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\Ve use Ihe cOllcepl of "sign spin" in arder to perform ca/culations 01"lhe rrlalivislic spectra of hydl'ogen-Iike atoms in a Sturm-Coulornb
hasis. With olle single varialional para meter. we obtain very good resuhs for Ihe cncrgy cigenvalucs 01'(he hound states, accoun(ing correelly
rol' the fine slmClUre. \Ve show explicil resulls !"orIhe hydrogcn a(oll1 and the single-electron uraniul11 ion to illustrale Ihe power of our
varialion<llmelhod. and discuss also a sub(lety associ(lted wilh the angular momentum quanlurn l<lbels.

K('YII'on/s: f{elativistie varialional rnelhod: Dime cqualion: S(urrn-Coulomb hasis: sign spin: hydrogcll

Usando el cOIKepto <.le"espín de signo", calculamos el especlro relativista de ;ílornos hidrogcnoides en la base de Slurm-Coulomb. Con un
sólo parJme(ro variacionnl ohtenemos muy buenos result<ldos para las energías de los estados ligados. incluyendo la estructura tina. Para
ilustrar el poder de nueslro método varincional relativista. mostramos resultados explícitos para el átolllo de hidrógeno y para el ion de uranio
mnnocleclrllnico. También discutimos una sutileza relacionada con los rnímcros cuánticos del impulso angular.

Ik.\cri¡ltores: Métodos variacionalcs relativistas: ecuación de Dirac; hase de Slllrm~CoLllolllh: espín de signo: hidrógeno
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1. Introduction 2. The variational hamiltonian

\Ve can write the Dirac matrices as t1irect products nf 2 x 2
matrices [2J:

with ).. 2: n Ihe varialional parameter. we obtain (he varia-
lional Hamiltonian

In atomic unils Ce := " := 111 := 1, (' ;:::;:;::1/137). the single-
partirle Dirac equalion wilh a Coulomh interaclion ror an en-
ergy eigenslale is

(4)

(2)

( I )

, (.1)

¡J' := 2)../).

.ti:=:! /0/:1•

,.
,.' ::

- .) 2)..Z
11,\ := 2)..(,(1' ji + (.-/1 - --o,.

( ~ ~"J Z) '(-') E '(-')ro . ¡I + e ¡ - - (:' r :=~' r .,"

whcre ...•, := t, := (J¡jl. wilh 17¡ Ihe Pauli matrices. The ."¡

matrices acl 011Ihe onlinary spin. whcreas f ¡ acl on the sign
spin. This forlllalism is idetllical lo Wigner's supenTlultiplet
(hcory I.tl. wherc Ihe I¡ are associatcd wilh isospin.

wherc (he wave-fllllclion ¡¡'¡(i";'/) is a Dirac spinor depcnding
onl1' on the rclalive radial co-oruinate ,-:l.

Lctling

The variJtional mcthoJ has heen lIsed extcnsively in order
[o approximalc eigcnvalucs in qUJntut11 IIlcchanics. Since
Dirac's famolls pJper in 1928 11 J. \vhere he CSIJhlishcLl rela-
tivislic quanlulll mechanics. lllany approximalc melhods have
heen devclopcd in atomic and molecular physics lO dcal \Virh
n:lativislic Hamiltonians. In this \\'ork, \Ve illustrnle how lo
snlve varialiollally 'he relativistic Coulomh prohlclll in a Ilon-
orthogonal basis. using lhe Sturm-Coulomb nOIl-relalivistic
wave funcliolls. \Ve discuss Ihe Hamiltonian for the Dimc
cquation wilh a Coulomh intcraction in the language 01' sign
srin 12J lhal allo\Vs us to write the Dirac matrices as the di-
rl'cl product 01"t\Vo 2 x 2 malrices. one associateJ wilh Ihe
ort!inary spin, and the other wilh the sign spin. The Iatlcr is
associalct! with Ihe sign 01' the encrgy and, mathcmatically.
ir is idclllical to isospin. Thc advantagc 01" (he sign spin is
thal il decollples from [he spin, which in IUrn couplcs with
the angular lllomcntumlo yield Ihe (con ser ved) total angular
1Il0lllCntu 111.

\Ve roclls on the rclalivistic Coulomh Hamiltonian he-
cause the cxacl spectrlllll is known. and \Ve can thus com-
parc wilh thc cllcrgy cigenvalues ohtained from our varia-
liollal analysis. As we shall show. Ihe Illclhod is remarkahl1'
pownful. This is duc lo Ihe forlunalc choice of a varialional
hasis. which is not quite naivc.ln a prcvious papel' [3], a sim-
ilar compulalion wilh the orthogonal wavc-fllncliolls of the
harlllonic oscillalor \vas perfonlled; Ihe rcslllls \!"ere otf hy
more Ihan IOClr,.Now. \Ve flnd agreement with the Dirac for-
mula lo onc part in a million rol' Z := 1. or hetter (han olle
perccnl ror Z := 02.
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Bccallsc of lhis nOIl-orlhogonality, the variational calcu-
lalions caJl for lhe secular cquation

hUI wilh respcct to the volume elclllcnt 1.2 dr thcy are only
tri-diagonal 17]:

In ordcr lo solvc this equation, wc need the explicit
Clchseh.Gortlan antl Raeah eocffieicnts 18) in lerOls of Ó'
functions, sllch as

(8)

(10),1('1(1 !l, - E 1) = o.

{= R""(r)R,,,(r)r dI' = ó::',Jo

(,,'( I"r) = J(II + 21'+ 2)(n + I)ó::~,

- 2(11+ (+ I)Ó::' - Jn(1I + 2( + i)Ó::~I- (9)

whcre L~;t+l)(r) are the associated Laguerre polynomi-
als [61_

Thc Sturm-Coulomh funclions are orthogonal with rc-
spect lo lhe mcasurc r d,.:

«(¡1,4a I jm) are Clehseh.Gordan eoemeien!s_ The lahels
j.m-(rcsp. r./I) indicate lhe lolal (resp. orhital) angular 1110-
menlum ami iLSprojeclion: j, 111 are cOllserved. Thc }l'tlj(8, cjJ)
are lhe usual spherical harmonics and Hllt(r) are lhc Sturm~
Coulomh fUl1ctions

1"£) = R,,¡(r) =

3. The Sturm-Coulomh hasis

".\Z+ ,,'(210 1"- 101) - ---(101). (5)
l'

Before we plungc into solving lhe relalivistic cigcnvaluc
cquation variationally, let liS point out that we have also car-
riet! out these variational calculations for lhe non-relativistic
Coulomb problcl1l. Bccausc lhe variational test functions
yicld lhe exact solutions lo lhe problem. \Ve ohtain with a 1x 1
malrix lhe cxacl ground slalc encrgy al lhe minimum, wilh
.\ = 1. For..\ = 'l/a lhe n-lh Slurm-Coulomh wavc-funclion
has a minimulll and is in faet lhe cxacl solutioll. Ir \Ve trun-
cale lhe inlinitc oasis lo lhe f1rst 1l SlUrm-Coulolllh functions.
rOl"any ,\ > 0, \Ve have 11 nrlhogonal statcs with dilTcrcnl
cncrgy eigenvalucs. Applying lhe varialionai melhod lo lhese
functions, we ohtain Ihe energy values ol"the first n exciled
slales [5].

Thc interest of our work is to extend the ahoye proce-
dure lo the relativistic (hut not field-theorctical) casco An im~
portant ingredicnt is lhe astute choice of hasis for the Dirac
matrices which splits clearly lhe spin in a two-dimcnsional
suhspacc: the group thcory simplif1es considcrahly ami can
h¡,;managcd with standard, though lahorious. mathcmatical
I1Icthous. Thc nOIl~orthogonal oasis 01'wavefunctiolls chosen
for lhis particular problem is also a crucial ingredicnt in the
eXlraoruinarily rapid convergcllcc of lhe numcrical compula~
tiolls.

JI, = 8.\('(.;. /7)0 ti

Subtracting lhe rest cnergy ¿l from lhe Hamiltonian. we
linJ

Thc slates 011 which lhe Hamiltonian acls are expecled to he
of Ihe form 1V((('jj';01) = (-1)-'-1' +1/'ól' ór

J(2f' + 1)(2j' + 1)
(1 1)

1"(f,1)jm; T) =

L((¡I,1a I jlll)R",(r)l'".(8,1>h. 11T)- (6)

Thc par! relatcd \Vilh the sign 'pin is denolcd hy lhe ket 11T),
wilh the eigcnvalue of t3 heing T = :i: í.The numhcrs

1

anJ

(C£1-11J"1")=ót' )2(-1 (12), '-1 2C + 1-

Thc cxplicit rnatrix clcments with the aboye naivc wavc-
functions arc

( •((' 1) - , 1 1 'e' '11 "J7";T H,-EI"«(,,)jlll;T) =-2.\Z6::á,ó;

- (2c'ó~ló;l + Eó;')61' [J(II +2(+2)(11 + l)Ó::~, -2(n + f+ 1)6::' + JII(n+2(+ l)Ó~~I]

+?i.\c(ót' ó,' ól óe' "'cl) [(j+I'+i)(j+1'+1)(I'+~-j)(j-C+1)]1
- - f+l _1 r - (_lUI {}r -

" (2C + 1)(2( + 3)

x [~J(II + 21'+ 2)(n + 1)Ó::~I - (1'+ 1)ó;:' - ~ J"(" + 2C+ I)ó::~ 1] _ (13)

Re". Me.\'. Fr.,. 41, (1) (2()(Xl) 24-28
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The naivc states ahoye are formcd by comhining lhe non.
rclarivistic Sturm-Coulomb wavc-functions

wilh Ihe spin-1/2 slales 1 .tu) (a = :1:1/2) lo form cigen-
slalcs nI' Ihe lolal angular mOlllcntum. Whcreas in Ihe non-
rclativistic case only \71 appcars, lhe Dirac cquation is linear
in V. This implics, curiously, Iha! lhe iJcntifkation hctwccn
Ihe sccond lahel 01' lhe radial wavc-funclion Rnt aJl(llhc or-
hilal angular l11oll1cnlum is 10s1. In other words. lhe varia-
tionallrial wavc-ful1ctions (6) are flot Ihe nlOsl appropriatc lo
the prohlcm. Kccping e for lhe angular Illomcntum variable
appcaring in lhe spherical harmonics, ano introducing L for

I

Inf) I (1') = R"I(r)Y,,,(B, 1>), (14 )

lhe secano label (JI' Ihe radial wavc-funclions, we are forecd
[o lIse. inslend 01' lhe aboye, ¡rinl slales of lhe form

I "L(f, 1)jm; r) =

R,,¡.(r) ¿«'I.1" I jm)J"I,(B.1>lIa1 ~r). (15)
/I,U

The lahel L is slill nn inleger bUI 1l0W, illslead of hcing al.
ways cqual lo t. il is equnl to the Illinimum yaluc of f. in lhe
colleclion of statcs. Giycll j. we know lhat f = j :t ~,and
Ihus L = j - t always, independenlly 01' t. -

Accordingly. the secularcqualion 10 he solyed is nol (13)
hUI rathcr

(,,'L(f', ~)jm;T' I HA - El "L(f, ~)jm;T) = -2,\Z6;;'6rá;'

- (2c26~!á;! + E6;') 61' [v(n + 2L + 2)(" + I)'¡;;~I - 2(" + L + 1).1;;' + V"(" + 2L + 1),j;;~I]

+ 2;'\c (,¡t' áT',Ú _á'~ á( á;!) [ti +1 + ~)(j + t + ~)( t + ~ - j)(j - ( + 1)] l'+1_,'1, (2(+1)(2(+3)

x [~V("+2L+2)(" + l)á:;~1 - (L + I)á~' - ~V"(II+2L+ 1)6~~1]

(16)

I
to a finite Dile, wiLh 1l,1l1 :S "V. For each N, we must evaluate
the uetenninanl 01"a 2X x 2S matrix, find its eigenvalues,
and theIl vary .\ to Illinimil.t: those of Ihe hound slalcs. When
.\ = 0, Iherc art: ¡\' sta (es wiLh zero ent:rgy allll N slates wilh
ellergy -2c2. As ,\ hccomes posilive. the degeneracy disap-
pears completely. The .Y l1egalive energy sta les sin k forever
inlD Ihe Dirae sea \Vith inCl"casing .\. hut Ihe N states which
slafl at zero first decrease. Lhen reach a rninimum. and then
incrcasc fore\'er.

We hcgin wilh 2 x 2 Illatrix. (i.c. we lake on1y lhe n = O,
C = O, 1 stales). For eaeh .\ Ihere are 1\'l0 energy cigenvalues:
one associaled lO Ihe ground state. lhe other to a statc in Lhe
Dirac sea. The minimal value is Eo :::::-0.500067. clase 10
Dirac's EJ' :::::-ü.[)OOOíO. \Vhell wt: inerense Ihe dimension
of the hasis lhe excited Slates appear and the rninimal energy
cigcnvalucs improve Irelllcndously.

In Table I. we compare Dirac's values with the energy
minima 01' Ihe hound sIates 01' hydrogcn calculalcd using our
\'ariaLional rncthod in an IS x 18 malrix. For Ihis case. we
can compare wilh lhe series expansion in e, Lhe fine structure
conslanL in our units. According to Dirac's formula [9]. the
houlld state cncrgics for j = tare

4. Relati\'istic spectra oC hydrogen-like atol11s

Tu illuSlratc concrelel)' Ihe general discussion ahoye, let us
cOl1ccntrate 011 the sta les with lowest tOlal angular Illolllen-
tu m. namely j = t. In this case. L = () always, and 01"
courst: Lhe spin {J ami Ihe orhital angular rnomentum e are
completely correlaled. Furthermore. the slales split in two
disjoint sets. meaning thnt the matrix clements 01" 11,\ - E
hetwccn thelll all yanish. One set contains the states wilh pos-
itivt: sigo spin T = 1nnd angular momenlum e = o and nlso
the slates with negatiye sign spin T = - t and ( = 1. The
olht:r sel conlains lhe stales wilh T = 1. r = 1 and those
\Vith T = - 4 and f = U. In this simple case with j = ~, lhe
pariLy-preserving I"orm of the Hamillonian enforces Lhüs an
accidental hut lIscl"ul olle-Io-one correspondence hetween the
sign spin and the angular momentum. Each sel al' slales COI1-
tains one o" lowesl ellergy. and lhey haye opposile parily. \Ve
will cOllsilicr only the set ofstates containing Lhe true ground
slalc. of evcn pariLy: ( = O amI T = ~.

ExploiLing the correlation hel\\'CCll T amI f. \Ve may sim-
plify Lhe 1l0laLioll for lhe set o" trial states to he considered:

11I1I(I'.1)1;r)=jn,2T) 2r=:l:l, n=II.1.2 ..... (17)

\\'I1(,I"C { = O ir T = t, and [ = 1 if T = -1. and the ground
stale (ll = ( = O) 01"even parity is included. Explicitly,
to pcrform llUlllcrical computatiolls, \Ve order Ihese states ns
111+).10-).1 1+), I 1-),12+).12-) ..... and lruncalc
Ihe semi-intjnite malrix

{ ., ., -,' }., Z-I,.-
Ev = c- -1 + 1+[ ("-I+JI-Z'c')2]

( 18)

(n'.2r' 1 H" - E in. 2T) wherc Ihe principal quantulll numhcr is v = 11 + [ + 1. Ex-

Re,'. Akr. Fis. ~6(1) (20m) 2~-28



VARIATIONAL SPECl'RUt-.'1 OF THE RELATIVISTIC COULOMB PROBLEM IN A NON_ORTlIOGONAL HASIS
27

,\

1.44
0.6
0.28

0.27
0.20
0.17
0.15
0.13

0.11

1 0.11

2 0.029

3 0.16

4 0.18

5 0.33

6 0.052

7 5.3

8 2.3'"

9 7.6'"

"

TABLE 1. The difference hctween the variational minima and
Dimc's formula for lhe t¡rst ninc hound states of hydrogen is
shown with twO signiflcant digits. The last IWOentries for hydro-
gen. marked with un r). are the cocflkients 01"e

5
in the dillercncc.

no( cj; the first scven states come out stupcmlously wcl\. (he last
IWOnol so grcal. Also shown are (he approximate valucs 01"the

variational parameter ,\ at the minima.
Relativistic bound statc cnergies for hydrogen

c-7(Eva~ _ EDi~I\C)

I'Jnding in e::: 1/137, this is

In Pigs. I and 2 we show how the lirst ninc hound sta(cs
01' hydrogcn changc with the variational paramctcr, for Z = 1
(hyurogcn) ami Z = 92 (singlc-clc(tron uranium ion).

FIGURE 2. V,ll"Íational cner~y lcvds E.., for the lirst nine bounLl
slales of ¡he uralliull1 singlc.e!cctron ion. in units or ("l. as ¡] fUlle-
tion uf Ihe L1imcnsionlcss variational parameter ,\.

Ft(,liRE l. Variational energv levels E" for the tirst nine hound
states of the hyLlrllgcn atom.~i;l units of c.l. The ll;:¡tcurves inerense
for highcr ,\ amI have a uniqllc minimum. There are "Iso nine orher
curves. nol shnwll. with cncrgies starting at -2¡:.~.\vhich sink for.

cver.

-486164 -486164 326 3.~ x 10-"

2 -1257.54 -1254.43 326 0.,25

3 -539.141 -538.225 66 0.17

4 -295.279 -293.724 36 0.53

5 -185.496 -184.712 28.5 0.42

(, -127.1 -125.939 19.5 0.92

7 -92.4448 -917230 1(,.5 0.79

8 -70.2282 -69.1485 12.5 1.6

9 -55.1453 -54.1900 10.5 18

\Vilh our variational methou. we pick up lhe non-relativislk
tCrln. 01"cnurse. ami also. lo an excellent approximation. lhe

relativistic corrections.
Tahle II shows lhe energy minima for Ihe hound sl<ites

of single.clcClron uranium ion, ror which Z == 92 anJ thus
the pcrturhalivc cxpansioll of (1 H) converges very slowly.
Clcarly. lhe variational ITlcthod useJ with lhe Sturm.Coulomh

hasis is very gonu.

TAHLE 11.Variational cnergies I"orthe Iirst nine hound states of the
uraniuffi single-electron ion. \Ve quote the difference in pcreent he-
¡ween lhe variational energy and Dirac's rclutivistie value. as well
as ¡he values of the variational purameter ,\ for which a minimllm
is att;:lined. We lIscd e == 1/13i.03~9895.

Relativistie hound state energies for uranillm
I1 EDi~"c Eva~ ,\ % diff

Rel'. Mt'x. FI'.5. "U, (1) (2000) 2.+-2x
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5. Cnnc1usinns

In Ihe rcialivislic case we ohserve c1carly a gap hctwccll the
curves of positivc and ncgalivc cncrgics. Thc cncrgy minima
are \'Cry staole w¡lh rcspcct lo small varialions 01' paramc-
Il~r.\.

Thc idea 01"sign spin 12]. which simplifics considerahly
lhe COIllPUI<llions via standard group-Ihcorelical tricks, is jusI

lha! lhe Dirae matrices (f and /3 can oc wTitten. in 50l11C oa-

sis. as (f 18 b, v.'hefe (( ae!s only on (he usual spin and b 011

lhe "sign" spin. This is hclpful hccausc in Ihe construction 01'
a varialional hasis the spin and (he angular llIolllcnlull1 COIll-

bine lo yicld the total angular mornclltulll, which is a constan!

l. r.A.M. Oira(.". Pmc. Roy. Soc. A 117 (1928) 610.

2. ~1. Moshinsky and YlI.F. Smirnov. 1. Pliys. A: MllIh. Gel/. 29
(19lJ6) 6027.

3. M. ~1oshinsky and V. Riqllcr. {"l. 1. Mod. PIi)'J. E7 (1998) 559.

4. E.r. Wigncr. J'hys. R('l'. 51 (1937) 106.

0. R. Pcicrls. 5111."risesin Tht'Orerim/l'hvsics. (Princcton Univer-
silY Preso;,.Ncw Jersey. 1(79) p. 61.

G. ~1. ~loshiJlsky ano YU.r=. Smirnov. rile H(/rmolltc OSCflhl/ol"

nI' mOlían. whereas lhe sign spin dccouplcs from lhe angular
1Il0lIlcntulll.

Our rcsults are mucil hCl!er Ihan Ihe ones calculaled wilh
hJrmonic oscillalor hasis !3J, anu show the fine structure
in Ihe spcctra 01' hydrogen-like atoms. Actually, Ihe energy
cigcllvalucs that wc ohlain have an uncxpectcdly gooo agrcc-
lIlcnl with Dirac's cxact formula.
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