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Tlle need lo relate the probability distrihution 01'a complex random variahle to its a priori given random elcments occurs very frcquenlly in
applied physies. Ilowever. lhe theory of prohability is usually not emphasized in the education 01'physieists, even \I.'hen lhe cakulalion of the
prohahility distribution only involves the use of transformation of random variables. In this papel' a survey is given of the faCls concerning
to nonlinear romplex random transformations. We illustrate hoth the essenlial properties which characterizc Ihe method and its utility as
;l prohlem-solving procedure with an application from undergraduatc physics: düordered eit'ctric circuir ..•.The calculation of constraincd
prohahililY distributions is also revisited. The results are then used as a hasis rol' a discussion of the roncept of constrained complex random
variahles in the eontext of electrie eircuits.

/{('.\'I\'(mls: Complex random variahles: disordered electric eircuils; conslrained distrihutions

La necesidad de relacionar la distrihución de probabilidades de una variahle aleatoria compleja, COlllos valores de sus elementos aleatorios
dadu" (/ ,,,-iori, ocurre muy frecuentemente en física aplicada. Sin emhargo, con frecuencia la teoría de probabilidad no está debidamente
l'nfati/ada en la formación de grado de los físicos, a pesar que el c:í1culo de la distrihución de probahilidades sólo involucra el uso de transfor.
lllw.:iones de variables aleatorias. En este artículo presentamos las raracterísticas fundamentales de las transformaciones aleatorias complejas
no. lineales. Ilustramos tanto las propiedades esenciales que caracterizan al método como su utilidad para la resolución de problemas, con una
aplicación de física básica: circuitos eléctricos desorde/ladOJ. El cálculo de distribuciones de prob<lbilidad constreñidas es también abordado
y sus resultados son analizados en el contexto de circuitos eléctric(ls.

!>ncn'¡J/on'.I': Variables aleatorias complejas; circuitos eléclricos desordenados; distribuciones con vínculos

PAes: OI.40.Jp; 02.50.Cv,.:: X4.20.+m

1. Introduction

Randolll variahles are esscntial in physics, chemistry, engi-
Ilcl:'ring, ('le. They are fundamental ohjects in Ihe Iheory of
stalistical mcchanics [1.2], transport in disordered media I:q,
"illelic Ihcory [,tI, ami they also play an important role in Ihc
<lnalysis of unccrtainties in experimental data [5]. Neverthe-
ks:-.. IIlL' theory 01' prohahilily is lIsually not cmphasil.ed in
IllL' ('dllcalion or physicisls, at least nol in Ihe same degree as
with other rUtldamenlal sllhjccts nf mathemalics. As a matlcr
{jf raet, eOlllplcx rantlotll variables are Icss studietl and lhey
are almost rorgotten in most hooks for rhysicists, cvell when
Ihe prohability di~trihution (JI' thesc complex variables only
in\'ol\"Cs Ihe ll:-.eof the Iheorclll 01' transformation of randolll
variahles.

Tlll' oeeUITencc of rOlIlplcx randolll variables is Vl"ry
l'Ol1llllon in the conlext of cleClric circuils. A parallcl RCL
eircuil appcars as a reprcsentalioll of a rcal rcsisrnr. This is
so hceausc an electric curre nI Ihrollgh a wire will produce
¡¡ [IlagnL'lic lield, so any real resislOr will have SOJ11C induc-

lance L. On the olher hand, when a rcsistor has a potcntial
dilTerence across it, the dcnsity of electrons will changc. thus
Ihe resistor will slu)\',' a!so some earacilance e [GJ. Thus at
low rrequcncies a 1'('(/1 resisto/" may he Ihought as a simple el-
('lIlent R (frequently thL'1J(lrllsi/ic elcmcnls L anJ e are laken
as negligihle paralllclers). As the frequcncy is increased, tile
reactive impedancewL ami capacitive impedance l/v..:C start
to he comparahle lo R, Ihus il hegins to look likc a reso-
nanl circuil [G], where the paralIleters L and e have S(lllle
llllcertainlies. It is Ihus suitahle to model those parameters as
randolIl variahles. in Ihis case.: the tOlal impcdance Z == Z(w)
will he a complcx randolll variahle. Hcnce the probability dis-
trihution for a romplcx randolll variahle musl be workctl out
in ordcr to solvc the RCL .•.•ysICIll.

Thc sludy of ionic conductors has recci\'cd incrcasctl al-
Icntioll in recent years dllc to Ihe unusual physical propcrtics
observcd in thesc systellls 17, S l. In(crCslingly, the analysis 01'
lile cOlllplex impL'd:lIlcc in this malerials, can he done in ICfln
or L'lTective.elcclric circuils, alllong lhcm the simplest olle is
the parallcl RC ¡.;ircllil ID], so il is necessary 10 characlerize
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the mean value and the dispersion of the different elements
that take place in lhe effective elcctric circuits. To understand
thcsc facts. it is es sen ti al lo introduce a formalthcory of coo1-
plcx random variables.

2. A simple model for a complex random vari-
able

whieh is the desired joint probability dislribution. NOle that
lhe marginal distributions [11] P(z¡) and P(Z2),

(
'1/' ~)-¡P (ztl = 2wzi V R - Z¡

ZIE[ R 2,R]=V¡, (6)
1+ (Rw)

2.1. Transforming the complex random yariable

PZ(ZI,Z,) = (J[ZI - Z¡(e)]J[z2 - Z,(e)J)pc(,), (2)

Taking inlo account Eq. (2) and lhe usual definilion of the
mean valuc ovcr a distrihution function wc can writc

(9)

(8)

(10)

(JI)

,,' = ((Z')') _ ((Z,))2 = R'w'
('xa<:t ~ 12 '

";'1 Zl

(z,) = ( z, P (z,) dz, = -Iln [1+ (Rw)2].1Dz 2w

j,
. 1

(Z¡) = z, l' (z¡) dz¡ = - aretan (Rw)
. DI W

";"" = (zi)( CY) - (z,)'( CJ)'
= [1 + ~(Rw)' + ~(f!w)4]

{
t.all-¡(RW) 1 [ ']_¡}

x 2Rw -:2 1+ (Rw)

2
(1 +¥) log [1 + (Rw)2]2

4(Rw)'

z, E [1 +~:W)"O] = V" (7)

alIow us to find momenls like (z;") and (z2"), whieh in faet
eould also he ohtained from Eq. (3) as (z¡") = (Z¡n(e)) PI')'
ele. For examplc, lel us here ealeulate lhe tirsl momenls (Zl)
and (z,). From (6) and (7) we gel respeetively:

bUI from lhe previous naivc approximalion we easily would
ohtain

as we expeeled from (3) aod lhe use of P(e) = 1 wilh
V, = [0,1].

If we are interested in the average of a function like
I/(z) = I/(z¡, z,) we should use lhejoinl probability dislribu-
tion givcl1 in (5). As a maltcr of faet this probabilily distribu-
lion indieates lhat 21 alld Z2 are slrongly eorrclated randa m
variahles, showiog (for exampIc) thal (z'¡z¡) '" (z,}(I/zl)
is a naive approximation which only works al vcry low fre-
quency. In order 10quantify this comment let us calculatc the
variance of the random function g(ZI, Z2) = Z2/ ZI, fmm lhe
distribution (5) wc get

(1)

(3 )

(4)

R2wc
1+ (Rwe)"

Z,(e) =

1 1 . e
-=-+lW'
Z R '

R
Z, (e) = 1+ (RM.Je)' ,

whcre lhe funelions Zj(e), (j = 1,2) are given by

lo order lo simplify Ihe eaIculalion we wilI model lhe eir-
CUilwilh Ihe Re paralIel one (i.e., we lake L = O). Then,
let us consider e as a random variable charactcrized by saine
prohahilily dislribution Pe (e), Iherefore we gel Ihe folIowing
cquation for lhe total impedance:

1'(OI,Z,)=(J(Z¡- R.)
ID, 1+ (Rwe)'

( R'We)x J z, + 1 + (Rwe)1 P(e) de.

herc R is taken as a deterministic quantity, thus lhe real and
imaginary part ol' Z will acquirc a random charactcr due
lo lhe occurrence 01' lhe random variable e in its dcfinition
Eq. (1).

Thc complcx random variable Z = 21 + iZ2 will be
charactcrized by a joint probability distribution for lhe two
random variahles (ZI, Z2), which in terms of the lheorem of
transformation of random variables is given by [2]

In urder lo make an explicit calculation, wc llave lo
ehoose the dislrihution l' (e). lf we lake l' (e) as a unil,,,,n
distrihulion over De = [0,1] we arrive, after a ¡iule algcbra,
lo lhe cxpress ion

Note that it is not possible to wrile a cumulative distributiol/
fUflcriafl fOI"a complex number Zl + iZ2 [10]. In what follows
we will simplify lhe notation dropping out all superlluous 110-
talions, i.e., 1'(e) = Pc(e), P(z¡, z,) = Pz(Z¡, z,), ele.

I'(Z"Z2) = (5)

Note Ihal Ihis approximalion is exact only in Ihe particular
case when 21 and Z2 are ¡ndependenl random variables. But
this is no! ¡he case characterized by (he random lransforma-
lions (3).
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in agrccmcnt up lo O(w2) with lhe cxact rcsult (10), ¡.c., only
al very low frequcncics 21 and 2'1 can be Lhoughl as ¡ndepen-
den! random variahles.

In fig. I \Ve have shown, for a flxcd valuc of R, LheCOI11-

parison nClwccn hoth varianccs: a2 t 'lnd al . as '\ ¡'une-
. . . f'X(l.C app '. ,

llOn 01 lhe Ircquency w. Note thal in lhe w --+ O I¡mil (72• app.
can be approximatcd by:

3.02.52.01.51.00.5
0.0

0.0

04

o
0.8

1.2

( 12)
1- (R )1
, W + O(w")

180

Then the eonstrained prohahility distrihution P(ZII Z2) is
simply 1'21'1+2 h, z210 .... , O), wbicb in tcnns 01' Eqs. (15)
anJ ( 16) can he writlen as

ro

!-'IGURE l. Variance 01 Z.t/.:l. The comparison oelween the exact
resull Eq. (10) and lhe llaivc approximalioll Eq. (11) is plottcd. for
a fixcu value 01"n = 1, as a funclion of the frequency (¡".'.

3. A circuit with constraints

Illllay occur thal lhe circuil has SOIllCconslraints, for cxalll-
pIe lhe nns-currcnl could cxtcrnally be flxcd lo sume valuc.
Thcrcforc it Illal' be nccessary 10 know lhe joint prohabil-
ily distrihution. out constraincd to such tlxcd conditions. Let
Z 1, 2'2 be randolll variables characteril.cd hy lhe joint proh-
ahility t1islrihution P(z¡, 22)' 11'lhcsc random variahles are
sLlbjcclcd lo q conslraints !tj(::}, ::::2) = O , (j = 1,2, .. JJ),
\vc mal' \v•.uH lo know the joint prohabilíly distribution 01"the
cOllstraincd random variables 'P(z" Z2).

The concept of constrained ranJorn variables is very com-
lllon in physics. This conslrained prohahility can easily he
undcrstood in terms 01"marginal distributions (l1J and con-
dilional distrihulions [121. \Ve will show he re how lo ca1cu-
late that constrained prohability distribulion rOl' the case of a
cOlllplcx random variahle Z.

First, we define q + 2 randol11 variables as

'1

P(Z¡,Z2) =N~¡ P(z¡.z,) II0(",(z¡,2,)),
/::::1

whcrc Ihe norlllalization constanl is

N= //dZ¡dz,P(ZI'22) ITO("'(21,Z2))'
. 1::::1

Equalion (17) is the desired result.

( 17)

( 18)

t!len joint probahility dislribulion for the (j + 2 ranJolll vari-
ables is [21

P(YI. 112.. ,.11,,+2) = (o (YI - ztl o (y, - z,)

"xII o [Y2+' - ",(zl,z,)I) . (14)
/::::¡ 1'(.::: 1 ,':::2)

the average is casily done due to lhe occurrence of Ihe ¡¡rst
(wo deltas, then \ve get

(19)J --'i 1
rlllS - 0 ).,.2 2'

V.:. -1 +Z2

whcre :::.f + :::.i Illcasures the length 01"lhe total random eOI11-
plcx impctlanee Z on lhe cireuit. Ir \Ve are inlCres!ed in clec-
tronie dcvices which Illay work wilh a fixed amollot of rrns-
currenl, we shall be in presenee of lhe physieal constraint
Irtns = cte. This IIleans Ihm we should know lhe probabil-
ity L!istrihution P(z¡, Z2) under lhc conslrainl Iz¡:~ = clc.
Henee lel us usc the eonstraincd probahility distrihution given
in (17). first, we have to eakulale lhe norrnalization (18)
whcrc h(:::.¡,Z2) = Izl2 - B. Ikrc the cnnsWnl B is givcn
in lelms uf Ihe paramelcrs that appear in (19). From (5) and
(18) we get

Let lhe voltagc, in a linear aiternating-currcnt circuit, be char-
aelerizcd by V(t) = Vo cos(wt). Tbercfore. lbe rool-mean-
squarc curren! Irtlls will he given in terllls 01' Ihe time-average
over one eyele:

3.1. The rms-ClIrrent as a l'onstraint in the probability
distribution

( 16)

( 13)

1 ::; 1 ::; 2

:1::;/::;2+'1
if

if

J', == 2,.

Ji == ",(21.2,),

P211/+2 (Y1, YZIl/3, ... , Yq+2)

P(Yl, Y2, ... , Yq+2)
JI el.':1 d82 P(St, 82, l/3, ... , Yq+2)'

q

= P(Yj,Y') IIo<J/2+,-I"(lI¡.lI,)). (15)
l::::¡

Sccond, lhe joint probability distrihution of }J"l, 12 given
lhat Y1 = l/~~,'. " Yq+2 = Yr¡+'2, is writlen in tenns of the
eonditional prohahility
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which is the ticsiretl resull.

thcn (he cOllstraillcti prohahilily tiistribulioll willlook likc

o(=f+=;-B), (21)

tcrm 01' (22) if the phase ,~ is the suilable variable lo he mea.
sllred, Other random funclions of Z'l, ZI can also be workeJ
out in a similar way by using the joint probability distrihution
P (ZI. z:.d, as \\'C have shown in Ihe previous chapter.

In particular our approach could he adapled In the com-
plcx least squarc f1tling algorithm in order to characterize Ihe
spcclroscopy 01' solid and liquid eleclrolylcs [8J.

4. Surnrnary and Discussions
4.2. SlImmary

..t.I. Characterizin~ a salllple

Thus ICI liS sayo ror a IllOI11Cnt.that lhe mcan value 01' tlJe
capaL'ily is < C >= ('(j, lhercforc by making a histograrn 01"
Ihe prohahilily dislrihulio/l uf lhe phasc (1' il is possihlc lo in-
fcr Ihe Jispcrsion of the mean valuc ('o. This fact shO\vs thal
,1 possihle characlcrizalioll 01"Ihe Re circuil can he dOlle in

Thc L1nLllysisuf (he sleatly statc AC-rcsponse 01' solitl and
liquid elec(roly(es can he made by using impcdance spec-
lroscopy techniqucs. Since a delailed microscopic model of
the response is usually lacking, lhe total impedance Z =
Z¡ + iZ2 is frequent!y fit lO an equivalent clectrical circuit.
Thercforc it is possible to ohtain the paramelers of ¡he cir-
cuil using a complex nonlinear least square dala fitting (81.
Bcsidcs that mClhod we propuse tha! lhe tit can be irnprovcd
by inlrotlucing a dispersion in Ihe mean valucs of (hose pa-
ramelers. Thus Ihe theory 01' complcx randol1l variahles is thc
correcl framework lo tackle that problem.

In lhe previolls scction we have given a survey orthal the-
ory, in particular we have worked out the parallel RC circuil
lo show (he importance (JI' Ihe knowledge of lhe joinl proba-
bilily distrihution of Z1 and Z2 (when e is lhe only randolll
variahle in lhe circuit)o Of course in an cleclrolyles samplc
there are olhcr elemcnts which also necd lO he characteril.cd
(rO,. cxamplc L ami R), in lhal case Ihe theory of complex
rantlom variahle is lhe appropriated framcwork to stlldy dis-
ordcred eleclric circuits

Ir Pe (e) werc <-Inexponenlial dislribulion uf the funn
I'e (e) =(J/eo) ex!, I-e/co], similar calculations, as we did
in SCCI. 2, coultl he done in tcrms 01" Laplace transform
techniques. More complicaled dislributions Iike the Gamma
prohahilily distrihulion I'e (e) = fa" /f(v)Je"-t ex!, (-oc)
sholllJ he worked out with some Ilumerical help.

NOle lhal. in our Re circuito hy measuring the prohahilily
distrihulion of Ihe phase (1) = tan-I (Z'l/Z¡), it coulJ exper-
illlelllally he possihlc lo infer lhe prohahility dislrihution of
Ihe randolll variahle e, The connection hetween P."('P) and
1'('((') is jusi givcn hy

I~I'('P) = /0['1' - '1'(e)Jl'dcl<fe

¡+ tan'('I') , [tan( -'P)]= ---~~I e -~~- .
JI:.; . 11", (22)

We have presented, fmm a pedagogical point or view, the
general apprnach lhm IllUSt he used when the probability dis-
trihulion of complex random variahles is required. Emphasis
has oecn made 011 alternating eleclric circuilS with randorn
componenls.

In the study of ionic malerials it is necessary to charac-
terize the mean valuc and the dispersion of the constituent
elements that take place in the effective clectric circuits. To
sludy lhese quanlitics, il is essenlial to introduce (he joinl
pmhability dislribulion ol' a complex random variablc. We
have shown lhal a possihle characterization 01'e can be done
in lerm 01' the randolll phase (1'. Other random l'unclions uf
Z2. ZI can also oc workcd out in a similar way by using
lhe joinl prohahility distribution P (ZI, Z2). Of coursc, in a
sample lhere could he other elemcnts which also needed lo
be characlerilcd, in any case Ihe theory 01' complex ram.lom
variahle is lhe suitable frarnework lo study disordered eleclric
circuils.

In particular. we llave worked out the Re parallel cir-
cuit, antl l'ound lhe joint probahility distribulion 01' lhe real
antl imaginary pan 01"lotal impedance Z when e was aran.
dOlll variahle with unifonn distribulion. In general we have
shown lhal 21 ami Z:]. are slrongly correlatcd random vari-
ahlcs. lIellce the mean value of any funclion like g(z¡, ;::'l)
Illust he calculated in lerIns of lhe joinl probability distri-
hlJlion I'(=t, o,). In particular, when l' (e) = J, e E [O, J]
we have done Ihe calculation for the dispersion of ::''l/::') ¡in
lllallY clectronic devices \Ve usually are intercsted in Ihe phase
rp = tall-I('::J./z¡)l. We have compared lhe exact variance
againsl a naive approximalion. showing the Ilsefulness of lhe
joinl pmhahility dislrioulion, Thus, for the parallel RC cir-
CUil, we have shown lhat only in the w ---t O iimil the randolll
variahles Zj ami 21 look statislically independent. We have
also presenled lhc COlll'epl 01"constrained probahility dislri-
hUlions in lhe COlHex( of a complex random variahle. To ex-
clllplify SlIllle real SilU<.Ilion. \Ve havc fixed lhe value for lhe
fms-currenl in lhe RC circuir. Tlw cXlension lo Ihe RCL cir-
cuit (when Lis a dc(ennillistic parallleter) is easily done by
introdllcing a I"cddinilion in the resistive elelllent and a shift
in the cap<ll:ity on Eq. (1). Tile case when L and e are both
randolll variahles is jusi a mere generalil.alion ol' lhe work
presented in ,his anick.

\Ve Ilavc rel1larked thal the present approach is the corrccl
(lile to oblain Ihe reqllircd st<ltislical averaged of a fUllction of
Ihe COJllP!cx random illlpcdancc Z(w).
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