¢’ = ¢ (see insert
in Fig. 1). This situation, however, is not easily to attain in an
experiment mainly due to diffraction effects.

max min?

3. Experimental set-up

The experimental interferometer can be a Mach-Zehnder in-
terferomelter as sketched in the insert of Fig. 2, which is sug-
gested as a very simple way to carry out the proposed expe-
riment [G]. However, the experimental data to be discussed
here were obtained from the interferometer of the Fig. 2 for
reasons of availability. We used an expanded Argon laser as
the coherent light source emitting at A = 488 nm, but there is
nothing to prevent the use of another coherent light source,
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FIGURE 2. Experimental arrangements used for fringe counting.
P: transparent parallel plate, M1, M2, M, M2': mirrors, L, L": be-
am expander/collimating systems, BS1: entrance beam splitter, BS:
output beam splitter. Similar notation is employed in the insert.

such as a He-Ne laser source. Light enters the interferometer
at BSI, where it is splitted along two paths. One path (ob-
ject beam) is tormed by BS1-M1-BS-M2-M2'-M2-BS. The
plate P is placed in this path on a rotatory stage. The second
path (reference beam) is BSI-M'-BS. The interferometer is
similar to a Mach-Zehnder because the waves interfere one
with each other after crossing one-way paths (compare with
insert). Collimation of beams were achieved with appropiate
optical systems consisting of beam expanders, spatial filters,
and collimating lenses (system L and system L'). By slightly
defocusing the collimating lens of system L illuminating the
plate P, an interference pattern consisting of concentric rings
after BS was achieved (rings in front of BS in Fig. 2). Coun-
ting of contracting or expanding rings (thus counting of frin-
ve shifts) was carried out taking the center of the pattern as a
reference point while tilting a plate (a commercial coverslip)
placed on the rotatory stage. Rotation of the plate was do-
ne by manipulation of the corresponding knob. Labels on the

rotatory stage were found at 2 degrees. Thus, estimation of

one degree was needed for the angular reading to be done. In
that way. readings of angles ¢ were performed after passing
of ten fringes (207 rads) through the reference point. Increa-
sing or decreasing phase differences were taken watching the
contraction or expansion of the rings (in front of BS, Fig. 2).
Special attention was payed on locating the transition ranges
where rings tendency changed from contraction to expansion
and viceversa (within 27 accuracy). Other aditional depen-
dance on ¢ was the lateral displacement of the pattern posi-
tion. This means that it is needed to follow the center of the
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FIGURE 3. Experimental data (squares) obtained with the interfe-
rometer of Fig. 2. Preliminary data fitting of A®(¢) for the data set
[Eq. (5)]: assuming d = 6 x 107° m, the fitting gives n, = 1.248,
Py = 647.62 rads, and A¢ = —4.223°.

circular pattern along a range while counting fringes. A ty-
pical result of fringe shifts (in radians) as a function of the
entrance angle ¢ (in degrees) is shown in Fig. 3 (squares).
A preliminary fitting to be described in next sections is also
shown.

4. Data processing with generalized regression

To verify if the general behaviour of the phase changes ob-
tained by fringe counting as functions of ¢ does follow the
prescriptions outlined in Sect. 1, a generalized regression fit-
ting can be performed on the data as presented in Fig. 3. The
relative phase changes A®(¢) = ®(¢) — P,,,, are suitable
as fitting functions due to their more direct relation with the
data (the value of @, is unknown). Angular errors A¢ of
the glass plate from the 0° rotatable table mark were taken
into account. Here,

T
2mdn, sin(¢ + Ag) 2] "2
i I ol — e _1% s

A ( ) 1 (5)

T

Ad(g) =

/

4.1. Estimation of two parameters and generalized re-
gression

As preliminary fittings of data from Fig. 3, generalized re-
gression fittings with two of the three unknown parameters
(d,n,, and A¢p) were performed for estimation. We briefly
show the results corresponding to these two cases, denoted
by A and B.

Case A. Data fitting with generalized regression and determi-
neation of refractive index

A generalized regression fitting was achieved by using Eq. 5,
its first-order partial derivatives with respect to 1, and A¢

Rev. Mex. Fis. 45 (5) (1999) 490495
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and assuming known d. This derivatives permits the use
ol functions for generalized regression, as the function
cenfit (vx, vy, vg, F) particularly useful for our case [5]. Af-
ter several attempts looking for a good visual fit, by assuming
d =6 x 107" m, we arrive to a fitting giving n,, = 1.248,
$,, = 647.62 rads, and A¢ = —4.223°. Plot of this fitting is
the one to be found in Fig. 3.

Case B. Data fitting with generalized regression and determi-
nation of thickness

On the other hand, to check the previous fitting, assuming
n, = 1.248, the corresponding fitting by using Eq. (5), its
first-order partial derivatives with respect to d, and A¢ [5]

delivers ¢ = 5.98 x 107 m, ®,, = 645.15 rads, and
Ad = —4.203°. These results agrees with the fitting for ca-

se A. Another good visual fitting was also found assuming
i, = 1.212, giving the following values d = 5.284x 10" m,
¢ = 634.8 rads, and A¢ = —2.873°.

We found that the used fitting function [Eq. (5)] does fit
the data appropiately. In particular, the values of ¢, and A¢
are estimated in a very useful way. Both cases render a range
width equivalent to about 102 fringes. The values of refracti-
ve index and thickness, however, depart very much from the
expected ones [7]. This result calls for a further inspection,
which, in turn, leads to another fitting approach to be explai-
ned in next sections.

4.2. Simultaneous determination of three parameters
(np, A¢, d) and generalized regression

We first note that different pairs of d and n,, values can de-
liver the same &, value. In fact, from its definition, it can
be shown that a given $,, value will render the following d
versus n,y, relationship

1 ==
Ad 1% =
d="" (1——2) Al (6)
4mn ns
which plot for ®,, = 647 rads can be found in Fig. 4 as

an example. There, the coordinate pair (1.248, 6 x 1077)
found as described in the previous section is approximately
just a point on the curve. We note also that the values of
n, = 1.52 logether with d = 1.008 x 10* for example,
form another possible pair of values of the same @,,. But
different pairs of values with the same width range @, do-
es not display exactly the same A®(¢)-curve. This can be
seen in Fig. 5a for six different pairs of values listed in the
table next to the Fig. 5h. To calculate each curve in Fig. 5a,
denoted in general by Ad,(¢), Eq. (5) with A¢ = 0 was
cmployed. The smaller the refractive index, the narrower the
A®(p)-curve. In Fig. 5b, the fringe shift differences [deter-
mined by A®,, (¢) — Ad_ (@), with Ad, () as a given refe-
rence] between a set of values of A®(¢) with fixed n,,, d pair
(the reference Ady, (¢)) and a second set with variable 1, d
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FIGUREL 4. Thickness d as a function of the refractive index n,, for
the case of a phase width range @ value of 647 rads (solid line).
The plot really begins at n,, = 1.01.

values, are plotted, at a fixed value of @, for the same six
different pair of values n,, and d. As areference A®, (¢), the
pairn, = 1.52 and d = 1.008 x 10~* m was taken. Thus,
the highest differences correspond to the smallest value of
the refractive index. These differences tend to be the highest
within a range comprised between 50 and 60 degrees, and
another one between 120 and 130 degrees.

These properties open up the possibility of the simulta-
ncous determination of  and n,, as an alternative data pro-
cessing approach, in which one can rather consider Ad(¢)
of Eq. (5) as expressed in terms of @, thus eliminating by
using Eq. (6). This gives

AD(9) = By,

[

1_(Hill(<,u+a¢)>2 Y e

Tl

that can be used as fitting function instead of Eq. (5). Estima-
tion of &, from data, and fitting of A® () as given in Eq. (7)
using 1, and A¢ as two independent parameters (as well as
the first order partial derivatives with respect to n,, and Ao),
can lead to the determination of the thickness d over Eq. (6).
Assuming ¢, = 650 rads for the data of Fig. 3, this method
gives n, = 1.529 and A¢ = —3.299°. The calculated value
of @, results in 649.844 rads. The corresponding calculation
of the thickness through Eq. (6) gives d = 1.025 x 10~*
m. These values of refractive index and thickness correspond
to the commercial coverslip refractive index [7] and to direct
coverslip’s thickness measurement (0.15 + 0.05 mm) better
than the first fittings.

Rev. Mex. Fis. 45 (5) (1999) 490-495
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FIGURE 5. a) AD(¢) for the several values of d and n,, listed in
the table below (P = 646.71). The smaller the refractive index,
the narrower the plot of A®(¢). b) For the same pair of values lis-
ted in the table, the fringe shift differences A® (o) — Ad, ()
are plotted as function of ¢. A®g(¢) corresponds to the highest
value of the refractive index. The smaller the refractive index, the
higher the differences. Each pair of the listed values belongs to a
Ad(¢)-curve very similar to the one shown in Fig. 4.

This sccond fitting method have some features for para-
meter determination at low precision to be remarked. First, it
does not requiere of an independent measurement of one pa-
rameter (whether  or 11,,). Secondly, it is based on the expe-
rimental value of @, which is a value to be estimated from
the same data set. Finally, we have noted more appropiate
convergence by employing it. In contrast, while using the
first fitting approach, the reaching of a visually good fitting

for A® (o) was sometimes accomplished only by the use of

thickness or refractive index values far away from the expec-
ted. This can be seen in the values reported in the Sect. 4.1.
An estimation of better precision with the second fitting te-

chnique, however, requires of a more precise measurement of

., (fractional order measurement). As a side remark, we no-
te that different pairs of values with the same width range &,
will show, in general, difterent amounts of spherical aberra-
tion [compare Eq. (5) with the equivalence criterion between
coverslips as discussed in Ref. 7].

A third fitting type, but with the three parameters unk-
nown and independent, gives values of @, again close to the
previous ones but with different values of d and n,, as a rule.

Data fitting based on Eq.7
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FIGURE 6. Fitting using Eq. 7 and first assuming ®w = 650 rads.
This gives Pw = 649.844 rads, n, = 1.529 and A¢p = —3.299°.
The calculation of the thickness gives d = 1.025 x 10™* m, while
P = 2.667 x 10° rads and P, = 2.017 x 10* rads.

But the curve at which these resulting n,,, d values belong
(according to their ®,, value, see Fig. 4) contains points
(1. ) with coordinate values indeed closer to the previous
ones. It is possible that by including some minimization cons-
trictions regarding the difference Ad (@) — AP, (¢) at the
appropiate angular regions, the {irst and third types of fittings
could give more appropiate results.

In addition to the 1, and d parameters, the angular depar-
ture A¢ from the normal incidence is also calculated in all
fittings. Values of &, ., and @, become also available.

5. Final comments

Fringe counting as a measure of the phase changes appea-
ring while tilting a plane parallel plate within an angular ran-
ec between 0 and 360 degrees behaves in good agreement
with the simple model based on the geometrical OPD. This
property can be used within the frame of a teaching physics
laboratory for illustrative and pedagogical purposes. On the
other hand, the technique can derive in a way to inspect pa-
rallelism in transparent plane plates based in fringe counting.
Some related techniques to inspect plate parallelism are re-
viewed in Rels. 8 and 9, and others are more recently cited
in Ref. 10. Furthermore, fringe counting while tilting plates
and an appropiate generalized regression fitting can serve to
simultancously measure both refractive index and thickness
at low precision with the aid of an estimation of the experi-
mental phase shift width range ®,,. We remark that constant
angle interference spectroscopy has been proposed to mea-
sure refractive index and thickness of transparent layers [4].
The technique uses several wavelengths while holding the tilt
angle fixed. In contrast, variable angle monochromatic fringe
observation requires two or more wavelengths to determine

Rev Mex. Fis. 45 (5) (1999) 490-495
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both parameters as previously reported [4]. Our proposed te-
chnique also measures simultaneously both parameters, but
is a technique of a variable angle that needs of only one mo-
nochromatic source. The requiring fitting can be found in so-
me software packages widely spread [5]. The experiment can
be more easily performed with a Mach-Zehnder interferome-
ter [G] and the corresponding set up requires equipment rea-
dily available and usually found on the shelf of most teaching
laboratories.
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