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Tlle dynamical equalions I"oran autonomous system "rc cxpressed in terms of COllstanls 01"Illotion 01"the systelTl. The general changc of
vari,¡hle tfansl"ormation of the dynamical systcm is studicd including action-anglc likc lransformations. Examplcs 01"Ihis non.l1ami1tonian
appro¡uJl are givcn. ami the approach is applied to the study 01"r¡¡di<lliondamping sllffered by <l charged particle inside Ihe bcam circulating
around an arcclcralor ringo

Kl'.\"\nmJs: NOIl-Hami1tonian syslcms; dissipation; constant 01"motion

Las ecuadones dinámicas para un sistema autónomo son expresadas en términos de I¡¡sconstantes de movimiento del sistema. Se estudin In
transformación general de un cambio de variable del sislemn. incluyendo las llamadas Iransformaciones de acción-ángulo. Se dan ejemplos
lit.: este procedimienlo no hamiltoniano y se aplica al estudio del amortiguamiento por radiación dc las osdlaciones que experimenta una
partícula cargada cuando éSla circula dentro de un haz alrededor del anillo de un acelerador.

/)('SCril'iorl'S: Sistemas no hamiltonianos; disipación; constantes de movimiento

PACS: OJ.20.+i

1. Introduction

2. Constant or l11otion

approach will he formulated on this paper hascd on thc con-
slants 01"motion 01"the systelll (2). In Rcf. 1, the constant
01"Illo(ion was IIscd mainly lo stablish its rclalionship with
the Lagrangian ami Hallliltonian. In this papero one wanls
10 study the whole dynamics (without llsing Lagrangian or
Hallli\(onians) 01'(he systclll using the constants o f Illolion of
the syslclll. Firstly. the Eqs. (2) are given in lerms of the con-
slanls of motion 01"lhe syslcm. Secondly. the transformalions
associated wilh the systclll arc studieo. including lhe action-
angle transforlllalions. Finally. several examples are sho\\"n.
in particular. Ihe study of one-dimensional c1assical radiation
damping (sulTered hy a chargc particle which is circulating
wilhin a hl'am in a synchrotron accelerator).

( I )

(2a)1 = 1, ... ,n

where lhe mass 01"lhe particle has beco includcd in the deli.
Ilition of the cXlernal force, F = (Fil. ,., F,J. The variahles
:r¡, i = l .... ,11 prescnt the cuordinales of Ihe particle, and
the v;'lriahle t represenls the timc. Dne says thal the syslelll (1)
is autonomous if lhe force F does nol depend explicitly 011
time. Thell. the system (1) can he wriUcn as Ihe following
aulonOIllOllSoynarnical syslcm

fl.r i-;¡¡ = 'I'j,

The molinn uf a single particlc in a n-dimensional spacc is
dcscrihcd hy Ncwtun's cqualions

'"(-:1:1 - F
tll"]. - 1

whcre 'j'¡ is lhe ith-component of lhe vclocity 01"the particle.
v = (11 1, ... , .PIt). Por OIlCdimensional autonomolls sySICIllS.
lhe lirsl integral of motion reprcsents lhe const<lnt 01'mOlioll
which is associated with the energy of lhe particle. This con.
slanl ol"mOlioll is c10sely relaled with lhe Harnillonian and
the Lagrangian of the systcm [1 l. In particular. rnany dissipa-
live systcms are written in the form (2) and reprcsent a chal-
bngc ror a consistent Hamiltonian ami Lagrangian formula-
tion. Thcsc systems have a great deal of interesl in c1assi.
cal mechanics. clectrical nctwork theory, statistical mcchan-
ies anLll(lIantum Illcchanics. In ordcr to unoerstand (hc thc-
on:tieal prohlems prescnteLl hy thesc type of syslelll. a new

This cl(uation can he solve hy Ihe charactcristics Illethod [2].
\\!hcrc (he cqualiolls fOl"Ihe characlcristic surfaces are givcn
hy

A constant of Illotion I{ is a position ami velocily dependent
fllllction. J\" = f\"(x. v). which satisfles the equation

,l/(
d! = O, (3)

According 10 Eq. (2). this means thal lhe following partial
dillcrenlial equation is satisfled:

" [ DI( al(]L "'-D' +Fi(x,v)-D
i=1 .11 /11

(5)

(4)= O,

d/in

F." (x, v)
... ::::

dOI

FI (x, v)1'/1

dn
"1

1/.1" 1

(2h)i = 1, ... ,ni
¡f /Ji
- = F.(x v)¡ft 1"

¡¡Ild
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The lasl lefln in (5) mean s Ihal the funelion X \\'ill oe given
by an arhitrary funclion 01' Ihe 2'/1 - 1 independenl charac-
Icrislic surfaces ohtained frolll the olher lenns of (5). Thcsc
characleristic surfaccs. ~i. i = L ... ,2n-l, are <liso constanl
(JI" llIotiOIl. Thcreforc, they satisfy Eq. (4) loo, and by sclcct-
ing /11 01' Ihesc 211 - 1 characterislics, lhe following syslCIll is
f(lnnl'd

\,<'here v' amI Ff are Ihe velocity anl! force vcetors

( 13)

( 12b)i = 1.... , 1lo
1 u
(Vi ,"",,-1
-1- = - L(B A)" 1'"tt

1=1

dI' _ :t ("iJp + F al' )
dt - . I VXi • {)1I¡ .

1=1

and

ln addition. ir fl is any arhitrary function of x and v. ¡ts lilll~
CVolulion.

d" -2-- [O{' -1 01']- = L- Vi-o - (B A)ü-dt. f).l:, DI),¡
1=1

can he writlen as
(7)

(6)

(Ha)

k=l. ... ,II/;

Av' + EFt = O.

" (iJ~, O~,)L 1'; ~ + F, O- = O.
i=J ./, 1'.

which can be \\-Tillen in the form

and

3.. D)'namical e(luations Ilsing n-constants of
motion

Choosing 111 = n in (9) and (10) and using Ihe fael that Ihese
constanls 01' Illolion are funclionally independent, lhe Jaco-
bian iJ(~I," . , O~u) /0("1, ... ,11,,) = dct(E), is different
rmm 1.el"O,il follows fmm (7)

( 17)

( 16)

( 18)

l = 1, ... ,21/ - m,

k = 1, .... md~,.= O
di

'''1, G (-)- = r¡IJ
di

whcre the funelion G I (1i) is given by

.1', = .r,({,,7), ,= 1. ... , n ( 15a)

and

Vi = 1!i({, '7), i = 1, ... ,11-. (15b)

and

There are, ol' enurse, a non-numerable ways of choosing these
funclions 1/1, 1 = 1,. ., 2H - 111 since the only conditions
they ha ve lo satisfy is

Using these variables, the dynamical syslem (2) is wriuen as

4. Transformations

Having 111 constanls 01"motinn ~k, k = 1, ... , m (1 :::; m :::;
21l - 1), consider a vector function ij = (7]1,.'.' 111n-m)

which depcnds on x and v, and it is indepcndcnt 01" { =
(~l, ... , ~m). In addition, it is assumed that lhe Jacohian

O({, r7)la(x, v) is difieren! from zero. In this case, the se!
{t.,n represen!s new set ,,1' variables, and the following
Iransformation is pnssible:

-2-- { - O,/< - - O'I'}G,(,7)= L Vi(~,'Í)-iJ' +F;[x(CJ7),v(Cr7)]-O' .
J. VI

i=l

(9)

( I 1)

(Hb)

(10)

F' = (F')
Fu

u

F,(x, v) = - L(B-' A)" Vt,

1=1

whcrc (13-1 A) ¡s a 11 XII malrix. The dynamical syslelll (2)
can he \!'Tillen in terllls of Iheses 1/-constanls of motion as

A is Ihe lI/. x 'JI matrix defincd as

O~I 06
iJXI D;rn

4-
D~1Jl O{m
0.1', OXIl

The "' x 1/. matrix B is deflned as

O~I O~I

0"1 OVn
B=

DE,m DE,m
DVl DVn

d.f¡
-;¡¡ = Vi ( 12a) D({, 'Í) f O

O(x, v) ,
( 19a)
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which can he writlcn cxplicity as

Tben. in principie. il is possible 10 substitute (22) in (23) to
ootain the solulioll

So. using (20h), il fnllows

(23)

(19b)

1=1 •...• !l. (24)(2) -
01' 1/1 =!/¡ (~,x),

l',
rI.r 1

t') -'1, = y, (f,. v)

\vhich hclp to solve the equalions

L E (a)~1,0"(l)~1."(2)'" ~1Il,<1(1It)lJl,d(m+I)'" '1/21l-11I,(J'(1n) i:- O.
<1ES(2n)

whcrc 5(:111) is lhe group of pcrmutations 01' 2n clclllcnls.
a is a pCfmutalioll, £(a) is lhe sign associated 10 t!lis PCf-
Illutalion. ~io(i) amI 11i<7(m=i) represent lhe partial dilTcrcn-
l¡alion wilh rcspcct lo lhe variables [if 1 ::; a(i) S II or
1 ::; (1(11I + i) ::SIl lhe variahles are X' s w¡se lhe dilTcrclltia-
tion is with rcspcct lo Vi s l.

In particular. for an action-anglc likc transformation of
Ihe syslcll1 (2), ir is understood lhe transformation (15) such
lhal "' = !l. anJ lhe Eqs. (16) and (17) are of the f"llowing
"onn

whcrc >../ for I = 1, ... , n are constants. Thc cxprcs-
sion (2011) can he written as

wbere tP,.1 = l. .... !l are constants. Substituting this in (24)
and doing the inverse transformation (this is possible because
iJ(l7)jiJ(V) 'lOor iJ(17)jiJ(x) '10). one gels

and

df,k = O.
dt

(b" _..\dt - 1,

k=l, ... ,1l

1 = 1, ... ,n,

(20a)

(20b)

and

1/1 = Al' +lJ>1 1 = 1, ... ,n;

1 = 1, ... ,n

(25)

(26)

Since the constants 01' motion ~ko k = 1, ... ,n are charac-
teristies of Eq. (21). lhey can be used lOhave

.r, = 1.i({, v) or v, = Vi(f,~ x), i = 1,...• 11. (22)

To gel lhe aclion.like variable for the ith-componenl 01'
position and velocity. (Xi. Vi). of lhe partide. one may seleel
2n - 2 characlcristics

(ti) et.) e(i) _ ¡'(i)
~l '''2 '"''''2n-2-'''

(27)

(28a)

1 = 1, ... ,n..l., = ,¡/({. {l.1 = l •...• n. (21)= .Al,

oflhe set {f", .... 6••-1) slleh lhat

iJ(e(i) e(i) 1
"'1 , ... , "'2n-2

(28h)

where the poinls .ti and xi are delermined from (31) wilh
lhe implieit funetion

This allows lo have

.rk = .r.({(i)), k = 1, ... ,n and k '1 i; (29a)
and

l'/.: = Vd«i)). k=1, ... ,71 and ki' i. (29b)

One can suhslitute (29) in the remainning characteristic SUf-

faee

(33)

(34)

wherc di) .¡:. ~y), j = 1, ... ,2n - 2, to ohtain a relation
among Ihe variahles J:i, Vi and the eonstants (28a) only.

ti) _ ti)(. )
~i - ~i XI, ... , Xn, VI, ... ,Vn , (3D) since {<il and di) are constanl 01'mOlion, the aClion-like vari-

ables 1;. i = 1, ... ,n are also constant of molion. Once lhe
integration is done, Ihere is only dependency on Ihe charac-
lerislics.

(31 ) Ii =I.(f" •...• 6••-il. i = 1, .. -. ,no (35)

In addition. hccause of lhe indcpcndency of {~di=l,...,n. ir
follows

From Ihis relation. one may have the expression

- f (¡'(i) eti) )Vi - i... ''''1 ,Xi,

and can define lhe aetion-Iike variable as

(32) iJU, •...• I••)
----'108(:rll"',Xn) or

iJUI, ... ,I ••) O
~---r (36)iJ(v, •... ,vnl •
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and they can he lIsed as ncw variahlcs such that in (20a). olle
may have instcad

dl¡- = O.
d'

i = 1, ... ,n. (37)

NOle, !'mm (40a) ami (40h). lhal lhe

l'- = 1e"~o
brings ahOlillhc }familton-likc systcms

(47)

5. Onc-dimcnsional casc

Let ~ he the conslanl 01' Illotion associatetllo (2) for 11= 1.

So. lhe dynamical systelll is wriucn in lcrms 01' this constanl
01' Illolion as

In this case, A = [)~/D.r, 1J = D~/Do, anJ lhe force is writ-
ten in ICfms 01' lile conslanl 01' motion as

(4Y)

(4Xa)

(4Xh)dI'Ji = -fr.

dr
- ::£"dt

.,
1'-

(= 2 + \'(;r).

where lhe fUllction FCr) is arhitrary. Note from (42b) also
thal (lne JlIay select i.1IlactiolH:lIlg1e likc transformation by
Illaking this cxpression equallO a cOllslant and solving it.

antl

The condilion (47) implies that lhe constanl of motion must
be of the fOl"m

(3Y)

(3X)

F(.I',v) = - ('.
("

O( , O(
1'- + F (.1', 1')-0 = O.
D.r v

and

'¡.r
-=1,'d,

(40a)
ti. Examplcs

to have ~' ami '1 as lhe IlCWvariahles with lhe Jynamical sys.
tem gin.'n hy

(51 )

(52)

(50)
dI' .,
-:: - ..•..'-.r.
d'

r("/' = ::l:::\ - - u":-.I"-.
111

1 , 1 »~ = -11/11- + ~IJI:..•rl-
:2 :!

d."
_=11•
di

Using Ihis expression ami the relation (4-6), one gets

wllcrelll represcllts lhe rnass of lhe particle. rrom (51) 1"01-
[ows lhe expressiol1

It is \\-'eH known Ihal lhe constanl 01' motion asociated to Ihis
syslelll is

6.1. Exarl1pll~A

Tllc dynamical SyslCIll for lhe harmonic oscillator is givcn hy

(41 )

(42a)

(4211)

(40h)

de~ = O
lit

J«(.I') fe. O
iI(.r. 1')

,¡l' l'
-=--(,.
dI ~"

(11, ¡Ji) ~ DI}
- = I'(C ,,),,--) + ¡. [.1'«(,1/), de I/)J .,,-
dI ( .1' (JI'

The condilioll (4 [) allO\vs to ¡¡nd lhe function '/} in a simrle
wa)'. Let /\ he a non/.cro numher. then. choosing

<tnd

Thus, OIlCnceds just onc rUllction /1 = I}(.r. t') such lhat

\\'Ilcrc ~ is lhe known of molioll, lhe follO\ving partial diffcr-
clltial cqll<llion ariscs rol' 1/:

J«(.I/) = A.
O(.r.,,)

(43)

Sol\'ing lhis eqllalioll. il is obtainctl

(53a)

(54a)

(5411)

(53h)

{!;" {J2[iIi }" = -, "os ---[1/", .'I(OJ .
11/ /\

.,.=

, .,' ,\ . ( ;,).1' )
I/(.r, (')=.II(I'-+ ..•..'-.r-)=f-aITslll ., .) .) .

1/1 ..••.' . /1'- + W-."-

and

So. Eqs. (51) ami (5.1h) fmm lhe new variahles, amllhe ¡n-
verse Iransfonnalion is givcn hy

(46)

(45)

(44)

l' = de .r),

J
. d.1'

1/(.1'.1') = !J(O - A e [ .. (e .)]'
. ....,' .1, V ••..,,¡;

\vhcre .11(0 is all arhilrary fllnclion.

whidl can bc llsed in (44) to gel the solution

J,/ [)¡¡
fr -;- - £,. -o = A..
J" J'

Tlle sallle conslanl of Illotion £ hrings about the cxprcss ion

Rel'. AJex. Fú . ..J5(ó) (I{N9) 551-556
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Th~ dynamical systclIl formcd with variahles ( and 7J is 01' lhe
typc action~anglc,

d~
(55a)- =0

anJ di

(/" A
(55h)

di 111

The ,0lulion of (55h) is

are constant 01"IIlOlioll (JI' lhe syslcm (59). However, they are
nol indcpcndcnt sincc lhe Jacohian 01' lhe transformalion is
zero.

O(~l,~',~",~') = O. (61)
D([l, B. t'P,t'fI' 1'0)

Ncvcnhclcss, olle can takc three of thcm as pan of a !lew sel
oí' variahles. 'fhe rcmaillning variahle. 71, will be found such
thal lhe following rclation is satisficd:

Considere lhe following two-dimensional aulOnomous sys-
ICI11 :

\,I,'hcrc 110 is a conslant. Suhstituting this solulion in (54), il
hrings ahout lhe lime cvolution 01' Ihe system. Thc constan!
'lo anJ é. •.Irc dClcrminco hy ¡nitial conditions, and lhe con-
slanl ,\ can he ehosen as A = 1. Using (51), (52), (34), ami
(33), Ihe aClioll-likc variahle is givcn hy

Sincc ~1 and 6 ¡¡re charactcristics of (63), they can be uscd
lo ohlain Ihe rclations

(62)

(64)

,111
-::= A,
di

which can he writtcn as

ihl 0'1 (1 ")
vp Dp + l'(J DO + - p"2 + V¡;p

0'1
Dvp

_ 211p
Vo!!!l = A. (63)

p Ovo
This cqualioll can he sol ved hy lhe charactcristics methoJ,
whcre lhe cqualions fOI" lhe charactcrislics are given hy

di' dH dllp duo d1J
-;;;:::::;; = -;!r + 1'~P = - 2vfP = T'

(56)

(57)

A
'1 = - - t + '/0'

Hl

_ íf< _ 7T (2 :.! 2)1--.-- v +w.r .
/I/W 2",.¡)

6.2. Examplt. n

Using thcsc rclations in lhe IIrsl (WO lcrms of (64), one can
gel Ihe relalionship betwecll Ihe variables p ano e,

(66)

(69)

(67)

(65h)

(65a)

1/ = ~\,+ '/0',

1'/1 =

6
1'0 =-

¡il
and

1 1 J2~1(;+ 1 .- = "" -,- sm(e + ea)
l' (¡ (¡

which can be lIsed in (65a) ami (64) lo oblain

j. de
1/ = 1/" + >. 2 .
. . [1-J~2~-I-~'-'+-ISin'(e+eo)]

Solving lhis equatioll. il follows

l'Os(e + en)
'/ = '/o + [

2~I~i 1- J2~I~i+ 1sin(e+ ea)]
1

(2~I~iJ' logR(~1,6,e), (68a)

where '/0 anu 8" are cOllslant. ano R is Jefincd as

f!(' , e)- 1;111 (o~",,) + J26d + 1- J26~1'1,". - 0+"" ~. (68h)
I;lll(~) + J2~1(~+ 1+ 2~1~1

Sincc Ihe SOIUlioll nI" Eq. (62) is

(58h)

(58a)

(58c)

(59a)

(58d)

(59c)

(59h)

(59d)

(60a)

(60e)

(60h)

= p en,::;f} ami

r1.f
;¡¡ = 1'1,

ti.'!- = 112,,/t
¡fv¡ .1:

di (;•.' + y')3/'
dv1. y
JI = (.•.' + y')3/' .

Wriling Ihis syslclll in polar coonJinatcs, .T
y = (,sinO, il is givcn hy

ami

Thc fUllclions <l. 6. <:1, anJ (1 givcn hy

(/'1. + v:lp"2)
E.I = ji o

2 P

and
(60d)

lhe lime evolulioll 01" lhe syslelll is found. On lhe other hand.
lhe funclions ~l. 6. (1 and 1/ are independcnt sincc lhe Jaco-
hian, O( ~I , (" (" '1) / ¿¡«(I, H, ",,, ",,), is di ITerenl 1'10111zero.
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size (ealled cmittance). This phenornenon is called radiation
damping. Equation (60) can he written as the following dy~
namical system:

6.3. Example e
Thc cquation Ihal describes the evolution of encrgy particle
(E) wilh respecllhe energy orlhe synchrounous panicle (E,)
in a bcam, x = E - Es. of an accelerator ring is given by d.r- = 11

dI
(71a)

Thc constant 01"Illotion associatcd lO this systcm is given
hy [1]

(70)

whcrc O' is the damping coefficient and no IS IS Ihe syn-
chronous frequency. These pararneters are determined by the
characteristics ol' the accelerator ring and the rl'-voltage used
10 aeeelerate the particles [3]. The motion of the individual
chargc particle is damped relative to that 01'the synehronous
particle. hringing about a reduetion of the heam phase spaee

I

and
dv .- = -(n'x + 2av).
df. o

1 [ ., .,., ] [ ( V)]~ = 2" v- + O~.,.-+ (I;fV cxp - oC n, 00.;- ,

where the function G is defined as

(71b)

(72a)

1 [a+~-~ n~< 0
2
,--lo" x if

2/ó g a + ~+ /ó

C( a, no,~) 1 n~= n':!, (72b)= O' + l!.'
ir

1 ' [a+~] ir n~> n:.!;-- al'ctan --'-
J-!::. J-!::.

"'¡lh ~ dclined as ~ = 02 - !l~.F or very weak dissipation
Icvcls. ()2 /n~« l. the constant of motion can be given at
tlrst ordcr of approximation in O' as

1 [ ., .,' ]~ = 2" ,,- + n~J.

+ o [xv __ v_'_+_n~~~x_2_al'ctan (oV,.)] . (73)2no Hn.e

Thc curve E. = l"Ollstant has a gap per eyele in the :1;-V space
for 11 = O. This is originated by the non-single value "are tan"
functioll appcaring in this constant ol' motion. Thc gap size is
a l11easurcof the energy 10st per cyclc ol' ion 01"the charge.
This size can be ea1cu1aled laking lhe 1imil 01" (73) rOl lhe ve-
lodty approilching to v = o from hoth sides. Ohserve that,
sinee Ihe curve ~ = constant must be eontinuous l'or v = O.
there is a change by rr in the argument of the "are tan" fune-
lion. The Iimits bring about the following express ion

7. Conc1usion

(75)[3Jra](6.1) = -.r no

The constants ol' mntion of an autonomous dynarnical system
are used to express the equatiuns 01"motion ofthe systcm. The
transformation of the cquations due to change of variahles
was studied. Sume examplcs were prescnted to point out the
use ol' the constants (Jf mOlinn in the dynamical cquations.

To make a numcrieal acalculation. take the former pp-
SSC aeeeleralor al 20 TeV. For Ihis acce1eralOl one has 15]
(l/no'" !U-x. This means Ihal il wou1d lake aboul lO' ey-
ckes 01"oscillations rOl" a proton heam to shrink lOahout 63%
of its initial cmittance. this shrinking effect may not con-
tinue <lny¡onger hcacause of the clcetrostatic repulssion 01"
the charges and quantum lluctuations of radiation [3,4]. This
example points out the practical use 01"motion for a dissipa-
tive system.

J. > O (74)(61) =:1 [ 1- 1~Jr3~~ono- 1] ,

which can he approximated as
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