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The solution of the equalion fm elastic waves in an isotropic medium is expressed in lerms of three potentials thal satisfy the sea lar wave
equation. Two such expressions are oblained. adapted to the cylindrie<tl and the spherical coordinates. by explicitly integrating the wave
equation in circular cylindrical coordinates and in spherical coordinares.

Kt'yw{m!s: Elastic waves: spin weight; Debye potcntials

La solución de la ecuación para ondas elásticas en un medio isólropo se expresa en lérminos de tres potenciales que obedecen la ecuación
escalar de onda. Se obtienen dos de tales expresiones. adapwdas a las coordenadas cilíndricas y esféricas, integrando explícitamente la
ecuación de ondas en coordenadas cilíndricas circulares y en coordenadas esféricas.

Descriptores: Ondas elásticas; peso de espín: potenciales de Dcbye

PAes: 03.40.Dz: 02.30.J,

transfonTIs according lo

2. Solution by separation of variables in circu-
lar cylindrical coordinates

Let {ep, eóJ,} he the orthonorll1al basis indueed by the cir-
cular cylindrical coordinates p, $, z. A quantity 11has spin
weight s if under Ihe rotation about ez given by

(3)

(2)

where II is the displacement vector, a is the Poisson ratio,
E is the Young modulus and p is the mass density. consti-
tute a system of three partial differential equations which,
even in cartesian coordinates, couples the three components
of Ihe vector licld ti. In this paper we solve Eqs. (1) in cir-
cular cylindrical and spherical coordinates, making use 01'
spin-weighled funclions. lt is shown that lhere is an expres-
sinn adaptcd to each 01'these coordinate systems for the elas-
tic waves in terms nf threc scalar Debye potentials that obcy
scalar wave equalions. As in the examples mentioned aboye,
Eqs. (1) are sol ved hy deeoll1posing the vector field u and
Eqs. (1) il1to spin-weighted components and then solving the
resulting cquations hy means 01'separation 01'variables, mak-
ing use 01'lhe corresponding spin-weighted harmonics.

In Seets. 2 and 3. Eqs. (1) are sol ved in circular eylin-
drical and spherical coordinates. respectivcly, and the basic
nolions ahout spin weighl and lhe spin-weighted harmonics
are also given therc.

I. Introduction

Mosl partial differential equations encountered in mathemat-
ical physics involve a single unknown function (e.g .• the
Schrodinger equation, the Hamilton-Jacobi equation and the
Laplace equation) and the procedure usually employed to
sol ve thClll is the method 01'separatioll 01'variahles. However.
in the case 01'systems ol"partial diffcrcntial equations. such
as Ihose governing veclor or spinor f1elds. the usual I1lcthnd
nf separation of variables cannot be applied in a straightfor-
ward manner (see below). Nevertheless. various nonscalar
linear equations in sphcrical or cylindrical coordinates can he
solved by separation 01'variables jf these cquations are writ-
ten in terms 01' spin-weighted componcnts. Somc cxamplcs
are the Maxwell equations [1, 2J. the Dirae equation [3-7J.
the spin-I and spin-2 Helmholtz equation [2,4,5,81. the eUfI
cigcnvalue cquation [5,9J and the equations 01' equilihrium
for an isotropic clastic medium [10]. Among other things.
this procedure leads to express ions for the solutions of these
equations in terms 01' scalar potentials. For examplc, in the
case 01' the equations of equilibrium for an isotropic elas-
lic medium. one obtains an expression for the solution in
terms 01' three sea lar potentials that have to ohey the Laplaee
cquation; the express ion so obtained is analogous lo the
Papkovich-Neuber solution [11-13] which involves four har-
monie potenlials (see al so ReL 14. Chapo 1).

The equations ror the elastic waves in an isotropic
lI1ediull1(see. e.g .. ReL 14. Chapo IlI).

(1-2a)\72u + \7(\7. u) _ 2(1 + a)~ - 2a)p~:~l=0. (1)
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Any vector Iir.::lJ F can he wriuen as

F I F (' ") 1F (' ") F.'= 2' -1 ('(' + leó + '} 1 Cp - 1('(/J + '0('.:, (4)

The quantilies (JI} ami DI} have spin weight s + 1 amI s - 1.
respectively.lherefore

The gradient of a fUIlClion f with spin wcight O is givcll hy

and the divcrgence al1li cml of a vector Iield F can oc wriucn
as

"here ¡'le' :; F. (el':t ie~) and Fo :; F. e,. Then Eqs. (2)
and (.1) illlply tha' F,x! and Fo have spin weight :tI ami n,
respccti\'dy.

Tite operalors ¡] aJl(1 ¡J acting on a quantity 1} wilh spin
weighl s are dcfincd hy r41

uE)" = tia'l

(
D' 1 D 1 D' 2i., D "')= -, + --;-- + ---:¡-,-., + -. - - ~ lJ.
DI" l' <ir) (" D</>' 1" D</> p'

""J la-J(' ") laJ(' ") DJ,\1 = -'2( ('(' + /('~~- 2" Pp - lC(/J + Dz ez

(6)

(7)

,1 1- DFa
\7. F = --aF 1 - -aF, +-

2 - 2 D: '

"" " I (a-'" DF_!)(, ") I (a'" DF,)(, ") l(.:l!' a-F)'\1 X r = ~ ro + -D~ ('"+ 1e(/J - ~ ro + D- f'" - 1(\1, + 7)"7 ( '-1 - 1 Cz.
2l _ ~l.. _l

Then. fmlll Eqs. (7) and (8) one f1nds lhal

\7'J = iJiiJ + D
2
J

D-2
and

(X)

(9)

(10)

The cylindrieal (ar plane) harmonies 141 with spin weight
..•..\ };:III1. are oelincd by ~url"encc rclations rOl' thc Bcsscl funclions one finos Ihat

( 1 1) ( 14)

'" \ m+s illltjJ + IJ -nl-'~cim(/JsrOm = .' p (' p ,

whcre sZum denotes .\.lmll or sJVnm.
Whcn n = 0, the cylindrical hannonics are given hywhcrc (\ is a (real 01" complcx) constant and lit is an intcgcr

01" half.inleger accoroing to whether s is an integcr or a half.
integer. Then, Eqs. (6) and (11) illlply that, if" is dilferent
fmm /'(,1"0,

( 12)

wherc ..t ami lJ are arhitrary conslants.

allo

C' , -j.'. + IJ(I ),-.,.sro,-S='''1(' Ufl(,

(form+, ¡<O), (15)

(ror 111 = -.<), (16)

and .1". N" al"L' Ikssel functions. Prom Eqs. (5) and tite rc-

.,.I"m(P,</» == .lm+s(op)cIHllo',

\' ( .l.) - \, (.) ,.m",\lllmf),,+, =.Jm+sopc ( 13)

where A. n are constanls. For il flxco valueof 8. (he functions
.~Fmnforrn a complete set. in the sen se Ihar any funcrion with
spin weight,..; can he expandcd in tcrrns oflhe ,~F(HIl'

Making lIse 01' Eqs. (7), (X) and (10) one linds thal the
spin-wcighlcd compOllcll(S of Eq. (1) are

( 17)
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whcrc we have introduccJ the abbreviation

,,== 2(1 +,,)~ - 2,,)1' (18)

This systcm 01' cquations admits sulutions uf the fmm

",.= .'/k (zhJ"m (1', ó)e -iwl +G,. (= )kN"m (p,1>)C -iwl, (19)

I

with k = 1, - r, 0, and whcre the 91; and G 1; are functions
to he dctcnnincd. o is a constant diffcrcnl from zcro, m is
an intcgcr anJ LV is also a constant. Suhstituling Eq. (19) inlo
Eqs. (17), makjng lIse ,,1' Eqs. (11) anu (14) anu lhe linear in-
dependence 01' ~Jnlll antl .~NO/Jl' one fintls that the functions
9k musL ohey the systcm of ordinary differcntial cquations

(20)

ami Ihe fUIH.:tions G k ohey a system of the samc (orm, with
CI. in placeofYI;.

Equations (20) can he rewrittcn as

(1 - 2")(~:~- ,,2,,) + 1<W
2
" = O, (21)

({l¡¡ . :l dyo:l(1 - 2,,)--., - 2" (1 - ,,)H - ,,- + I<W H = n, (22)
dz- dz

. tf1!Jo'" d1l 22(1-")-,., - ,,-{1- 2,,)yo+"- + hW Yo= O, (23)
( .:- dz

I
These comhinations arise hy considering the scalar functions
i>.:;. v x V X H amI v '11. respectively; for instance. making use
nf Eqs. (8) and (Iet) une Hnds that for a vector lield with COI11-

poncnls (19), V'H = non (!Ji - .tJ-d + ligo/ti.::: )O.!ome-i ••:t +
(~,,( G I - G -1) + dC,;¡d: )"N"me-'w/, ami from Eq. (1) ji
follo\\'s Ihat é:; . V x V X 11. V . II and é.'!. . V X II ohcy the
scalm wavc equation [the runcLion n.(z). dcllned hy Eq. (24),
is rclatcd 10 é, . \7 x \11. From Eqs. (22), (23) anu (28) il
fn!lows that

with

11 == ~ÜJl +!/-tl,

H == ~(!/l- !/-tl. (24)

([:2i! . .,
-, ' + (kf - ,,-)v = O,
( .:::-

d"lw :l 2
-, ., + (k, -" )w = n,
I ;:;-

(29)

By comhining Eqs. (22) and (23) one can ohtain a decoupled
hHlrth-order equation (with constant cocrtkients) for II that
can hc casily sol ved and then, using Eqs. (22) and (23) again.
(lne IImls Yo. Ho\Vcvcr, it is convenient 10 follo\V a different
pr(le~dure, introducing the two auxiliar)' one-variahle func-
(i(lns

hCI1(,c.

(] 1 dl/'
!Jo = -:jI' - -:j- + r1eu:; + /J('-u::. (31)

h'; ,..; d:

whcrc A and B arc SOITlC <.:onstants. Then. fmm Eqs. (28) and
(2<) llllC has

(32)

(30)
(1 + 0')(1 - 2,,)w'p

(1 - alE

wilh

Thc solutiollS 01" Eqs. (29) are of Lhe same rmm as those 01"
E'I. (21). (AclUally, Eqs. (21) anu (29) 1"lIo\V dircclly from
th~ raet that c:; . v X 11. (\ . v x V X 11 ami 'V . 11ohcy scalar
wavc cquations.)

On Ihe olher hanu, from Eqs. (28) anu (29) \Ve ohtain

(
([:2 .,) dw
-.,-0- 90=--011
t!:- ti::

_ ( '." ,) ( Id.", (l)- -,,,-O' -",¡-,-+..,.-:;-v
( .:::'" ,',- ( :; ,,:¡

(25)

(28)

(26)

(27)

dH
I'::OYO+-,

dz
d!Jo

10 == ol! +-.dz

n(.:::) = al'::: + (12.

k' = hW' _ 2(1 + ,,)w'p
1-1_2a- E'

providcd that kf ::f n:!, \\!hile ir k¡ = n:!.

The solution ofEq. (21) is given hy

11(':) = (/1pxp (iJI.'¡ - n:lz)
+ a2 exp ( - iJk¡ - n2.:: ) ,

when: (/.1. (1.:2 are arhitrary constants and

Ut'V. ,l1ex. ¡¡¡s. ~S (6) (1999) 557-564
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Dr. cyuivalcnlly.

11= -\l~'1 - \1 x (t/J,é,) - V x V x (t/J3é,). (39)

11 = -vV'¡ + é, x V,¡" + V x (é, x V1/J3), (38)

In a similar manncr, olle can show thar Eqs. (17) admit
separahle solutions analogous 10 Eq. (19) in tcrms ofllle spin-
wcightcd cylindrical harmonics with O' = O [Eqs. (15) and

(16)1, which can also he wrillen in Ihe form (38) wilh Ihe po-
lenlials ¡J,. salisfying Eqs. (.16) ('1 ReL 10). By vinue of Ihe
COlllplclcncss nI' lhe spin-wcightcd cy I¡ndrical harrnonics ami
lhe linearily 01' Eqs. (38) anu (36), il foilows Ihal the general
solulion 01' Eq. (1) is given hy Eq. (38) or (39), where Ihe
scalar potcntials t/J¡ are so!ulions orthe wavc cquations (36).

Equation (39) shows that Ihe displaccment vector ticld,
in clfcet, can he writtcn as lhe sum of a vector ficld (- V7~'~I)
wilh vanishing curl ami a vector ticld (- v x ('he::)- v x V X

(c¡J3C.;:) wilh v<lnishing divergence (as assumcd in Rcf. 14).
It is easy lO veril' y direelly Ihal Eq. (39) satisfies Eq. (1)
providcd that Ihe sea lar pnlcnliais 1/Ji obey Ihe correspond-
ing wave cquatiolls (Eqs. (36)]. Ir lhe potentials t/Ji are real,
¡hen lhe displaccl1lcnt vector ncld is also real. h should he
rcmarkcd thallhc cxprcssiolls (3X) and (39) are nol linkcd lO
a particular coordinatc syslcm, despile lhe fael Ihat Ihe cir-
cular cylindrical coordinah,:s were employed to OOlain these
formulas; howevcr. owing lo the prcsence of the (constant)
vector licld C;;. Eqs. (3X) and (39) are adapted to the cartesian
or the cylindrical coordinates (circular. paraoolic or elliptic).

The soJutions 01' Eq. (1) generaled by the pOlenlial 1/J1
propagate with the vclocity Vi. while those generated by tP2
or W3 propaga te with the vclocity Vt. If the potentials w. are
plane waves, Ihen the elaslie waves generaled by ,pI are lon-
gitudinal waves, whercas those generated oy W2 or 1/J3 are
transverse. (This is Ihe rcason why the subscripts 1 and t have
heen employed in the definilions (26), (30) and (37).) In faet,
suhslituling V', = A I'Os(k . r - wt), with Ikl = k" inlo
Eq. (38) one ohlains n = A sin(k . r - wt) k, whieh repre-
sents a longitudinal clastic wave (with u parallel to k); on the
olher hand, V', = A cos(k.1' -wt), with Ikl = k" yields u =
- A sin (k '1' -wl) é, x k, whieh satisfies n. k = ° and, henee,
is a transverse wave. Similarly, if W3= A cos(k.r-wt), with
Ikl = k" Ihen n = A cos(k . r - wt) (é, x k) x k, whieh
<1lsosatisfics 11 . k = O.

It may he nOliced thal, aeeording to Eq. (13), a separahle
solUlion orlhe ")1m ", = y¡.(z) ,Jo".(P, <p)e-'wt [Eq. (16»)
corrcsponds to

1
Itp = '2(U¡ + IL¡)

1= 2[y,(0).1"'+1(01')

+ y_.(z)Jm_¡(np)JeimOe-.wt, (40)

whieh is nol separahle sinee y.(z) and 9-¡(Z) are not inde-
penden!. On lhe olher hand, Ihe presenee of Bessel funelions
01' oruer 111 + 1 and m - 1 accompanying the factor eim4>

in Eq. (40) arises in a nalural way by expressing eaeh spin-
weighted component of u in terms of the spin-weightcd har-
monics 01'the corresponding weight [Eg. (19)}.

We closc this section pointing out that ir one assumes that
the polentials 'l/Ji do nol depend on the time, Eq. (38) docs not
reduce to the expression found in Ref. 10 for the solution of
the equations of equilihrium for an isotropic elastic rnedium.
On Ihe olher hand, slarling rlOm Eq. (38) one can ohlain Ihe
Green's funelion eorresponding to Eq. ( 1) (el ReL 15).

(33)

(34)

(36)

(37)

(1 - ajE
(1 + a)(1 - 2a)p'

H1 = iJV'1 - iiJV" + %z iJ,p3,
- - O -

"-1 = iJ~" + iiJ,p, + Oz iJ,p3,

D -
"o = - Dz1/J1 + iJiJ1/J3,

w
", '" ;:-=

'"
w ~

"t"'k,=V~

~'I '" ,1, [w(z) oJom + W(z) oNomJe-iwt,
t

~', '" ':'[7I(z) oJom + N(z) oNomJe-iwt, (35)
n

,- 1 [ ( ) 1 I/( ) 1\' J -'wt1;-'3==-----,-:;-V Z Q'om+ Z o ame ,
Ot,:¡

SuhSliluling Eqs. (31) and (32) inlo Eqs. (22) and (23) one
tinds lhal il", i (J, Ihen A = B = O. Thus,

n 1 dw
!lo= 0t' - 0-,-'

t\.¡ "'r c.z

ü 1 dll
H = 010 - 1.2 -, '"1- ,.;./ (Z

whcrc

and Imm Eqs. (7) it lollows Ihal Eqs. (34) amount lo

wilh

wilh similar cxprcssiolls for Ca and ~(Gl - G-d. Then.
Imm Eqs. (1 ~), (24), (33) and (14) we lind Ihal Ihe spin-
\VcightcJ cOlllponcnts 01' lhe displaccmcllt vector u can he
cxprcsscd as

wherc Ihe lunelions W(o), N(z) and Vez) nhey the same
equalions as w( o), 11 (o) amI v( z), respeelively [Eqs. (21) and
(29»). Wilh Ihe aid 01'Eqs. (9), (11), (21) and (29) one finds
Ihal Ihe Ihree sealar pOlenlials (35) salisfy the wave equalions

, 1 O',p¡
V 1/'1 - 2-0' = O,

VI t

., 1 O'1/J, 3
V-V",3 - -, -Ot'; = O,Vi -
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lransforms according lo

3. Solution by separation of variables in spher-
ical coordina tes

Lel {e"eo,e",} be lhe orlhonormal basis indueed by lhe
spherical coordinates r, 8, 'P. A quantity TI has spin wcight
s if undcr the rolarian about er given by

(44)

- (O i O )011:; - - + -.-- - HotO 7Jae SIll Oa'P

( O i O) ( . -, e)= - sin' e -a + -'---0 -a '1 SIll ,e Slll 'P

- (O i a )o/,:; - - - -.-- +Hotll 7Jae sme O'P

, n ( O i O) ( ., e)= -sin- rJ - - -.-- 7J5l1l .
00 smO O'P

weighl" are defined in lhis case by [16]

(42)

(41 )

Any vector ficld F can be wrilten as

(43)

where F"" :; F. (eo :t ie",) and Fo :; F . e,. Then, from
Eqs. (41) and (42) il follows Ihal F"" and Fo have spin
weighl :t 1 and O, respeelively.

The quanlilies o/, and Ií,) have spin weight s + 1 and " - 1,
respectively.

Thc gradicnt of a funclion f with spin weight O is given
by

\7J = -~IíJ (eo + ie",) - ~oJ (eo - ie",) + °aJ e, (45)
21' 21' l'

and the divergenee and eurl of a vector field F can be written
Thc operators ü and a acting 00 a quantity 1] with spin as

1 1 - 1 a ,
\7. F = --oF_1 - -oF¡ + --(1' Fo),

21' 21' 1" al'

\7 x F = .2.. [oa (rL¡) + IíFo] (eo + ie",) - .2.. [aa (rF¡) + OFo] (eo - ie",) + -21 (oF_¡ -IíF¡)e,. (46)
221' r 217" r 1T

Then, from Eqs. (45) and (46) one línds thal

\7' J = L~[,.,OJ] + ~OIiJ (47)¡-28,. D1" r2
and

(48)

Thc spin-wcighted sphcrical harmonics with spin wcight
.r.;, ~,ljm. are dcfined by

lío(,Yj",) = ("¡,, + 1) - j(j + 1)) ,Y,,,,,

. a l' Y
-1 8..p 1Jj jl1l = 1l1s jm' (49)

whcrc s. j and m are all integers or half-integers. The func-
lions 11 Yjm can he normalized in such a way (hat

o(,Yj",) = j(j - ,,)(j +" + 1)H,ljm,

Ií(,lj",) = - j(j + 8)(j - S + 1),_¡ }jm, (50)

and the ol'jlll are the usual spherical harmonics Yjmo The set
of functions sYjm• with s fixed. is complete in the sense that
any quantity with spin weight s can he expanded in a series
ofthe sYjm [16].

(51 )

The (spherieal) spin-weighled eomponents of Eq. (1) are

[la' 1 - 2 ] 1 a , 1 1 _ a'''1(1 - 2a) --o -. (mIl + -oou¡ - ...,..ouo - --1' ouo + -. OOU_I + -oou¡ - ,,-- = O,. a,.:l r2 ,.2 r3 8r 27'2 2r2 8f2 1

[O'] ,1 1 - 2 - 1 a ,- 1 - 1 - - a "_1
(1- 2a) --O., (I'II-Il + -200U_1 - -,0"0 - -3 -a " ouo + -2001l_, + -""'-2°0111- "--,- = o,,. r- ,. 7" r r 2r 270 ut

[al O, 1 - 1 1 -] a 1 O, 1 O 1 1 O 1_ 02"0
(1 - 211) -O '-a (1' "o)+ ,00"0 - ,0U_l + ,o,,¡ + -O -2 -(r uo) - ---011-1 - ---ou, - ,,-- = o

r r r r r l' r r 8,. 2 ul' r 2 8r ,. Dt2

Rev. Mex. Fi,'. 45 (6)(1999) 557-564
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¡'i Eqs. (17)J. This syslem of equalions admils separable so-
lutions 01' lhe form

(k = 1,-1,0), (52)

whcre j is a non-negative integer and In is an integcr such

lhal Iml :o; j. The veelor field (52) is an eigenfunelion of
lhe squarc of the total angular momentum with eigenvaluc
j(j + 1) [2J. By SUhslituling Eq. (52) inlo Eqs. (51), by virlue
of Eqs. (50), one finds lhal. if j t O, lhe radial funetions 9'
are delermined by

[1 rf' 1" 21'] l' d, ,,'
(1 - 20") ;: dr' (r91) - r,91 - r,90 -,.' dr (,. 90) - 2I" ([11 - [I-¡) + "w'91 = O,

( ) r 1 ,{, ( ¡t' 2¡t] l' d, J" ,
1 - 20" l--1 ' "9-¡) - -, [1-1 + ,90 + -0-1 (I' [lo) + -2 ,([11 - [I-¡) + ><W9-1 = O,

l' (r T .,.- r" (.,..,. ,

[
di d, J" J' ] d 1 d, J' d 1 2(1- 20") ---(r 90)- -[lo - -([11 - [I-¡) + --,--(,. [lo)+ ---([11 - [I-¡) + "w 90= O,d.,. .,.2 dr 1'2.,.2 d.,. .,.2 dI' 2 dI' r

(53)

where

¡t '" Jj(j + 1). (54)
In order lo solve Eqs. (57) and (58), we inlroduee lhe aux-

iliary functions

Sinee J,2 = j(j + 1) [see Eq. (54)], lhe solUlion of Eq. (56)
can he wrilten as

wilh k, oefined by Eq. (30). (Equalions (56) anO (62) also
follow Oireelly from lhe fael lhal r . 'V x n, r . 'V x 'V x ti

and \7 . u ohey wavc cquations as a consequencc of Eq. (1).)
Hence.

(63)

(62)

(61 )

l' 1 d
11 '" -[lo + --(rH),

r rdr
Ji 1 el .)w'" -H + --("-90)'r ,,.2 dI'

v(l') = bl h(h',r) + b2 Ilj(k".),

w(l') = CI h(k,l') + c,llj(k,r),

(Nole lhal, aeeording lo Eqs. (46), (52) and (55), 'V . ti =
w(r)Yjm(B,<p)e-iw'; similarIY.1J and M are relaled lo lhe
radial parts of r. \7 x \7 X 11 and r. \7 x u, rcspcctively.) Thcn,
hy means of a straightforward computation, fmm Eqs. (57)
and (58) one finds lhal

,l'v 2t1v ('2 "') O-+--+ " -- v=dr2 r dr 1'.,.2 '

d'", 2 dw (r' ,,2) O
dr2 + ~--;¡;:+ ~¡- ii tu = 1

(56)

(58)

(57)

(55)

M '" t(91 + 9-¡),

H '" t(91 - 9-¡),

wilh ", defined by Eq. (26), and

[
Id' 1" 21'](1 - 20") --.-. (rH) - -,-H - -[lo
.,.(/¡-'1 1.2 1'2

Ji el:2 Jl2 '1- -,--(r [lo)- -,-H + KW H = O,
1'3 el.,. 1'2

d 1 d., 2 (1 - 20")1"
2(1- 0")--'--("-[10) + "w 90 - , [lodr.,.'l el.,. r

_ 2(1 -.?O")I' H + I'~ (H) = O.
r- dI' T

Making use of the definitions

lhe sel of equalions (53) can be rewritten as

d'M 2 dJ'd (k2 ¡t2)M _ O
dr2 + -; dT + t - .,.2 I -.

or

(59) whcre !JI, lJ.2• el and C2 are constants.
On lhe olher hand, eliminating H from Eqs. (61), one

tinds lhal

Making use of Eqs. (62), Ihe right-hanO siOe of Eq. (64) can
be ex presscd as

whcrc /1.1. (/2, Al and.42 are conslants amI Ji, nj, 11;1) and
he.!) are sphcrical Bcssel functions.

)

( ,,2 2 ti ,(2) 1 d ,-. + - - - --,--("[10) = -JIV + - -(r w).
d1'2 l' d,. ,.2 r d,.

(64)

/' (d2v 2dv /12) 1 1 d 2(d
2
1O 2dw Jl

2
) (({! 2 d JL'2) ( Jt 1 d1O)

_ -+----1.1 ----r -+----ll! = -+---- ---:")v-~r-
kf dr2 7' dI' r2 k¡ r dI' dr2 r elr 1'2 dr2 r tIr 1'2 k¡ kf dI'
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Ihus,

(
d' 2d 1,2)( Ji I dW) O
dr2 + ~dr -;Z 1'go - k¡ V + Jo},. dr = 1

lhereforc.

[ef Eq. (38)J and, by virlue 01'Eqs. (56) and (62), the scalar
pOlenlials (69) nbey lhe wave equatinns (36).

In Ihe case oflhe separable Solulions (52) with j = O (i.e.,
JI = O), (he only nonvanishing component is tio. which is a
funelion 01'r and t only, and from Eqs. (51) one oblains

(66)

thcrcfore, using lhe rccurrcnce rclations for the sphcrical
Bcsscl funclions, we have

J-l V 1 dw j-l -j-'l.Yo=~--~-+D,r +D,r , (65)
kt l' kf dr

wherc DI and D2 are constants. Substituting Eq. (65) ¡nln
Ihe second equalion in (61), using Eq. (62), one finds lhal

l' w lid
H = -- - ~--(I'V)k¡ l' kf r dr

(. I)D, j-l + .D, ._)_,- ) + -1' )-1
11, {1

DID2) ,-?,-(r 110 + k, UD = ODr' r- Dr

UD = (ai1(k,,') +bn,(k,r»)e-iw'

= -!!..!..(ajo(k¡r) +bno(k¡r»e-iw',
Dr k,

(71 )

(72)

[cf E<¡.(39»), whieh again shows Ihat lhe displaeel11enl vec-
tor 11 is lhe SUIll of an clastic wavc with vanishing curl prop-
agafing with veloeily v, IEq. (37)J and an e1aslie wave wilh
vanishing divcrgcncc propagating with velocity Vt_ Ir lhe po-
lcntials 1/Ji are rcal, ti is also real. Expression (70) is known
in lhe literarure; a recenl application of il can be found in
Rcf. 17.

tl = -V!/J, - V x (¡jJ,I') - V' x 'V' x (03r) (73)

whieh is 01' lhe forl11 (68) wilh ¡)J, = (ajo(k,r) +
bno(k,r)e-i~' 1'" and!/J, = !/J, = O, and lhese polentials
also salisfy Ihe wave equalions (36). Thus, owing lo lhe COI11-
plctcncss of the spin-wcighted sphcrical harmonics ano lhe
linearíly 01'Eqs. (36) and (70), il follows Ihallhe mosl gen-
eral solulion 01' Eq. (1) can be expressed in lhe form (70),
whcrc lhe sc~liarpolclllials 1/Ji are solutions of lhe wavc cqua-
tions (36).

Equalinn (70) ean be also wriuen as

(67)

(68)

SUbSliluling Eqs. (65) and (66) inlo Eqs. (57) and (58) one
finds lhal if w i:- O. then DI and D2 mus[ vanish. hence

tL v 1 dw
Yo = k" - - "-d ''c r "~l 7"

l'llI lid
11 = -- - ---(rv)kf r k¡ r d,.

and, from Eqs. (52), (55), (67) and (50) one finds Ihal

liD
u, = -a,,,, - iü!/J, + --ra!/J3,

r r D1'
1- - ID-

U_l = -a!/J, + iü!/J, + - -D rO!/J3,
r r r

D!/J, 1-
UD = -- + -ao!/J3,Dr l'

, _ I (.)}' -i~,
l.PI = k2 W 7 )1» e •,

whcrc

(69),1 - ' 'f( )}' -iwlIf)2 = -J~ r jme •
l'

I _ l. -twt
1fJ3 = -~V(7) Yl'1!e

/Ir,',

According lo Eqs. (45) and (46), Eqs. (68) amounllo Ihe sim-
ple cxprcssion

11 = -Vtill + l' x v0, + V x (1' x 'V'¡jJ;¡) (70)

4. Conc1uding remarks

Arar! from lhe simplificalions coming from lhe use 01'spin-
wcighlcJ funcliolls. in the cxamplc considcrcd here, rhe ex-
istcncc 01' certaio diffcrcntial cxprcssions (such as v . 11) thal
obcy dccouplcd cquatiolls hclps (o solvc lhe syslcms of onJi-
nary differenti,,1 e<¡ualions (20) and (53) hy relating lhcm lo
simpler decouplcJ cquations 01' scc:ond ordcr.
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