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\Ve havc obtaincd analytical formulas <lml thcir corrcsponding lluTncrical rcsults for the contrihulions lO (he electron encrg:y spc~lrum. due
lo the brcmsstrahlung of sClllilcptonic dccays of chargcd and neutral haryons. in (he region of the Dalitl. pl~t that co\'c.rs the tour .bodY~
('vcnIs. \Ve show thal the logarithmical singularily al (he upper edge 01'the plot. wntained in previolls results dlsappcars alter perforrnmg an
analytieal integration. The ncw formulas contain (crms of the order (\ times (he mOl11entullltransfer. Thcy :lre applicable to any beta decay

proees!o..and are suitablc for a mo<.lel-indepcndent experimental analysis.

Ki')'wonl.c Hypcrons: beta deeay; radiative correctiol1s

Hemos obtenido fórmulas analíticas y sus correspondientes valores lIuméricos para las contrihuciones al espectro de energía del electrón.
debidas al bremmslrah1lmg en el proceso de decaimiento semileptóniro de hariones cargados y neutros. en la región de la gráfica de Dalilz
que corresponde a la lOna donde liene lugar el decaimiento a (ualro (uerpos exclusivamentc. Moslramos que la singularidad logarítmica que
aparece en el borde superior de la gr:ílira. l'<lIltenida en resultntlos anteriores. desaparece Jespués de inlegrar de manera analílica. Las nuevas
fórmulas contienen términos de orden {\ veees la transferencia de Ill(lrncnto, Son aplicables a cualquier proceso de decaimiento beta y son
apropiadas para un an;ílisis experimental independiellte dc modelo.

[)l'JC/"iplores: Hiperones: decaimiento beta: corrcrcioncs radiativas

rACS: 13.40.Ks: 13.30Cc; 14.20.Jn

1. Introduction

The condition 01' conservation of energy ami lllolllenlulll de-
termines lhe physical region where Ihe hyperon semileplOnic
lIecay (liSO) process takes place. If Ihe producls of the decay
are three hodies (TB). as in Ihe HSD (wilhoul radiativc cm.
rcction). Ihe physical region is delimited hy a hypcron min-
¡mal and a Illaximal cnergy (E!{Jin, E~I:ax) for ('aeh v¿lIlle 01'
lile cnergy E 01"the emitted elcctron. \Vhen a real photon is
considercd as an addilional producl 01' the decay. then there
are four prodllcls 01"the uecay, ami the physical I"our hody re-
giDO (FER) in which Ihis process is possihle, cOlltains the for-
Iller TB region (TER) and an additional portion with energies
helO\v Ihe E~mll(E) in such a way thal .H1 < El < E~llilL

I"or JIl < E < Er., where •.\12 and lit are the Illasses 01"Ihe
prodllccd hyperon ami eleclron. respectively: and Ec is Ihe
cnergy 01"lhe elcctron for which the hypcron is al resl. Thc
uppcr houndary of El 1"01"lhe region whcre Ihe TB decay is
I'orhidden is cvaluatcd \Vith lhe condilion k = O. Ihis mcans.
withollt Ihe emission of a real photon. il is the ca~e where
the neulrino halances the 10talmol11ClllUlI1 01' the residual hy-
pernn <lnd elcctron, which are emiued in colinear direeliolls.
and is characlcri,cd hy ens 8 = + 1 in ¡he TIlR.

The knowledge of lhe radiaril'(J correCriOlIJ (Re) in the
four hotly regioll (r-BR) 01"the O<llil/. plot (OP) is reqllirL'd lo
ohlain formulas for lhe energy spectrum 01' the decay prm!.
lIcls (fcrmions) in the HSO. The precision 01" lhe formulas
is incrcasctl \vilh Ihe inclusion 01' all terms 01' Ihe onler (1-

times the molllenlum transfer in Ihe RC. The tOlal de ca)' rate

of lhe processes can he eOlIlputed directly Ihrough analytical
formulas rOl' lhe RC. if Ihey Jo nol contain any Jivergenccs.

In previous papcrs we have analyzed the TB decays
with radialivc corrcclions (virtual and hrelllsslrahlung) in tlle
TBR. Rcfs, 1.2. and 3. \Vc llave also ohtaincJ Ihe energy dis-
trihulions (El, E) rOl"even(s Ihal take placc with E2 < E~lIill,

i,l'. in the regioll where Ihe decay takes place only with lhe
emission 01"a real pl1olon, Refs. 4 and 5,

In Ihis papel" the contrihulion 01" the hremsslrahlung to
Ihe encrgy speclrum 01' (he eleclron is ohtained, in Ihe por-
(ion nf tlle FBR region which is not considercd in the radia-
live COITcctiollS of the TB decay in Ihe TBR. As it is known,
Ihe virtual radialive correction (al the TBR) contains an in-
frared divergence which is cancellcJ tlue rhe cxistence 01'
anolher divergence that arises in lhe proccss when the real
pholon clIlission (hrelllsstrahlllng) is considered (in Ihe sume
TBR). Ihercfore (he hidimensional dislrihution with lhe lotal
Re for evenls with El = E1.nin hecomes f1nitc for rhe pre-
cise TB dccay 11-31, The events Ihal <lrise with lhe hyperon
ellergy E1.IlI11 are vcry special evenls <lnd are of particular in-
teresl. hL'CallSCa logarithmical divergenl conlrihution arises
in the hidimensional Jistrihution of energies (£2,£) \'v'hen
the hrelllsstrahlllng alone is considered in the FBR. The di~
vergence is ol1ly presenl on the houndary hetween the TBR
and FBR, whcrc ('os (} = + 1. This is just the infrared diver-
gence 01"(he TBR reach('d I"mm the FBR side (see Appendix
01"Re!". 2). The hrelllsslrahlung Jecay is connected continu.
()lI~ly and Sllloolhly in going from the TBR to Ihe FBR. As
the events with £'! = E~lllll should not he raken twice. the 10-
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2. Kinematics ami amplitudes

(9)

(8)

(4)

(6)

(7)

(3)

0,. = "1,.(1 + "1,).

E~ = E\nón = .\[1 + pI¡ - E - 1711'
- - 2(M, - E - 1(1)

E
c

= (1\11 - 1\12)"1- + m'2
2(.\[¡ - M,) .

s = ,.(ch;H~,.d). or n(neutral)

G
\I '''-11'-0

J 0= ./2/111 Jlli,tU, J~v",

with

and oy .\11, A/2, m, 111". ami 11l¡,. • respcctively, We assume
throughout this papel' that /JI" = O. and mI!. = O as corre-
sponds lo real photons.

The Four Body Region (FBR) 1", the proeess in Eq. (1 ¡.
in the rest frame 01' AS. is detined by

and

The z-axis is chosen along lhe electron three-mornentum and
lhe x-axis oricntcd so lhal the final haryon threc.rnornenturn
is in lhe Ilrst or fourth quadranls ol' the .r-.; plane.

Thc emissioll uf Ihe real photon in Eg. (1) is dcscrioed
as a radiative correction to the scmileptonic decay of the
hyperon. The uncorrcctcd matrix element ¡\fa (without the
emissiun of the real phulon) I'or this dccay is given by (he
product of the malrix clcmcnls 01' the haryonic wcak currcnt
and 01' Ihe leptonic current:

The (1 = ]JI - /)-2 denotes Ihe four-momentulll transfer. OUT

Illclric and ,'-matrix cOllvelltions are lhose 01' ReL 2.
1'0 obtain lhe decay rate one has Ilrst 10 ohtain the ampli.

lude of Ihcse processes. It has bcen shown in Ref. 7 that the
order (l brcmsstrahlullg amplitudc can he obtained in a moJel
independenl fashion by using the Low-theorcm [8,9].

\Ve reproduce here the Illodel inJependent amplitudes. in
tcrms 01' the Dime form factors. given in Eqs. (18)-(20) of
ReL 2. ami Eq. (23) 01' ReL 3.

1'he total Iransition amplitudes can he writlcn as

whcrc Gt• = GJI \ 'l.i and Gil is the mllun decay coupling con-
slant, Vi) is lhe c()rrespondingCahihbo-Kobayashi-Maskawa
(CKM) matrix elelllent. \Ve llave

(2)l' - (E' p-) alld k, = (ko. [¡.
ji - 1/, " ,

The Iheorelical framework of our calculalions can he found
in Rcfs. 4 ami 5. In this section we present the main features
ilnd the nOlation to descrihe the four.hody process we are in-
terested in

.4' (1',) -+ B{¡,,) + e- (f) + D,(p,,) + "1 (k) . (1)

with lhe emission 01' a real photon 1. AS corresponds to Ihe
neutral (8 = 1/.) or eharged (5 = e) deeaying haryon. B the
produced haryon. e- ami Vt, denolc the ¡epton and its Ileutrino
counlerpart. respectivcly and Ihe 1 corresponds lo the photon.
1'he four-momenla ami masses 01' Ihe particles involved in Ihe
haryon semilcptonic decay are denoteJ by

11, = (E'.I',). 1', = (E,./'2). r = (E.7),

lal Re rcmains l¡nitc. 011 Ref. 6, lhe radiativc corrcctions in
Ihe TBR wcrc cvaluatcd hy otller mcans, amI no divcrgcnces
aTe found in Ihe eleclroo cnergy spectrum.

In this paper \I,'C show how lhe logarithmic divcrgcnccs,
Ihal are cOIHaincd in lhe modcl-indcpemJcnt rcsults given in
Rcfs. 4 amI 5. ohtained in an analytieal way for the Re to
haryon;3 deeays in Ihe FBR 01' Ihe DP are eaneelled afler pero
fonning (he intcgration over lhe cncrgy 01' the final hYPcfOn
thal emerges in the proccss. Thc importan! fcatUfe of lhe ncw
analytical fonns of lhe Re is that they are wriHen in a simple
formo as products 01' Iwo faclors, one 01' thcm is a model-
indcpcndent function ami lhe other Dne <.loes dcpclld on lhe
(slrong-inlcraclion) moJel through Ihe fonn factors, which
are dctcrmincd through lhe experimental oata. Sucll formulas
are suilahle rOl" a direcl cvaluation 01' the RC for any event
in the allowcd physical region. 1'he ncw results are valid for
phUlO1l brernsstrahlung ca!Culaliuns in any charged ur neulral
hypcron decay and ilS knowledge is important to uhlain the
precise descriplion of the semileptonic weak dccays. which
are rclevant. in particular lhe neutron oecay, in cosmology.
astrophysics, solar physics. Ihe solar ncutrino prohlcm. as
wcll as in olher arcas of particle physics.

1'he slruclure of lhis paper is the following. In Sect. 2
\Ve exhihit Ihe kincmatical region, in which only lhe four
hody dccays take place. and we display tlle brernsstrahlung
ampliludes for the chargcd ami neutral hyperon semileplonic
deeays with all Ihe o'l/,dI, lerms included. In Sec!. 3 Ihe
hidimensional ohservahle cnergy distributions in the PBR, 01'
the hreI11sstrahlung are describeo for both cases. Wc devote
Secl. -t to give the encrgy speclrum of the chargcd Icplon in
a non divcrgcnl formo In Scct. 5 we present our final results.
1'he purpose 01' the nUlllerical cvaluation is 10 perfol"m a com.
parison belween our results and olher previously published
nUll1crical valucs. Finally. we inelude six appendices which
contain dcflnitions orthe coeffkients and model-independent
functions that appear in lhe analylical result. lhe proccdure
we follo\\' to inlegratc the divergenl integrands. amI other rel-
evant relations.

R('I'. MI'.\'. F(,..~(I(1) (2000) 29--40
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The H; coefficient in lhe former cqualion depends on £2 in
the fol1owing way:

16

dril (A- -+ nOe-D,'Y) = '2dn¿H;e'F. (18)
7f i==O

The H,'s depend on the form factors through funetions Q"
i = 1, .. 14. The explicit form of thc Qi'S is given in
Eqs. (16)-(20) in ReL 1. The H; 's and the eT's wilh i =
O, ... ,16 are shown in ReL 4 in Eqs. (37) and in Eqs. (33),
respectively. In the Appendices II and m we consider lhe
former cocfficients and the model independent functions in
a simplificd form in arder lO avoid singular B¡T's al (E =
ECoE2 = M2), where Ipíl = O.The simplified Ni 's, whieh
are shown in Appendix IV do also depend on the form factars
and are cquivalenllo lhe ones given in Ref. S.

Equation (14) with s = e (s = n) carresponds lo the an-
alytica! result for the hremsstrahlung pan af the DP of lhe
HSD of charged (neulral) hyperons, at the FBR. With Eqs.
(28) amI [Et¡. (33)], given in Refs. 10, the full analytic re-
sult for lhe Re at the who1e region of lhe Da!ilz plot for
semileptonic decay of unpolarized charged (neulral) hyper-
ons is complcted.

In order to illustrate and analyze the resull in Eq. (14),
let us consider the chargcd (HSD) (s = e) and the neutral
(HSD) (s = n) cases separately.

For the charged HSD case: Equation (14) beeomes

( 19)
2

H~= LékE~,
k==O

and the model-independent function BfT is explicitly

( 12)

(1 1)

" _ G,,_ O - {q¡,¥W, . 1" prtM1 kA13 - MUe >,1Jllf:¡,1l.U - 2 k KIt "---k'. a¡1V '11

v 2 P2' . 2P1 .

P2+ M2 (P2"kp )+f¿1JT¡H,kv . k lV.\ + e --k- - 9¡;.p
2p'2' . 1'2 ..

x [(h :~215}T'" + 9,"(13 :tY5)]}UA (13)

fil amI h"-2 are lhe anomalous magnetic moments of AS and B
given in Eqs. (21) and (22) in ReL 2. '" is Ihe phaton polar-
¡latinn rour-vector.

Aftcr pcrforming lhe standard trace calculation and lhe phase
spacc integration according lo lhe kinematical limits given
in Eqs. (3), as in Refs. 4 and 5, a high precision model in-
dependent and useful result is ohtained for proccsscs wherc
lhe momcnturn transfer is nol small and thercfore cannot be
neglccteJ. In this rcsult, valid fOf both types of unpolarized
dccays, tcrrns of arder oq2/7rAlf and higher are ncglectcd.
rile result. for lhe diffcrcntial bremsstrahlung decay rate of
lhe decay in Eq. (1), which is given in terms of the observable
¡ndependent variables E2 and E, the energies of the emitted
haryon and lhe electron, respectively, is relevant for the eval-
uation of the energy spectrum of the emitted electron.

The differential bremsstrahlung decay rate up to order
O'l/"lV[l for HSD is compaelly given hy

3. Bidimensional distribution

and

17

drJ] (A' -+ Bev'Y) = ;dn ¿lfI' B:T
i==O

( 14) B~T = (11 _ 2) In 1Yo + 11 '
Yo - I

(20)

( 17)

G;, 1
dn = "2 2,,3 MI dE2dE, (15)

where the coefficients Hi' (see Appendix 1 and 11)are

H~':::= Ht:::= H;, Hf':::= H;,

(16)

and the model independent functions are prcscntcd in Ap-
pcndix IIl. BílTis given in Eq. (25) and

B~T :::= BnT :::= BT f . O 2 1"! f l' 01" 1,= , , ... , (.

whcrc
2

II = 73 aretanh ({3) lel = {3E,

and

(E~)2 _ E2{32 -lpíl2
Yo = 21píl E{3

E~ = MI - E2 - E.

The EkS in Eq. (19) are displayed in Appendix 1.

(21 )

(22)

(23)

Rev. Mex. Fú. 46 (1) (2000) 29-40



whcrc

.B ,/

ITD(E) -" 'l. j." ~ CAl' 'liaD + buz + sie --" ~["z 11
1

dz(33)
ir =:! k=O no + UoZ - si

with

S.R. JUÁREZ W. ANO F. GUZMÁN A.

Similarly, for the I/eu/ra' HSD case: Eq. (14) beeomes

"fí', (AO --+ n+e-v-y) = ;df! [(H~ + N~)OJ + H;O;,r

32

In this case ami rOl' furthcr convenicncc, we splil (he e;lT into
two pans as follows:

(34)

(35)

(36)f"(E) G; 1 . [TD TND JJl = ??3M, fv (E) + IN (E),_ _rr

r:'ollowing the same slralegy for Ihe neutral HSD process we
ohlain:

anJ
(25)

(26)

O"T (E E ) - O"TD + O"TND1 ,1. - 1 l'

whcrc

o;,rD (E, E,) = _ 21" IYo + 11 '
Yo - 1

the cquations for (he BílTND (E, £2) and 0[7 are included in
Ihe Appendix 111.

4, Energy spectrum whcrc

Pursuing lhe cllcrgy spcctrum, the following inlcgration has
lo he pcrformcd

R .,

ITD (E) -~ \1 j" ~ "'1'" I lito + 1'00 + 81, (37)N j - j"1 LEJ,.., 2'" ni I'Z
ir.B (IO+VOZ-S

.b k=O

(27)f,¡(E) = ¡.F.; "f(A' --+ nev-y).
.11, "E

As we have poinled oUl,lhe "f[J(A' --+ neu-y) in Eq. (14)
dcpcn<Js (l11Yo through efT in the following way

O.,T IIYo+ll1 ex n .
Yo - 1

Using (he dcfinilion of Yo. in Eq. (22) une finds that Yo ~ 1
for collincm CVCIlIS, i.e. (he cases whcn

wilh

(38)

and

({'"l (E) = ~ rE'; [(H~ + N¿)oJ' + A;.vO?TND
1f 1Mz

16

+¿ (H; + N:J8/ + Ni70',I;] dE,. (39)
i=2

For lhe chmged HSD process we splil ['Ih(£) inlo the diver-
gcnt (':O anJ non.divcrgcnt ¡[NO part

In Ihis special silUation, onc has to deal with a logarithmical
divcrgcnce and this divergcnce is an ohstacle 10 rnakc a <..Iircet
Illllllcrical inlcgration. Wc sol ved lhis difficulty hy consider-
ing :tn analylical integration. Our procedurc is the following.
For sirnplicity, \Ve considcr a ne\V variable::; and lhe para m-
~tcrs "o and Vf) such that

(41 )

(42)

(40)
.u

TJl ¡..,, Il/o + I",z + si Ink = .: la ------(z.
,u Il/o + &oz - si

' -"

'rll _ I IMI (Em - E) I
.10 - II E{3J/'l 1

"U; - JI] + 1112

2,\[,

, ,"}1 . 1" ti ti r ., k-f- <1.:- -. {¿ [.,,:,- .',(:,)]j : -:-'
k + 1 ._, 'r={J •..-

RTJl __ 1_ ["+1 _ (.Jl)'+'] ~Jl
k - k + 1 -, -1 o

wherc

Afler perfonning a very su hile analysis (see Appcndix V) or
Rcf, I 1, we ohulin the fol\owing non-divergent analytical re-
sulI:

Wc observe lhat in ooth cases, one has lo integralc the same
function

(32)

(30)

(2~)

(31 )

(28)

E - M,vo= ---
EI3

H Ej
:, = -'1 '.• "1

00 + VOZ + s=-----
00 + {'oz - s.

(Yo + 1)
(Yo - 1)

8= Jo' -1,

.uf + .\11 + 1/1'2 - 1.E1\11

2.1I,E¡J

£"1
.11, .

)" (E) = G;, _1_ \f [(~D(E) + IT"D (E)]
IJ 2 2;r3 J 1 e e .

(lO =

and

Re" Mex. f'[,. 46 (1) (2000) 29-40
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<lIlO

whcre

TAR!.EI

~-(I''¡ -+ 11(1'2)+ e-(I) + Ve(¡'.) +"( (k)
r = El Em 0.1 0.2 0.3 0.4 0.5

% in ReL 12 7.8 1.5 0.5 0.1 0.02

% rrom Eq. (46) 7.78 1.53 0.46 0.14 0.02

TAB!.E 11

.1(1'1) -+ l' "(1'2) + ,.-(f) + v'(¡'.) +"( (k)

".= El Em 11.1 11.2 11.3 0.4 0.5

% in RcL 12 9.5 2.3 11.8 0.25 0.U2

% !"mmEq. (46) 9.28 2.2U 0.77 0.24 0.U2

whcrc Ó'l indicates thallhc last tcnn appcars only in the neu-
tral HSD case (s = 11). El: = (11 - 2)'k, aBd "k = -2Eko
whcrc lhe el.., 's are displayed in Ihe Appendices.

In brief, El). (46) is a precise formula suitable lo he
evaluated numerically, wilhoul aBY amhiguity, al any en,
ergy in which lhe charged lepton is emiued, il conlains the
hrcmsstrahlung in Ihe four hody dccay region whcre the rhree
hody lIecay does 1101 take place and it ineludes events in
which the electron is collinear to the produced hadron (at rhe
edge oflhe DP). Glher aUlhors [12J have published numerieal
data for lhe pcrcent contrihutions due to the radiatü'e correc-
riofls to the HSD decay for the events at Ihe FBR.

In order lo compare with lhese results, we consider lhe
numerical values ohtaiBed wilh the formula iB Eq. (46). In
Tahles 1 antl 11 \Ve compare rhe dara givcn in Ref. 12 for rhe
rclative Re in %, causcd by brcmsstrahlung events, which
fall oUlside lhe TIlR Dalitz plOl, with Ihe numerieal values
obrained hy mcans of Eq. (46). As one can sec, the resulls are
in a very good agrccmcnl, cxcept for Ihe low energy region
iB Table 11.

In summary. the analytical resull is useful lO ohtain in-
formation, fram rhe experimental data, about Ihe underlay-
ing inleractions in Ihe dccay processes, the basic symmelries,
and Ihe internal srrucrure ol' hadmns, through rhe derivalion
of precise valucs of the form t:1ctors involved in Ihe effective
inlemetion.

The knowlcdge of rhe energy spcctrum of rhe electron is
fundamental for rhe derermimHion of lhe decay rate in thesc
processes. For the complete determinarion of the decay rate
it is necessary lo add lhe contributions ol' the cvents in lhe so
ealled Ihree body and in lhe four hody regions. In Ref. 10
we consider the values given in Ref. 12, sincc Ihe analytical
results for lhe FIlR were nol available Ihen.

Let us mcnlion that Re were also compulcd hy a Monte
Cario I11cthod ror photon hremsstrahlung ca1culalions in
semilcptonic decays Rcf. 13. Al last, though rhe evaluation
of the rndiarive correcriolls ror the HSD is a complcx and an
old prohlem (sce lisr o" references in Re!". 13), rhe rcsult in

2

'" .\[k+'e"RTIlL' 2 CA; k
k=o

/~D(E) = '.'.
, 1r

5. Final results and conclusions

.11 17

+ J" (H~'OJ +L H:'BF + A;NO;,TNDÓ~ )elz]. (46)
1 i=2

For Ihe lIelltral HSD process as lhe '\(PI) -+ P(P2) +
eU) + iJe(p,,) +', (k).

I"'(E) - G;, _1_ \f [[~D (E) + ¡,TV'") (E)] (45)B - 2 2rr3. 1 .

Gathcring and refining previous rcsults, wc ohlain lhe wholc
spcctrum of evcnls in lhe FDR.

For Ihe chwgeel HSD proccss by ¿-(p¡) -+ 1I(P2) +
e(O + iJe(P.) +"( (k).

re (E) - G;, I \[ [¡TD (E) + ¡TNIJ (E)] (44)n - 22¡r3 J I e e ,

and

._~[MI-E(I-{3)+ M2 J,
-, - 2 M2 M, - E (1 - (3)

B I [MI-E(I+{3) M2 J
z, =::1 M2 + MI - E (1 + /i) ,

I [MI - E(I-{3) M2 J
", = 2 M2 M, - E (1 - (3) ,

.B _ I [MI - E(I +(3) _ M2 J (43)
s, - 2 M2 Al¡ - E(I +/3)

16

+ L (H; + N:J ot + N;70i~] elE2.
i=2

wilh

ami
[;'

1;;"'" (E) = '.'. /, -, [(H~ + N~)OJ + A; NO;oTNIJ
Jr oH 2

Thc formula ror lhe ICrlOn cncrgy spcctrulll bccolllcs in gen-
eral:

Rev. Me.\". ,'ir. 46 (1) (2000) 29-40
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Eq. (46) is nc\V, it is worth hy itself anJ it is lhe culininalion
01' a systcmatical approach lO lhe problem in lhe FBR.
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Appcndix 1

The coeftic;ents Q;'s (i = 1, .... 5) which are form factors
funclions. are given in Rcf. J.

In Ihe H{ cxpansion in lcrms of £2 we considcr Ihe ap-
proximation in which Q~,= O, lhen

H; = A'¡;\' = LE/.;EJ.
/.:=0

\'o'hefe Ihe cj.; are cxplicitly givcn by

where terms of O(q2/¡\In were neglected and

and
+ m2 + Afi + .\Ir

.\[ = Mf .

Appendix 11

For complctcncss, we cxplicitly show the new simplified expressions for the form faclor dependenl cocfficienlS H: s

JI¿ = E¡3lí>,! {~(Q3 - Q,~) - 2J~' [(JI +y¡)2 +.Ihy, +2(J,h -y,y,)]},

JI; = A;", = E [~QI-Q211'212 -Q3¡J2E+¡Jll>i1 Yo (E~Q, -Q3 - EQ2)]'

m
2¡3 [ '"'" 2 2]JI; = 2E - (Q, + Q3) ~ + (Q2 + Q,) E Ip21¡3yO + Q.(E + "'~) + Q211>,1 .

JI; = ¡lE {[2 E~ - E (1 + ¡32)] (Q, + Q3) + 2¡J IF21Yo (E~Q, - (h - E(h) - 21íi212Q2
4

+ (E~ + E) [E (1 + ¡32)«(h + 3Q,) - 2 (Q;¡ + 2EQ.¡)]}

{
h+ [2 2 ] E~ (2E + ~) }+ m2¡J - (~+ 2E) + f¡ + YI + 2 (f¡h - !MI') ?\[ - YI (JI + 12 + 092) \1 '
C¡ _. I j I
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NON D1VERGENT FORMULA IN THE FOUR BODY REGION OF T1IE DALlTZ PLOT . 35

H' ( '- {¡,+ Q4 1 [, ] }
11 = E/3) 1/>21 -;;- - "2 + 2MI (JI + 9¡) + 2YI(312 - 2y,) + 2Jlh ,

:2 ,)
, (E(3) !",I- { ¡,+ 1 ., .,., }

Hn = 2 Q, - 2-;;- + MI [212(JI - y¡) + Yi - Ji - 2J:¡ - 2J¡h] ,

,(E(3)'lii,l[ .,
lfl.1 = 4.111 (JI - y¡)- - 4hYI +2 (JIh - fM!,) - MIQ,],

, E(3I/)21{ ¡,- 2 [> }
HI5=-S- -(Q2+Q4)-4-;;-+M

I
(J1-f!Il"-2hYI+2J¡h] ,

, !¡>i! [¡,+ ]
HI6 = 4M

I
(3 -MI-;;- + 91 (9' - 12) ,

where we havc useJ lhal

I ,
¡, = -91 ('.1 + ~,) :l: JI91 (~, - ~¡) .

Appcndix III

SimplificJ analylical results oblaincJ for the B~T.s, .
Thc BíT and BjlT (E, E2) are givcn in Eqs. (20) and (25) respectively.

THa = 2 (/1 - 2) , 0[1' = (/1 _ 2) 1111Yo + 11,
Yo - 1

and rOl' i = 0,2, ... 17.
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The Oj,rNl> in Eqs. (25) is the following

O"TND _ I (1 ' + , +) I ,_, 1
1 -)' n l'lllax - In vm" - - (In v . - In {,- ) - - [In - In + /" fTl)

:... In 2 mili max (JN I :2 3 - 4

1[1 +llv+-"(I+/3N)II"+=""'."+ - nv n ----~~/3N ,,+ -,,(1-(3,,) +
,~ "+=1'",,,.

The oT for i = 2, ... , 17 are:

_ iu- -,,(1 +/3v)II"-="';;u]+ In 11 In '
,,--,,(I-/3v) _ -

j 11 =v"''''

(47)

_ (Yo + a+)' [i]
1 + (3,,+ '

OT - .!. [ [;
, - /3 I + /3a-

li E' (1+ ¡- 31 1[3-1)] 2[,--- +-'} .) - 2 + ¡ 11 - + -----'-----
1 + /3é 111- • [i E(I + 13,,-) (1 + ¡3é) ,

0!=[,IIlII+/3"+I+.!.{L[ 1-(3 ] -L[ 1-/3 ] +L[ 1+/3 ] -L[ 1+/3 ]}
. 1+(3,,- /3 1+(3,,- 1+/1,,+ 1+13,,+ 1+/3"-'

0:[ = ,,+ [i - ,.-J; + 1111 ~~ 1, O;' = ~ { [1 - (,,+)')Ii - [1 - (,,-f] [,- H I:~},
OT = 2 (Yu- ,,-) (I.- + /3[,) _ 2 (Yo + a+), (It+13I¡) + 2 [2 + /3 (yu - ,,- _ !Ju+ ,,+)] J"
• (1+13,,-)" (1+(3é)" - 1+13a- 1+/3,,+

T [ Yo - ,,- ( _ Yo + ,,+ ( + ]O, = 2 2[, + /3 /JI¡ + [, ) - (3 + /JI, + 1,). ei" = 2 [4 + (!Ju- a-) [,- - (!Jo + ,,+) li] ,
1+ (1- 1 + a -

eJ' = 2.1E + 2 [6 (E:! - E) + /3 (GT- + GT+)] [, + 2 (GT- [,- + GH [i) + 21/7,1[(YUl-+I~~;,~[,

eio = ~ {2 [vf - (,,+)'] - (a-)' [; + (,,+)3 [i + 1111~~ 1] , ei, = 2 (J, - [¡)~.

el; = he;r, eT,=0, ei, = 2 [(2-"-[2) (!Jo-,,-) - (2 -"+[i) (yu+,,+)],

oi, = 24E~ +4I3E[,,- (!Jo-a-) [,- -,,+ (Yo+"+) [i] +2lii,1 [(YU-a-)'l~ - (Yo+,,+)' ri],

oi. = 24E' (J, - 2) + 8 (E~' - 2E'(3') [, + 4E/I Iji,l [(¡~o- ~I-)' (/3[, + rn - (~o+/;,+/ (¡JI, + rt)] ,+/(/- - +a -

Te" = 2[" and '" E~ 10 IF,I
a = E(3 ,

Thc l:¡'s, in Eq. (47) <1rc dctlncd in tcrms 01' the Hea ••.iside
function

:!:: :!: '1':1::'11• 1"2 • 1:" • 1.1• alld G are glvcn hy

.,' '" 11+""'1JI = =-arctanh¡3 f..)::::: In -~-- ,/3 ' ,,~-I
2 '1['" = ---- [, = ---,

3 (,,"')"-1 I-/F

T'" [2Ea'" (Yo 10 ,,"') 1ji, 1 (YO 10 "",)']G = 'f13 -----+ ,.
(1+13,,"') (1 + (3a"')

v;'., = 2(E, 10 1¡'iD (E 10 1m,
lI,~in = 2 { EE, - lii,I11 10 IE21fl - 1ji, I El} ,

") :2 ,) ') :2
a = Al i - H - Ir, H. = (1" - e) ,

1(,+ 2+)+:.2 111 vlllax - In l!'llin '

1 . = L [" (1 10 /3N)] _ L [" (1 10 13N)]
IA,2A ,+ v+

t llllll max

if ".::: O
if .r < O

whcrc

1 _ -,,' L [ l',;'in ] L [a (110 /3N)]
IH1H---- -
, 3 0(1 :I:{3N) v;tax

1 ,,,(l1o/3N) I ( , + , + )+ 0"In + + 1" In vmax - In t'min '
- t'lIlin ~

0(.1') = {~

Thcn for i = 1, ... ,4

"2 "2
IJ = (1'1 - 1',) .(

4' 11') '/'13
1/1 1 "J

N=l- .,-
a-
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[
+ ] [,,+ ]vmax Illín

IIC,2C = L ,,(1 i:I1N) - L ,,(1 i:I1N)

+ In la (1 i: I1N)1In IV;!ax 1,
111\\11

12_ 2-)- 2" (In vmin - In l'max '

¡r' [p,;;"x] L [" (1 i: IJ,-,;)]
I:w,",,'= ;) + L (1 i: 11 ,) +,-.u fI, 'mlll

1 2" (1 i: I1N) 1 ( 2 _ 2 _ )
- :) In ,_ +? In vmax - In vmin '
- lmax -

I . - L [ v,;;"x ] L [ v,;;;n ]''',1<' - ,,(1 i: 13N) - a (1 i: 13N)

+ In la (1 i: I1N)I!t, IV,~"X I '
VIll11l

anJ lhe argumenLs 01'the HeavisiJe funclion are given by lhe
expressions

rAI"U:;;: -1'1II,B2 = vl~in - a(I:i:: f3N),

r~l.U2 :;;: -1'CI.C2 = v~ax - (1(I::i: /JN),

The left (r¡ght) subinoex in the left hand side (LHS) in the
fonner cqualions corrcsponds lO lhe upper (Iowcr) sign in
the r¡ght hand si de (RIlS) in the same equations. L (''') is the
Spcnce function. .

Appcndix IV

Thc simpliflcd coefticienls lV¡'S are

\., 1- 1 EI1 [( O) +
, 11 = - Vl. '2,\1

1
2 E - Ej/ R

+ (E+2~) n- + (1-yo) 1~:,1n-],

v' = _ (E.11)' [ER+ + 2Eo R-]
J ,') A/

1
j/'

N" = 11;:;1 ~ [2m' + EE~ (1 -l1xo)] R+,, 2M,

EI3
N~ = -11;:;1 2M, (2E +~) R+,

3 (EI3)" R-.
iV;O:;;: -----

2M,
El'\,' - 1-1 I ('>E EO) R+i 11 - p:! -- - - .-Ir' ,
M,

V' - _1 e 12 (EI1)' ("R+ - R-)
.1 13 - Pl. 'II - ,2, 1,
N' = _ 1 ',1 (El!) ¡¡+

" J - MI '

\., 1-1 11 R+
J Il(i = - P:! -- •,1M,

.\"{, = 11;:;1~~j,[2E': + (1 - YO) 11',1 i3} n-,

and

Appendix V

Thc proccdure lo inlegralc El). (40) is lhe following:

," I IRTB _ IIB ( B) _ RB (1) _ !' _'I ao + boz + s 1k - J.: 2, J.: - .., n -----, Z.
,.::~=1 (Jo+boz-s

Intcgraling hy parls

__ 1_ j' _:'_'+_1_ [_b_o_)_Z2_-_1_i:_Z_] d:
,,+1 )0'_1 (ao+boz)+):2-1 '

thcn

B .:J.-+1 lao+boz+sl
R" (o) = /. + 1 1" + 1 + It(z) - I;;(z),

, (fu JOZ - ,<;

whcrc

1 J' oH' [ iJoJZT=l "= z ]
Ii!: (z) = -., + l. JZT=l (ao + bo:) i: JZT=l dz.

h (:) = It(:) - I;;(z) =

- /, ~ 1 / z'"iJo [("O +~:z~' _1)] d:

I J' oH' [ 2("0 + boz) ]
"+1. )0'_1 ("o+/loz)'-(z'-I) dz.
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and

Id=) = _..--2.-_1/ [(bo + IlOZ,) _1_] =H1dz
1. + 1 .6.~ a a z - Zr s

+ _2__1 / [(bo+ tl0z?) _1_] ,H1dz
k + 1 ~.;: a a z _ zB'" <" •, .

Tú simplify we use

2/

/

Hl ( .,1(_)_)0 Z z--I
, - - k + 1 JZT=l az2 + bz + e) dz

__ 1_/ zH2 [2(ao+boZ)]
k + 1 JZT=l az2 + bz + e d=

\.vhcrc

( / )
., (., ) 2 .,

(/0 + Jo': - - z- - 1 = n.z~+ bz + e,

and and

/l, = (Zt - z?) , (
bu ao )-+-Zt

ti a

Then

,,=(bg-i), b = 2aobo, c=at+l.
then

(
bO ao ll)- +-Zt

a (1

2lJo { _ZI.:+1 dz
h (z) = -- ------/,'+ 1, (/::;'1 + bz + e s

20.0 / :1."+'1 d::
/;+ 1 az2 + bz + e .')

1 (,) __ 1_ / (s, sP) HI dz1.:-- ------z
l.: + 1 ::/ - : ::r - z -;;'

1 (,) __ 1_/ (k)dz
1.: - - k + 1 DB -;;'

where

After pcrforrning several algehraic operations in arder lO get
simple inlcgrals. we obtain Ihal

where

,,=' + /¡z + e = ,,(z - =,) (z - z)').

Thc =, and z¡' are given in Eqs. (43). Now wc find [ha!

h (=) = ..--2.- / [-bo 1 ] =HI d=
k+1 ,,(=-z,)(=-=)') .<

2 {[ ao z ] H' d=+ -- - -------- z. -
k+l. Il(Z-Z,)(z-z)') s

[

, ,H'Dj]') (z) = ',I-t _ -

-{ - •..

.ll ('ll)k+1]!ji "'"

;;l~- z
k

'" [ ,. II ( ll)"] k.,- L "'tZt - St Z, z .
r=O

Thcrefore

,H' I 1 ~II j [ . ,Hl B( B)k+l] knl.I(::)=-'--hl (/o+)oz+V;;~-J +_1_ ~.-t _8t z/ dZ __ I_{"'[.'5tzr_sB ZB r]zk_rdz.
k + 1 (fo + lJoz _ J z1 _ 1 k + 1 z, - z zp - Z .'> 1.:+ 1. L t t ( t ) s

Now r=O

I
."1.'+1 ')~' .~H

oTll _ oS (_ll) _ Illl (1) _ -=-- 1 ao + bo= + JZT=l¡1 l. ,H' j -, 1 dz
Il~. - 111.: _, k - 11 + --."/-/ ---

k+1 ao+boz-V='-I k+l ,~ISZ,-Z
.;:=1

__ 1_.ll (.ll)'+! J'~ ~~ __ 1_ {~ [ .• ' _ .ll ( A)'] J':' k.,dZ}/. + l,st -1 ~B _? k 1 L ,';/'-/ ,';/ Zt Z .
~ .;:=1 8 """f - + 1'=0 .;:=1 S

Rt:calling Ihal

li(z)=j dz., -'f .~ II1I='=-I'f~JZT=lI.
(z, - Z)JZT=l ~ z, - z

ami

lhcn

1'( ll) _ 1'(1) _ 1 1 I 2,=1' - 1 'f si'", I
:1 Zt 2 - =f ~ JI B'

V Zt - 1 ZI - Z,

__ 1 [.ll ( ,,)H1 J'~~~] __1 {~[. _'o _ .H ( ,,),.] f'~",-,tiz}
k + 1 SI Zt ?B _ k 1 L- ,"/'"'f St Zt "" ,

z=l S -t Z . + r=O . z=1 S
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whcrc

!'~dz I 13 131JZT=\ = In Zt + 8, ,
I z- - 1

j'f = dz U
~=8t,

;;~=l vz2-1

!;;~z2dz = zp sp + In Iz:1 + 8:ll.
JZT=\ 2 2

To consider carefully the divcrgenccs, we split tcrms in Ihe
follnwing way

TII 13 1 (U) k+ I 1 •. 11 B IJ(k = TI) + -- Zt In no + uoz, + s,
k + 1

.,..1,,+1 I", ..B -1:¡: ~,Bs I-, I •.(...., "1 ' ,
:¡: -- 11 B

k + 1 Zt - Zt

[ , ."]1 r B B r ., k_rd::--. L (s,z, - s, (z, ) ) r z ~,
J... + 1 r=O } z=l ,<;

whcrc

11 1 (")k+l [( I 11 BITI) = - k + 1 Zt In no + !Joz¡ - St

.11 !'~1 dz ]+...•, --13--'
1 S Zt - z

conlains the divcrgcnt lcrms. Aftcr pcrforming a subtlc anal-
ysis for rM (sec ncxl appcndix) we ohtain lhe following fin¡le
rcsult

TB = __ 1_ (z")'+11n 12MI (E", - E) III
J) k +! ' E/3M2 s,.

As

wherc

1'.B -1 IMI (E", - El I
n - 11 E(3M2 '

Alf - JI] + m2

EH! = ? \! .
-' 1

Thc cxplieil valucs for ¡¡II3, in Eq. (41) ror k = 0,1,2 are:

l1TII, 1'." "1 I 11 B 1{J = Ll.: () - ~s II ::, + s, ,

1 [ .'] 1¡¡TII 2 _ (,11)- 1'.11 __ '" sU
1 - 2 -, ~I o 2'~ I

1 (, B.I3)! lB 131- 2" 8,,-,, - SI -1 11 Z, + St '

¡¡TI3 _ ~ [.:1 _ (.11)'] 1'.13
2 - 3 "-'/ -, o

1( 2.11(13)2 "',) 113 111- - ."1=, - SI Z, + - 111 Zt + St '~ 2
where TJ1 and Em, are given in Eqs. (42), and s" Zt. s~~,zp,
are given in Eqs. (43), and

B EIJ
~s =s, - s, =-

.112

Appendix VI
lB B 211

(jo + )oZt + .'if = SI'

=f+1 I I ZtZP - 1 =f sJ'St I:¡:--II. .
k + 1 Zt - zJl

lhen

¡¡pI = __ 1_ (=:')'+1 In IMI (E",- E) I
k + 1 E/3M2

__ 1 {~[. ,_.11 ( ")'.] J':' -,_,d=}k 1 L StZt SI z, .. - .
+ r=O ::=1'<;

\Ve use now lhe following relarion lo simplify

:::,=:1 _ 1 + St.'1~~

::, - ::p = (E", - E) MI
J'v12E/3

B 1 (")1+1 .Tu = - C--¡ o, IlIu luloo + uoz - si
" + :-+:r

0I0_1_(.1I)k+1 l. (1IzPZ-1:¡:spsl), 1 -, uu tl n ',,:+ :-+::' Zt - Z

dueto

12(0) = I (Z:1 _ =':~=
1 =P z - 1:¡:V(zp)2 - 1JZT=\

:¡: --,==== lB ----~~-------V (=1') 2 _ 1 Zll - Z

Finally

RTB __ 1_ [,k+l _ ( B)k+I] 1'.B
~- - 1.: + 1 ""1 ZI o

__ 1 {~[.,r _ ,B (,11)'.] j.'~,k_,.tiZ}, L- ."1"-'1 ::>, -, '- -.N+l s,.=0 l.

Then

TII- 1 (.11)'+1 l. 'loo+uoz-sllJ - - -'--1 -, 1111 II R,,:+ :-+::1 Zt - z

1 (13)'+1 . ( 1 u B- -"--1 =, lllU In z, z - 1+ St .••1) ," + :-+.::'
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ami

TU _ 1 (,,)k+l J' liaD + /'oz - si
D - --'--1 Zt un n Il

h~+ z-t.::J Zt - z

1 B k+1 I u '1- k+l (z,) In 2(8,) .
Here we apply L' Hospital rule

Iim I no + !Joz - si = I ha - z~ /sP 1= I zP - bosP I
.:-+.::' .:p-z -1 sp'
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