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Free oscillations in an elliptic membrane
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An ~tudy of the c1assic.lI problcm of the free oscillations in an elliptic rncmbranc is prcscntcd. The oscillaling mooes are characterized by

l\latbicu and modilicd Mathicu functions. \Ve cmphasize the diffcrenccs bctween the circular and cIliptic mcmbrancs. A Tclalion 10 obtain the
llllrnhcr of nodal points of a particular oscillating mode is presented. Wc have takcn auvantage uf the moUern computational tools to illustrate
several vibrations modes patlerns which appcar in an elliptic membrane.

Kt'ywords: Membrane; Mathieu; elliptic coordinatcs

Se presenta un estudio del problema clásico de las oscilaciones libres en una membrana elíptica. Los modos de oscilación se pueden carac.
teJ'iz,lr por medio de las funciones ordinarias y modificadas de Mathicu. Se enfatiza en las diferencias entre la membrana circular y la elíptica.
Se presenta una relación para calcular el número de puntos nodalcs de un modo de oscilad6n en parLicular. liemos Lomado ventaja de las
mouernas técnicas compuLacionales para mostrm varios patrones Lípicos de los modos de oscilación que aparecen en la membrana elíptica.

Ikscriptore.c :-'lembrana: Mathieu; coordenadas elípticas

rAes: 02.30.-f; 02.30.J,

1. lntroduction

The problem 01' flnding the natural vihrational modes 01"n
mcmbrane is a c1nssical problem in malhematical-physics
whcn studying the wave cquation in lwo dimensions. The
reclangular and circular geometries are vcry well studied in
basic texts [1-3}. In I"act,lhe fundamenlal solution of the cir.
CilIar membrane dales back lo 1764 hy L. Euler who eslah-
lished Lhat the vibration modes can he expresseJ as a linear
combination of Bessel functions. However, the elliptic mem-
brane has intcresting phenomena which Jcscrve furlher srudy.
This elliptic geomctry was originally studied by E. Mathicu
in n~68[4], he inlroJuced the special functions, now callcd
IhclIl after him. The vibrntional moJes 01' lhe elliptic mcm-
hrane can be expresseJ as a linear combination of Mathicu
functions. A brief t1cscription ofthis problem only appears in
very specialized hooks 15]. More recently. L. Ruby [G] barely
mentions the proolelll of the viorations in an elliptic drulTl
as an application uf Malhieu equalion. A vcry simple experi-
mental selup to study elliptical modes could be for instunce,
111(: water surl"acc uf an eIlipticalrub.

On lhe other hand, the theory 01'Mathieu funclions has
cvolved in its own, so our purpose in this paper is to presenl
an cxtcnsivc analysis 01"the c1assical prohlem ol' free oscil-
lations in an elliptic memorane by using a IllOTeelaborated
thcory 01"lhe Mathicu funclions anu by taking advantagc 01'
lIlodern computational wols. With these, wc presenl a graph-
ical il1ustratioll 01' several vibrational modc patterns in two

anJ three dimensions. We analyze the situatiüns of Jifferent
eJlipticities in lhe membrane boundary.

The paper is organizcd as follows. In Sect. 2 wc intro-
duce the Jcfinition of elliptic coordinales and with them, we
write lhe 2D wave cquation in thcsc coordinates. The solu-
tion of the wavc cqualion is prescnteJ in Sect. 3. Diffcrent
houndary cunditions are statcd in Sect. 4, and numcrical re-
sults are given in Sect. 5. Finally, in the Conclusions we point
out some inlcrcsting dillerenccs with respect to the circular
gcometry.

1.1. Preliminarics

We undcrsland for <lnelliplic membrane a lhin sheet 01'elaslic
material in a state of uniform and constant tension. Tu make
our analysis, we will consider thc ellipsc centered in the xy-
plane with its semi-major axis a and semi-minar axis b, al) it
is shown in lhe Fig. l. The foei of thc cllipse, in this refcrence
frame, are loca!ed al (.r = :le!,!1 = O), where lhe foci :le! are
given by J"1 = /1.2 _lJ2.

Let a he tlle supcrlkial mass density al' the membranc
and F the lI11il()fIlllension pcr unil Icngth in each point 01'the
Illcmbranc. Let us considcr lhat the membrane has a small
displaccment w¡th respect lO lhe planc z = O in such a man-
llcr Ihal wc can assulllC (hat cach point moves parallel to the
z-axis wilh simple harmonic mOlinn.

LCl<.p(¡":',t) he lhe displaccmcnl as a l'unction of time 01'a
poinl of lhe mcmhrane locatcd al r, thcn thc wat'e equatioll
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(8)

(7)"3 = 1.

~
J2 (nlsli 2~ - ('os 2/1)

"1 = ", = f

By comhining Eqs. (1). (6) and (7) and the sinee the displacc-
menl funclion rp depends only on Ihe Iransversc coordinales.
(i.c.D'l<.pID::2 = O), we ohl<1in Ihe 2D-wave cquation

whcre (/1 = ~, tI'!. = 11. fJ:1 = :: and the scale faclors are
given by

~=O
X

11 = constant
__ ~ = constan!

~=O

~ = 31t12

---2/---
----- 2a -----

2b

j

PI(;URE l. ElIirlic coordinates,

associaleLi lo <p is givcll by

,) 1 D"2rp
'V-'P = " DI.' 'v- -

whcrc

( 1 )

whclc'P = 'P((, '1, 1).

3. Thc sn!lltinll nf lhe wave e<lllalion

.,.,-
a
F

(2)
\Ve apply lhe separalion 01' variables mcthod lo solvc thc
wave cql1ation (X). I.el LISSllPPOSC lhal

as lhe spalial solUlioll nf Ihe \"'J\'C cquation. In ordcr to sepa-
rate Ihe varjahlc~. lA'e suhSlitl1lC Eq. (9) in (8). and we oblain
lhc Ihrce following dillerenlial cquations:

A dClailcd (rcatmen! 01' lhe physical dcrivation 01' lhe wavc
cqualion in Illcmhrancs call he found in Simmons [IJ. Oh-
serve tha! lo Ihis poinl (hefe is no diffcrcncc 01' Ihe wavc
cLJuation with rcspCCI lo Ihe coordinate system. In lhe nexl
scclioll \\'l' will dcllnc lhe l'J!iplic coordinates and wilh Ihrm
Ihe Laplacian opcratnr in these coordinatC's.

2. \Vavc c'lualinn in clliplic cnnrdinales

<,?((, '1, t) = R(OEl(/I)T(t),

whcre \Ve l'an sel

U((,/I) = n(00(/1)

(9)

(10)

Thc cll¡plie co{m.linalcs are dcfincd according lo lhe transfor-
nWlioll.r + i!l = f cosh (! + in). Now, by cquating Ihe real
and lhe imaginary parls of cach s¡dc we oblain

.c =: J ("o:-;1I E. {'os /1; ,Ij = f siu1J ~ siu11, z = z (3 )

T"(t) + k',,2T = O,

n"(O - (o - 2qcosh20 R(O = O,

(-)"(/1) + (o - ~'lcos2/1) 0(1/) = O,

( I 1)

( 12)

( 13)

( 15)

(14 )
k'/'

(/= --,¡

T{I) ::: A (.os wl + IJ sin wt,

whcre - h'!. ami n are 11u.::constants uf sepamtion and fj is a
paramclcr givcn hy

when: A ami II are l'ollslanls Il1al arc dClcrmincd by the ini-
lial cont1iliolls 01' lhe problcm.

As wc \ViII sec Ialer. the negative sign oí" 1,,-2 is choscn
10 have oscillatory sollltions in time. whcreas exponcntial rc-
latco solUliolls arc oblaincd wirh lhe positivc signo

Equatiolls (12) amI (13) arc known as Modified Mathieu
El/ltaliol/ (MME) and On/illa,.." Mmhieu Equatioll (O~tE).
rcspeclivcly. Thcir solutions are known as Modified Mmhicll
F,l1Ictiol/.\' (l\lMF) and OnJilUu)' Afarhieu Futlcriolls (OMF),
rcspeclivcly.

Thc spatial s(llllli(HllJ(E.. ,,) is lhe producl of solulions of
Eqs. ( 12) ami ( l.') rOl" lile same l'fl/ue nf o ami q.

Ir in Eq. (II) \Ve sel w = kv \••..c oblain lhe /zarmonic
(,(¡/lUriOIl '1''' + "'-''!. T ::: O whose solutions are

(4)

(5)

elliptic co-
in gcneral-

(6)

-00 < ;:;< oo.

=: rO"/11 + .-;ill:!'1 =: 1,

O::;'1<2íT,

,1/'2

J'2 :-;illiJ:! E.

(hat satisfy

In order lo ohl<.lin Ihc wavc equation in
ordin,lles. Ihe l~apl,ll'ian opcrator expressed
cnnnlinalcs is ddillcd as rollows:

./ :1 I D'2
\7- =¿ 1,2D(l~ '

<=1 I I

,'r '). ". ., =: ('()sh- E. ~ :,lIlh- ( =: 1.J:! ('():-;:! '1 J'1. ..-ill- '1

Equation (4) rl'prcsclHs a family 01' con focal cllipscs with
scmi-lIlajor axis (/ =: J ('o:-;h ~ ami semi-minor axis b =
J sillh~. Sil1lilarly. Eq. (5) rcprcscnls a ramily 01' confocal
hypcrhol<ls with lhe same rOl'i as thc cllipscs (Fig. 1). Thc
(wo f.unilies 01' conics inlcrsccl orthogonally and cach inlcr-
sel'tioll cnrrcsponds lo a ¡minI in the .t:.'I-planc dcllned hy Eqs.
(3).

Thl' rangcs nI' coonlinalcs are givcn by

JÚ'I'. AIe.\. ri.\ . ..l5 (6) (1l)l)I» (¡1J-h::!2
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J.I. Soll1tiol1of the l\Iathicn El(uations

=
''''2,,+,(q.'I) = L lJ2k+,('I) sill(2k + 2)/j, (2S)

~'=O

=
"',,,+, ('1, '/) = L ..1"+1 ('1) c05(2/ ..+ 1)'1, (27)

L=O

Thc continued fractions (21 )-(24) are cquations for (1 or
jJ. Thc 1'00ts are in f<let Ihe c!laracleristic valucs 0r and /3r 01'
Ihe M<llhicll fUl1clions.

Once Ihe characteristic values are calculated hy solving
Eqs. (21 )-(24), the recurrenee relations (17a)-(20h) shollld
be applicd lo obtainlhe Fouricr coefficienlS 01' the series (1 ó).
Thc OMF are exprcssed /inally as fol!ows

Wc wiJl rcquirc ¡hal (he OME (13) has periollic solutions
wilh period 2if. The valucs of O' (ha( satisfy this conJilion
are known as characrerisric rallll's anJ Ihey gcnerate an in-
f1nile set 01" real values thal have the properly n'o < (\'] <
o:? < .... \Vhen the solutions are symmetrical wilh rc-
spcct to '1 = O, we exprcss the characleristic numhcrs as
n,.(q) : (1' = 0,1,2",.), anll for lhe case of anli-sYllllllclric
solulions we have ¡J,.('1) : (,. = 1. 2, 3,' .. ).

Thc pcriodic solulions for Eq. (13) can he oblaincd hy
lIsing Ihe Fourier series 15. il

~
(~('I. '1) = L [.4.('1) (Os "'1 + nA-+' ('1)sin(k + 1)/1]. (16)

~'=O

This solulion is usually separated inlo Iwo parls as follows

=
"",('1"1) =L A, ('Os "'1

A'=O

and

=
.••.('1"+1('1,1/) =L Ih.::;illl.:'I,

k=l

\vhere CC,.(IJ, '/) allll ...•cr+l (q, 1/) are knowll as lhe C\'(,11 Mm/¡-
iell /imctiofl of r~orJer anJ lhe odd Mmhieu /ime/ioN of
(,.+ J)-arder, respectively.

11'we suhstitutc E4. (16) in (13) we can ohtain Ihe 1'01-
100ving rCCllITenCC relations for lhe Fourier cocrticicnls ror a
particular charac!erislic valllc O'r or /Jr. \Ve have dilTerent rc-
laliolls rol' r even nI' olld. then we sel l' equal to 'ln nI' 211 + 1
<lccordingly, where 11 2: O.

T '2 1 1
¡ - ... ;(Roots = 0'2n)'o - -\,~ -jI -\1

2- .1- G-

1 1 1
V, - 1 = ------ ... ; (B.oots = 02"+,)1',- V,,_ V7_

1 1 1
V, = - - - .... (Hoots = 132"+2)
- \':1- \'íi- FH_ '

1 1 1
VI + 1 = -- -- -- ... ; (Hoots = 132,,+I!,

V~- V~,_V7_

whcre

V] = (o - )2); (j 2: O).
'1

=
('('1/1((/' '/) = L A1.dq) ('OS2k"I,

.1.:=0

(21 )

(22)

(23)

(24)

(25)

(26)

By Sllhslitllting Eqs. (26)-(29) in (30) we can ohtain the
following norlllalizalion relalions:

2..1j +L (.4,,)' = L (.42k+,)2 = L (n"+2)2
k= I .1.:=/1 k=O

As a cOllscqucncc of lhe oflhogonalily propcfly 01' Ihe
sine allll cosine series, lhe OMF ('('" and Sf?,.+1 are orlhog-
onal fUllclions:

(2Y)

(30)
if 111 = P

ir", i- [l .

DO

""2"+'('1.11) = L lJ2k+1 ('1) sin(21.' + 1),/.
.I.:=fl

12'"(''',('1.0)''(',,('1.=)110 = l2' se",('1,z)sc,,(q,z)dz
n . o

= {~

( 17a)

( 17h)

( 17e)

(1 Sa)

(1 Sh)

( IYa)

(1'Ib)

(20a)

(o - 4)A, = '1(2Ao + A,),

[o - (2k)'] A2k. = '1(..1"_2 + A2,+,).

('1:111+1 : (o = O'2n+I); (1.: 2: 1)

( ) (/,'. 2: ")('('111: n = 0'111 ; _

(11 - l)n, = '1(lJ" - lil),

(o - 1)A, = q(A, + A,),

[o - (2k + 1)'] ..1,,+, = '1(..1,,_, + 112,+:.).

•'íC111+1 : Uf = 11111+1); (1.: 2: 2)

(lJ - .1)n2 = 'lB"

[(J - (21.-)2J n" = '1(lJ21'-2 + n"+2)'

M'2t111 : (;f = 11211+1); (1.: 2: 1)

In on..ler 10 havc pcriotlic Solulions ror the ahm'c rccur.
rCllCl' rclations, Ihe charactcrislic values musl salisfy Ihe 101-
lowing conlilllled fractions !i"1

(3 I )

Tile MME (12) is ohtained fmm the OME (13) hy sel-
ling lhe changc of variahlc '1 = if... Therefore we can apply

Rl'l'. Me.\". F/\. 45 (6) (1999) 613-622
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this change of variable to OMF Eqs. (26)-(29) to obtain tbe
following MMFs.

4. Boundary conditions and notation

Sinee <p«(, '/, 1) sboulu be single valued lben tbe first bounu.
ary condition is givcn hy

00

C",,,(q, 0= L .4,,('1) cosh 2k~,
k=O

(32)

<p(~, '/, t) = <p(f., '/ + 211', tJ, (38)

3.2. General sollltion of the wa\'C C(luation

Thc spatial solution of Ihe wavc-cquation is givcn by

00

5"20>+1 ('1, O = L B2k+1 ('1) sinh(2k + l)~, (35)
k=O

whcre C(',.(q, O i~lhe el/en modijied Machieu juncriofl 01'
r-onJcr and SCr+l ((j, O is lhe al/d modified Mathieufullctioll
of(1' + ¡).oruer.

The MMF Eqs. (32)-(35) can also be expresseu by us.
ing Bcsscl functions series 15]. In Appcndix A wc show lhe
Bcsscl-scries representation [or MMF.

(39)
f 1

c:::;:-:::;:---
, . (l cosh (o .

anJ lhe Malhieu funclions Cf::r(fJl'/) and ser+1 (q,l/) rcsult
appropriatc in Ihis case. The clliplic boundary of lhc ITIelTI-
branc is given by ( :::;:(o :::;:constant, and lhe ccccntricity e
of the eHipse is uelineu as

R,((o) = {ce,(q, ~oJ = O, (40)
Se ,.+ 1 (q, ~o)

On the elliptic bounliary [( = ~II]the rnembrane is fixeu,
thcrefore <p(~o,,/,t) = O for any '/ anu t. This conuition is
satisficd when

MMP are decreasing.oscillatory non-pcriodic functions
similar lo the Bcssel funclions. Therefore, if we choosc a ccr-
(ain harmonic l' we ha ve an inllnilc set of possiblc values uf
(/ lhal salisfy (40).

Let CJr,m Ihe m-th zcro 01" MMF of r-order. According to
Eq. (14) for cach (/r,m thcre exisl a corrcsponding frcqucncy
w",m, and by sol ving Eq. ( 14) for w we can ohtain

(33)

(34)

U((, ,/) =L U,((, ,/) =LR,(oe,('/)
r=O r=O

00

5"20>+2('1, O = L B2k+2(q) sinh(2k + 2)~,
/.:=0

00

C"'''+I ('1, O = L .42k+1 ('1) cosh(2k + l)~,
1.:=0

~ { Cc,('1, Occ,(q, ,/)=:.S;, 5c,+1 ('1, 08e,'+1 ('1, ,,).
(36)

W,.,,,¡ =
'-!'/r,m F---l' a

(41 )

Comhining lhe tirnc-solution Eq. (15) with lhe spalial-
solution EC). (36) we obtain Ihe general solution 01' lhe wavc~
cquatioll in clliptic coordinales

x (.4,.coswl + B,sinwl), (37)

where q is givcn by Eq. (14).

For the sake 01' clarity, we will associate lhe tcrm har-
f1I011;C lo r (7' ~ O) ami Ihe term mode lo m (m ~ 1), In
this manner, Ihe fllIlCliolll.p{J](~17/1 t) corrcsponds lo Ihe Ihird
mouc ('" = 3) of lbc first hannonie (1' = O).

We will use the suhindex e and o to rcfer lO even ami odd
moJes respcclively. Exccpting lhe firSl harmonics l' :::;:O, aH
modes can he even or odd.

By lIsing this notation, the general solulion for the rnem-
hrane, wilh lhe previolls hOllndary conditions, can he ex-
pressed in lhe following form:

£\,('11 111m/es

== =00
,.<p(~, '/, 1) = L L ,<p",,,,(f., 1/,1) = L L C,.,'" Ce, (,.q""" 0(;",.(,(/,."" ,/)

,'=O,n=1 r=O 111=1

whefe "Ar',m, eDr.m and CI',m are COllstants delcfmincd hy lhe inilial cOIH..litions.
Odd molles

OC; OC¡ OC> 00

<l9(~,I/,/) = L L o'-Pr,m(C7/,I.):::;: L L Sr,mSC,'(ol/r,III,£.).'w"C¡I/r,IIl,I})
"=1111=1 r=ll1l=1

Rel'. A/c.\". FI.\'. -l5 (6) (1999) 613-622



The complete solution lo the problcm of the membranc is
(he superposition of even and odd modes

FREE OSCILLATlONS IN AN ELLlPTIC MEMBRANE

whose solutions are Ihe Bessel funetions R(p)
Therefore as e -> O,

617

Jr(kp).

",(C '1, t) = ,,,,(C '1, t) + o""(C '1, 1) (44) Ccr(q, O ->. P Jr(kp) and SCr(q,~) -> S Jr(kp),

The OMe Eqs. (26)-(29) can be simplilied by using Ihe
resuli (47) ami Ihe fael thal e -> O (i.c. q -> O)

In lhe same manner, when f/ = O, lhe rccurrencc relalions
Eqs. (17a)-(20b) reduce lo

(49)qr.m~
Wrlll = -- -, a (j

where f/r,m is Lhem-th zero of the .Jr Bessel function and a
is Ihe mcmbrane radius.

Finally, Lhc spaLial solution in the elliptic Illclllhranc
Eq. (36) degenerates 10 a well-known exprcssion for the cir-
cular memhrane

5, NlImerical reslIl1s

= =

= =
=L L [C",mJr(kr,m,P) eos 7'11]

,'=Om=l

+ [Sr,,,,.!r(kr,,,,, p) siu 7'1,1 (50)

whcre 1.:",11I = f/",m/a and C",m and Sr,m are constants to he
deterlllined frorn (he initial shape 01'Ihe rnernhranc.

where P and S are scaling factors to maintain normalizatioll.
The boundary eondilion is satisfied when Jr(ka) = O.

Using Eq. (2) and W = vk Ihe characteristic vibration frc-
quencics can be oOlained by

In this scclion we present tahles of chanlcreristic l'ibrational
jreqllencies for memhrancs wilh different cccentricities in.
cluding the circular memhranc. We show plots of Ihe Math-
¡eu functions and modc-patterns for lhe f1rst, second and third
hannonic respeclively and we analyze Ihe superposition 01'
the even and odd modes. In lhe next calculations. wi1hollt
105501'generality, wc will sclec1 the tcnsion and dcnsÍly 01'
lhe Illcmbranc such that

U((I, '1) = L L Ur,,,,«(I, 11)
,'=011I=1

(45)

(46)

(47)

k = (J, 1,2,' ..

if k op l'

if k = r.

OJ' = 1'2 = 0, 1, 4, 9" , .

-1.1. Transitioll to circular mcmhnmc

Now, we will scc how (he circular rncmbranc can he ohlaincd
as a particular case of the elliptical ane. Ir we assurnc that the
clJipsc tends lo a circ!c uf radius a, then from Fig. I we ap-
preciate that lJ -t ti, and from Eg. (39) \Ve natice tha! f -t O.
l' -> (J and ~o -> oo. Similarly, when f -> (J, we obtain fmm
Eq. (14) Ihal '1 -> O as well.

The Malhieu equations Eqs. (12) and (13) are simplilied
aeeordingly. In panicular when '1 = O Ihe OME (13) beco mes
lhe harmonic cquation EY'(l¡) + 0:8(1]) = 0, whose pcriodic
solutions are givcn by ec,,) = A cos y01/ + B sin Jñl/.
whcrc A. ano [] are arbitrary constants. To cnsurc pcriodic
solutions, with refioo 27r, \Ve Ilced to estahlish .jO = r :::
(l, 1,2, .... Hcncc the characteristic values. say 0

"
, are

ami hy Eq. (45) the only value of k Ihal salisfies Eq. (46) is
/,' = r. Hence all Fourier coefficients Ak (or BJJ in OMF
Eqs. (26)-(29) wilh ',; op r musl vanish. AddilionalIy, lo be
COllsistenl with Ihe normalization (31) wc define

The implicalions of setting q -t O in Ihe MME (12) are
not quite straighforward, this is due to Eq. (39) whcre f. -t 00
and the term

JP/(j = 1. (51)

5.1. Tahles of characteristic \'ibratinn frequencies

By using this resulis and Eq. (45) the MMEs (12) degenerates
lo

Now by delining Ihe circular radius p = (f /2)c' and us-
ing Ihe first cquality in Eq. (14), lhen the Eq. (48) can he
transformed into the Bessel equalion

1 (1" )11"((1) + -1I'(p) + k' -,. 1/«(1) = O,
l' p-

[n order to ohtain referencc valucs 01' characteristic [re.
quencics, we f1rst considcr a circular mcmbrane with radius
a=5 cm. Thc general solution is given hy Eq. (50) and Ihe
charaClcristic frequencies are calculated hy u5ing Eq. (49)
wilh (51). In Table 1 we show Ihe frequencies for Ihe tirsl
two modes 01'(he f¡rs1three harmonics.

In the fo!lowing cX<lmplewe consider the clliptic case.
Now, Ihe frequencies are ealculaled by using Eq. (41). As
ahove, in Tahle 11we show lhe frequencies ror lhe tirst 1wo
modes nf the f1rstthrec harmonics. The axcs still have similar
values, howcver it is ellough lo show Ihat each circular mode
splilS into an even mode :lIld an odd mode. From Table 11we
can see IhaLthe even modes have Iower frequencies than odd

11"••.MI'<. Fú. ~S (6) (1999) (1)-622
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Ti\lILE V. Characlcrislic frequcncies for the cJliplic

mcmbrane: a = 5 cm, b = 0.8 cm, e = O99, ~o = O 16

Order Evcn mode Odd Illode oWr,m/ .,wr,m
r

TABLE 1. Characteristic frequcncies for (he circular mcmhrane:
fL == 5 cm. e == O.

Order Mode TrI

,. 1 2

O 48.097 110.402

1 76.634 140.312
2 102.712 168.345

o

2

206.955

228.125

250.20.1

403.009

423.619

1.766

l.693

TABI.E 11. Chnracterislic frequencies for the elliptic mernhranc:
a == 5 cm, b == 4.9 cm, e == 0.2, {o == 2.298.

Order Even moJes Odd modes oWr,.n/ "W",m
,. 1 2 1 2 1 2

O 48.590 111.603 - - - -

1 77.027 141.065 77.809 142.49 1.0102 1.0101

2 103.690 169.802 103.764 170.103 1.0007 1.0018

TABLE 111.Characteristic frequcncies for lhe elliplic membrane:
fI == 5 cm. b == 3 cm. e = 0.8. ~o == 0.693
Order Even modes Qdd moJes oWr"n/ "Wr,ln

,. 1 2 1 2 1 2

O 65865 168.4% - - - -
1 91.546 191.229 11G.513 220.672 1.273 1.154

2 118.880 214.983 139813 243.083 1.176 1.131

TAHLE 1V. Characteristic frcqucncies Cm (he elliptic

rncmbrane: a == 5 cm, b == 2 cm, e == 0.92, ~o == 0.4236

Order Evcn mades Ddd moJes o"-'r,'" / •..ÚJ"-,m

,. 1 2 1 2 1 2

O 90.514 246.363 - - - -
1 114.080 267.814 168.078 324.782 1.473 1.213

2 139.416 290.020 189.992 346.009 1.363 1.193

Illodcs (c"'-"1',1II < ou..."',m ). Thc rcason is that lOcven modes
vihrale along the largest axis of the ellipsc. In this case, Lhe
frequencies in cven and odd modes are still very similar to
the circular case.

When we incrcase Ihe cccenlricity to 0.8 and 0.92 (Ta-
hles III ami IV) hy maintaining Ihe long ilude of major axis
constant. wc can see that Ihe frequencies increase nOloriously.
We should al so notice Ihe incremenl in ratios oWr,m/I.W7',1ll

with respcct to the case shown in lhe Table 11.
Finally in Table V wc show the case of un memhran.e wilh

a very high eccenlricily, namely e = 0.09. Hcre wc can oh-
serve a Iarger difference between lhe even and odd molles
frequendcs. Now lhe frcquency of lhe lowCSl mode e<-P{1l IS

430ch, greater than lhe circular membrune.

0.01

.qo,.1135

.qoz-I '.356

-0,01

~"
c..n(q.~

~ro

_004 /-005

~~
o , " " "

FIGURE 2. Plot 01'Mathicu fllllction Ceo(q,~o) as a function of q
and (o ~ 0.693.

5.2. Fundamental harmonics

Thc fundamental harmonics corrcspond lo ,. = O and they
are prescnt only in even moJes. By using Eq. (42) wc can ob-
tain the cquations <:olTcsponding lo lhe first two modes. \Ve
should set "BOl:;::: rBOl :;:::O and eAOI ::::::eAO:l :;:::1, and lhe
moJes are given hy

c'POI ((, '1, t) ~ ,UOl (e '1)T01 (1)

~ CeO(,'lOI, o aO(c'lOI, '1) COS (,WOI 1) (52)

c'P02((, '1, t) ~ ,U02(~,,))T02(t)

~ CeO(c'l02, o cen(,'l1l2, ,/) cos (,W02 t). (53)

To show a typical case we considcr an ellipse with e ::::::
0.8 and Ihe parameters from Tahle IIl. The houndary condi-
!ion Eq. (40) can bc cxpressed as CCO(cqO,m, (o) ~ O. The
plOI of C"o('l, ~o) as a fonction of q is shown in Fig. 2. We
are only showing the f1rst two zeras 01' the function and they
occur at t'(jOI :;::: 1.735 and {,(jo:!. :;::: 11.356. By using Eq. (41)
the corrcsponding frcquen<:ics are ,-,WOl :::::;65.866 rad/s and
"Wo:.! :;:::168.496 rad/s.

In Fig. 3 \Ve show lhe plOlS 01" Malhicu functions
CeO(.,IIOI,O, C('o(..(j():l, O. CCO({'(}OI, 1/) and ceo (efJo2, 1/).

We can see Ihal {'('O (<;' Ijo I , 1/) ano CCO( ••f]02, 1/) have pcriod 1r

ano are never ncga(ive. This properly is a general characteris-
tic ofthe zcro-ordcr Mathicu fllllctions ('('o(q, JJ). In the same
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FIGURE 3. Plots of even Mathieu functions corrcsponding lo l¡rsl
(wo modes of Ihe first harmonic: a) CCO(eqOI, ~); b) ceO(,eqOl, ,,);
e) CCO(lI'Q02,O and d) ceO(eQ02, ,,). In this case lhere exists only
cvcn modes and OMF are always posilive.

FIGURE 5. PIOES of even Malhieu funclions corresponding lo sec-
ond harmonic: a) Gel (£([11, {) ; b) cel (eqll, '1); c) Gel (eq12, O;
d) cel(eQI2, '1). In Ihis case lhe OMFs huye penad 211'"and presenl
noda! I¡nes at '1 ::;; 1r /2 and '1 ::;; 311'"/2.

5.3./. El'efll1lodes

FIGURE 4. COlllOUf and 3-D plots of a,b) the lowcs( spatial l110de
t'UOI (~, '/); and (',el) the sccond mode eU02(C ,,). Thc lowcst modc
is (he only modc thal never have nodal lilles. 00 (he contrary. Ihe
sccond mode prcscnls a clliptic nodal lineo Evidently. lhe numlxr
of elJiptic nodallines ¡ncreases as modes ¡ncrease.

5.3.2. Odd Modes

The equations for rhe firsl two cvcn spalial modes of Ihe scc-
onu harmonic are given by

,U¡¡ (~. '1) = Cel I ("'11 1, OCel2(,'111, '1).

,U12 (~, '1) = C CI2 (, '11z. Ocel2 (,'112, '1).

where eCJl1 := 3.352 and efJl2 = 14.627.
In Fig. 5 we sho", the p!ots 01' one-order-even Malh-

ieu funetions Cel (d¡¡. O. Cel (.qI2,~). cel (,'1¡¡ .'1) and
cel (eQ12, 77). We can appreeiate rhar rhe main differences
with respeel to the zero-order plots (Fig. 3) are Ihat ordinary
funcrions cel (eQll, 7/) and ce¡ (efJI2,1/) have period 2rr and
that they present 1",0 zeros at '1= ,,/2 and '1= 3,,/2. Henee
rhe even modes ol' (he sccond hannonies prescn( a slraight
nodal-line al y-axis. as il is shown in Fig. 7. In addition to
¡his, we can notice in Fig. 7b rhalI"U12«(, 71) prcsenls an el-
liptie nodal-line al ~ = O.25i corresponding lo the first lero
01'Cel (''112, O in Fig. 5e.

-3 -5 d)
o

3

5o
a)

manncr, wc can apprcciatc that Ceo(eqOl,~) is positivc fOf

~ < ~o. There!"re. hy using Eq. (52), the spatialmode ,UOI is
always positivc and wc can conclude lhat it does nor prescnl
nodal-lines. In Fig. 3c we can notice that CeO (e CJO:l, O has
a 7.ero al ( = 0.251, hence the second spalial mode t'U02
prescnts an cllipric nodal-Iinc. Conlour and 3-D pl015 of lhe
spatia! modes "Unl (~, '1) and ,Un2(~. r¡) are shown in Fig. 4.

5.3. Sccond harmonics

Thc sccond harmonics correspond lo 7. := 1 and now rhey are
prcsenl in evcn and oud modes.

The equations for lhe t1rs( two odd spatial modes ol' the sec-
ond harmonic are given by

"U¡¡ (~, '1) = Sell (,,'111, OSel2(or¡lI, r¡).

oU12(~, '1) = Sel2(,,'1IZ. OSel2(o'l12. 11).

where of/u = 5.430 and offl:l := 19.478.
We can obscrve in Fig. 6 thal Se} (oCJlI, O and

Sel (,,'112, O present a zero al ~ = Oand Ihal sel (,,'111 , r¡) alld
se¡ (QqI:l.l1) present two zcros ar '1 := O and 1] = 7f. Therc-
fore the odd modes prcscnl a straighr nodal-Hne at J:-axis.
This nodal-hne is shown in Figs. 7e and 7d. As in Ihe even
case, for (he sccond molle wc can :lIso apprcciate an elliptic
nodal-line eorresponding to ~ = 0369.
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FHiUKE 6. Plots ol' odd Mathicu functions: a)Sel(Qqll,O; h)
.'i('I("f/II,I¡) e) Sel(oqI2,~); d) SC¡(oljI2,1¡). As similarat CVCll

rnodcs. in this case (he OMFs prcscnts Iwo nodallines as well. bul
IIOW. al '1 = O and '1 = 1'1".

FIGURE S. Contour plols (JI" third harmonics a) •.U21 (~, '1); h)
.U22(~, 1/): e) oU,,(~,1/); d) "U,,(c 1/). We can apprecia!e .ha!
now the third harmonics present hyperbolic nodallincs as well.

F1<lURE 7. Contour plots 01' sccond harmonics a)eUll(~,t,); h)
,lin(C '/): e) .UI! (C 1/); d) oUn(C '1). The even modes prescn!
a vertical straight nodal ¡¡ne corrcs¡xmding .It '1 = 11"/2 ¡¡nd lJ =
3rr /'2. whcreas the odd modes prcscnt a horizontal slraight ondal
line.

,~-=--=---,.GD
-,_, o

,)

FIGURE 9. Contour plol of VIl = e.U12 + oUI2 for an cllipse
with (' = 0.8. Thc daslled amI conlinuous inner ellipses corrcspond
lo originalnodallincs fmm .lh2 and uU12.

perposition for lhe sccond mode of lhe seconu hannonic
(Fig.9)

SA. Third harmonics

\Vc show Ihe Illodc-paltcrns of l',oUll and e,oUZ2 in Fig. 8
lo illustralC an examplc 01' l1lodcs which prcscnt two angu-
lar nodal-lincs: J) lhe cven modes eU2I and eU22 hnve IWO

hyperholic nodal-lines at 1/ = 1.207 and 17 = 1.3 El. re-
spectively nnd 2) the odd modes oUll and oUn presenl IWO

straighl Ilounl-Iines al x-axis and y-axis. respectively. Addi-
tionally the second modes f.,oUlA~.11,t) have two elliptic
nmlal-Iines al ~ = 0.257 and E. = 0.374, respectively.

5.5. Superposition of mudes

As wc mcntioncu in Sect. 4, the complete solution implies lhe
supcrposilion of even and odd modes. Lel liS considcr this su-

From Tahle III we can ohserve thal oWI2/ eWI2 = 1.15.1.
Ihercfore oU 12 oscillatcs I5A % faster than l' U 11. Due to this
differcnce in frequency, the shapc of U12((, ,/) is variahle in
time. On the conlrary. lel us suppose that we splil lhe shapc
01'the circular mode UI2(/I, '/) inlo an even and an odd mode
(symmetric and anli-symmctric with rcspecl to '/ = O, respec-
tively). Due lo lhe radial symmetry. bOlh modes vihrate al
the sallle frequency antl the shape of the superposition-mode
maintains constant in lime, hence Ihe separation is irrclevant.
This is a very imporlant dillerencc between lhe circular mem-
brane and cllipticalmemhrane.

The dashed ellipse and dashed y-axis in Fig. 9 correspond
lo Ihe original n()dal~linesor f.VI2 (Fig. 7b).ln the same man-
ner. Ihe conlinuous cllipse and conlinuous x-axis correspond
lo the original nodal-lincs of fjUn (Fig. 7d). The cross-points
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r](;URE 10. Supcrposition 01' nodal I¡nes for several molles
ti) UI"l(~,I') = 5 nodal-points; h) Un(e, 7') = 9 nodnl-points; e)
U,,(C 11)= 10 nodal-points: d) U23(~, '1) = 18 nodal-points. Thc
cross-points nctween the dashcd and continuous I¡!les corrcspond
10 llod¡¡I-points.

octwccn the dashcd Hnes and conlinuous lines corrcspond lo
lIoda/.poiIllS ol' thc moJe U12(~, 1/), in particular for lhis ex-
amplc we ('ount 5 nodal-points.

In general. when we considcr the supcrposition. the orig-
inal nodal-Iincs 0'- eUr,m and oUT,m hccomc nodal-points 01'
Ur,IIl'

By uhscrvation of (he mode-pattcrns in Figs. 4, 7 and 8
we can condude that the modc (',oUr,m has

o

FIGURE 11. Contour plol of U1:l ;;: ,U12 + oU12 for an cllipsc
wilh (' ;;: 0.2. Observe lhe diffcrenccs bctwcen this almost circular
cllipse wilh respccl to the ellipsc with e ;;: 0.8 in Fig. 9.

Finally, we have chosen dala from Table 11 lo show in
Fig. 1 I Ihe sarne mode U l:.! (~, J}) hui now the eccentricity 01'
the ellipsc is given hy e = 0.2. \Ve can observe its notorious
JitTerences with respecI lo Pig. Y. On the other hand we can
appreciatc Ihe similitudes hetween Ihe patlern in Fig. 11 and
the well-known circular mode-pattern [1,3].

6. Conclusions

l. r angular nodal-lincs corrcsponding to 1J = constant
lincs (i.e. straighl or hypcrbolic Iines) and

2. '/11 radial nodal-Iines corresponding lO ~ = constant
lines (i.e. elliptic Hnes) including the houndary nodal-
line.

In Ihis manner, we can observe in Fig. lOa Ihal by in-
creasing In to 3, Ihen appear two new elliptic nodal-Iines COf-

responJing (o the even and odd mode respectively (Fig. IOh.
Thcse ncw nodal-lines generate four new nodal.poin(s. On
(he o(her hand, if in Fig. lOa we increase r lO 2, then ap-
peal' Iwo new hyperholic noJal-lines (rig. IOc) which gener-
ale live Ilew nodal-points. rinally in Fig'. IOd we show that
molle U2:¡ presents 18 nodal-points.

In order lo generalize (he heforc result, Ihe numher N P
01" lloJal-points for a panicular moJe Ur,m can be calculaled
wilh Ihe following relation

SP=¡'+4r(m-l) r ::: 1 (54)

We have analyzed Ihe solution 01' the wave equation in ellip-
tic coordinates ohlaining Ihe characteristic frequencies and
l11ode-cquations in an elliplic I1lcmhrane. The mosl important
results ror the eIliptic membranc are summarized as follows,

• Except ror the fundamental harmonics (r = O), each
moJe U",m in lhc elliptic ll1embranc can be scparatcJ
into an evclllllouC "U",m and an odd mode oUr,lIl' The
even mode is associated to major axis whereas the odd
mode is associalcd to minor axis. This separation is ir-
relevant in a circular memhranc.

• Thc cvcn and odd modcs of a particular moJe Ur,m
v¡orate with dilTerent frequcncies, consequently, the
shapc 01' U7",1Il is not steady in timc. In a circular l1leIll-
hrane, this patlern is cOllslant in lime.

• Thc odd rnodcs oscillate raster than even modes. Thc
difference in rrequency increases with eccentricity 01'
ellipsc. In this manner, if e ---40 0, hoth frcqucncics gel
closer and tend lo Ihe frequency al' the circular l1lelll-
hrane.

11' r = O we have Ihe fundamcntal harmonics which
prescnts only even modes, thereforc they have nevcr nodal-
poinls. Addilionally, only Ihe odd r-ordcr moJes presenl a
nodal-¡lOint at origino

• The nodal-Hnes in Ihe circular membrane are straighl
Lliamctcrs ami concentric c¡reles, whilc on the corHrary.
in the eIliptical Illcmhrane the nodal-lines 01" t'Ur,m and
oU,.,m are slraighl axcs and con focal hyperoolas ami el.
Iipscs.
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00

where

(55)

ce;n+l (q, Í)
v0Al

CC'n(q, O) ~
Ce'n('l, O = Ao L. A,d,.,(u),

.1.:=0

11 = 2v0sinh~ and W = 2v0cosh~,

The coemcients Ak (ar IJ¡.) for k = 0,2, .... , l' (ar
k :=; 1, 3,' .. ,1') are detennined by forward recurrence. The
coefficicnt A,. calculated hy using backward and forward rc-
currence must be egual, consequently we scale the coeffi-
cienls computed by using backward recurrence to satisfy this
condilion. We rescale all cocfflcients to salisfy the normaliza-
tion (31). Finally we compute the OMF hy using Eqs. (26)-
(29).

The MMF werc calculated hy applying Eqs. (55)-(58).
The l3essel series lor MMF are preferable for calculaling the
modified functions hecause Ihey convcrge faster Ihan hyper-
holie series Eqs. (32)-(35).

00

x ¿(-1)k+lA'k+1J,k+l(W), (56)
.1.:=0

'x ¿(-1)Hl(2k+2)IJ2k+,J'k+2(W), (57)
k=O

To oblain lhe charactcristic parameters e,oqr,1ll for the
mcmbranc, wc plot the MMF as runction or r¡ to estimate a
coarse value (i.e. Fig. 2). Later we use a MATLAB-algorithm
to obtain the zeros. This algorithrn uses a cornbination of bi-
section, secant, and invcrse quadratic interpolation methods.

Thc oscillating modes can be cxprcsscd as a linear COI11-

hinalion 01' Mathieu functions. Wc have shown graphically
typical modc-paltcrns for diffcrent ccccntricitics 01'lhe cllip-
tic houndary. The effeet of ellipticity on the modal character-
islic frcqucncies has beco found to be of grcut importance
011 Ihe mode structure. Wc have also prcsented interesting
ditTcrenccs bclwcen lhe circular and clliptical mcmbrancs.
\Ve havc introduced a formula to obtain the number of nodal
points, in a particular the mode U7',m. We expect that our re-
sults can he of great help in the studies of physical syslems
with elliptical gcometry.

• Thc nodal-lines al' eUr,m are different lo nodal-lincs
01' oUJ",rII' Thercfore. Ur,m prcscnts nodal-points corrc-
sponding to lhe cross-points betwecn lhe nodal-Hnes of
"U1',m and oUr,m' The numberofnodal-poinls in given
hy Eq. (54). The origin is a nodal-point of V",m only if
r is <1n odd number.

7. Appendix A. Computational considerations

In this Appcndix we comment several remarks ahoul the pro-
gramrning of Mathieu functions. We have used MATLAB
software [8) lo devclop the mutines.

In order to evaluatc lhe Mathicu functions we apply the
following procedure. First we calculate the characteristic val.
ues hy solving the continued fractions (21 )-(24). Several
Illethous uf evaluation of continued fractions cxist [9,9]. We
follow lhe suggestion ofToyama and Shogen [111. \Ve trun-
cale lhe conlinued fractions up to twclve clcI11cnts and wc
develop algehraically lhe rcsulting expressions lo oblain lour
polynornials of 12-degree. The roots of Ihis polynomials arc
the characteristic values. Twelve elements 01" continued frac-
lions were enough to assure the accuracy of more than lO-u.

The Fouricr coefficicnts for cer (or ser) can be computed
hy using the particular characteristic value rlr (or br) and the
recurrence relations (17a)-(20h). First we compute the cocf-
fkicnts A,,; (or B"J ror k = kIJla~, km?x - 2,. , r hy using
hackward recurrence. kll\?x is calculated for a tolerance tul
hyapplying

IA'k+' I qIG'k+,1 = -- = lol ~ (2k 2)'A2J.: 'max +
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