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Within the framcwork 01' Ihe Iillilc lime lhcrmodynarnics. the cfticicncy 01'lhe Curzon alld Ahlhorn cyelc ' ••..üh linite time aJí.ihals is found
llsíng the cl'ological funclion instcad of the powcr as maximizatioll rritcrion. h is ~h(l\';'1ltha1 the ccological cflicicncy is givcn hy a power
series ex..pansion in the parame!er..\ "'" 1/(ln l~llax - 111l~nm). where 1~"axand \~lli" are the maximum and Ihe mínimum volul1les spanned
hy Ihe cyc!e. respcclivc!y, 11is shown tha! when using instantancous adiahats Ihc ohtained erticienry is Ihe lero order term of Ihe power series
in ..\ and Ihat ít represenls an uppcr hound on the possihle value of the ('rological cftiriency.

K(\'\I'(ml.\':

En el esquem;l tic la termodinámica tic tiempos I1nitos. se encuentra la cliciellcia de! ricio de CurlOn y Ahlhorn con adiahatas no instanláneas
u..•ando la fllnci6n ecológica en vel. tic la potencia como criterio de m;l\imi/ación. Sc muestra que la elkicncia ecológica se cxprcsa como
\lila scric de potencias en el par<Ímclro..\ •....•1/(111 \~Il"X -llIl'~nill)' en dondc l~nax y \~11l11reprcsenlan el volumcn máximo y el volumen
mínimo suhlcndido por el ciclo. rcspectivamenle. Sl~lIluestra que cuando sc cakuta la elicicncia c(ol6gica usando adraha!as installl,íncas. ésta
constituye cllérmino de orden cero de la serie en potencias de). y ljllCcOllstiluye una (ola superior para el valor de la eficiencia cl'otógica.

/)('scril'/(}f"('.I:

PACS: 44.h,+k: ..w,90.+c

1. Intrndm'tion

EnJorc\"t2'rsihlc linilc-timc thcrmoJynamics (EI:-rT) is an ex-
ICllsion (JI' classÍl'al cquilihrium thcrmodynamics f(lr thefmal
cngincs thal includes time tlepel1dcncc 01' Ihe inlcractioll pro~
ccsscs will1 the eXlernal soun.:es while excluding irreversihle
dfecls \\'ilhin lhe working suhstance 11. 21. Tl1e cxclusion
01" intfinsec irrevcrsihle crfccls in Ihe suhslance, Uf cndore-
\'cn.ihle hypolhesis. is considcred for cases in which the in-
lernal relaxalion times 01' Ihe working suhstam:c arc ncgligi-
bly short cOlllpared 10 lhe lolallime orthe cycle. The Curzon
and Alhhorn (CA) cngine [:l] (sce fig. 1) is a Carnol-type
(')'ele. in which lhere is no Ihefmal cquilihriulll hctween Ihe
working Huid and thc reservoirs at Ihe isothefmal hran('hcs
01' Ihe cycle ami in which lhc adiahatic hranches arc taken as
instanlanellos. Thc CA cycle \vorking al the maximllIll powef
rcgime has hccn shown to have an erficiency gi\'clI by

1:'

T
r,

,

r,

whcrc T'l ami TI are the ahsollllC temperalllrcs (Ir the cold
and hol resefvoirs respeclively. In contrast, lile efticiency 01"
Ihc lero powef oUlput engine, thc Carnot cyclc. is given by

rr;
'kA = 1 - V T;'

'le = 1 -

( 1 )

(2 )

F[(¡URE t. Curl.Oll and r\hlborn cydc in Ihe enlropy S ami abso-
lute tempcratllfe T pl;mc. (21 rcprescnb ahsorbed hea! at absolute
tl'mpcraturc TI amI (¿.! rejL'C"lcdheal al ahso!ule tcmpcraturc Tol.

wllere lhe Tl and TI are the ahsolule lempcralllres 01' thc
working suhst,lIKe at lhe isolhcfmal hranches O; < Ti).
NOlicc Il1al sincc hy dctinilioll'l == 1 - (h/QI, Ihe entlorc-
vefsihilily condilion namely (jI/TI;::: (2!)T'!.' makes Eq. (2)
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¡!lis cxprcssion will oc shown i(self useful in wllat follo\Vs.
Thc Carnot cfficiency is rccovcrcd fmm Eq. (4) hccausc for
a Carnol cyclc. T,/TI = T; /Ti. Thc Curzon ami Ahlhorn

cffkicllCY is rccovcrcd hccausc in Lhis case, Z = JT'J./T¡.
For cndorcvcrsiblc cyclcs with (Wo isothermal branchcs. one
has z = z(T,jT¡).

Sinec lhe puhlicalion 01' the Cunon and Ahlhorn papeL
an cxtcnsivc \\:ork has heen done in lhe field of lhe 13FíT. To
ohtain Eq. (1) somc aUlhors use lhe formalism 01' dilTcrclltial
and variational calculus [4-GI. Othcrs use lhe formalisJll nI"
lhe optimal controlthcory 17-11).

Angulo-Brownl12, 131 has advanccd an optimi/.ation cri-
Icrion ror lhe CA cyclc Ihal comhines lhe powcr OlllpUI of lhe
cyclc P and lhe total entropy production a; il has been called
ecologicai funclion and is defined as follows:

2. Thc Gutkowics-Krusin, Procaccia, and Ross
l1Iodcl

Here. (l denoLes the thermal conduetivily. v == 1/(, - 1)
whcre ') denoles lhe quoliellL nI' speeilic hcals of Ihe work-
ing suhstance, ') == cJI/cl': f,u' is Ihe cycle perioJ and lhe
adiahatie hrallt:hcs are not inslantancous. In faet.

To make this paper self-contained we inelude in this section
i.I review of some results fmm Re!'. 14 that we need for Ollf
preselll purposes. 1n lhis model, the aUlhors consider the ideal
and a van der \Vaals gas as a working suhstance in a cylilllJer
with a pistoll engine for which Ihey assume the piston has
mass; this facl has no inlluenee on Lhe elHJoreversible charac-
ter 01' the CA cycle.

The power. deflned by Ihe quolient of lhe total work out~
pUl \ F and lhe tOlal time t 'nt is found to he

(8)
(\ (Ti - T;) (hl ~ + I'ln ~)

1:, Ti T;
lll---':"" ----+ -

\'1 TI - T¡' T; - T,

\\'1'",-=
t l,,'

(4 )

(3)
aplicahlc lO aoy cndorcvcrsihlc cyclc. Upon calling

7"_ 2
Z = T*

1

'1 = 1 - z;

wc have that

The looked for comprolllisc has been achieved inasmuch as
llll' hehavior 01' lhe l/E. \'('r.m.\' /3 is almost coincitlent wilh the
~ernisllm i12).

(9)

( 12)

( I 1)

( 1O)

( 14)

(13 )

\'3
1" = hIn -10 •.,

171
I1 = - hin V, .

R T;¡., = - -
- f\ TI - T"2

alld

ami

ami

f,u' ::::::ti + I'!. + t:~+ 1.1

"(Ji •-¡-=o(T,-T,). ;=1.2
, 1

(
V, )(1 - z) In"':'" + u1n ~

p = (lT~ \'1
In pi;;, --+---

1 - J' z" - {J

\/:1
f.) = f,lll-
- \1:2

with

where Lhe times for Ihe isothennal hr:lIlches have heen founl!
lo he,

R is Ihe gelleral conslant 01' gases. The heat llows. Q¡ llave
hecn assllJ1led 10 he given by Newton's law 01' heat lransfer,
Ilamely,

and Ihe limes rOl' Ihe adiabatic hranches have been assumeo
lo he

The pO\vcr OlltpUl, Eq. (8) is rewrittcn in lerms 01' the vari-
ahles ,r == TI/TI and :; == T'!../Tt; Lhe ensuing fllllction
l' = 1'(.1'. z) n:llncly.

«(¡ )

(5)

(7)

E", P- T2a.

Upon operation of a CA cycle, enlropy is produced which
dcpcnds 011the lernperature differel1ces belwccn the working
suhslance anJ the rcscrvoirs at the isothefmal hranches [51.
The use 01' Ihe power ouput as an optirnization crilcrioll ig-
llores the entropy production. On the olher hand, il is only
ror lhe Carnot cycJe that the cnlropy production is zero. but
al the pricc of having zcro powcr output. As <ln oplimization
criterion the function E rcpresents a cornpromisc to ohlain
the greatcsl possible power with Ihe leaSI cntropy produc-
tion, \Vhile a nurnber 01"dilTerent optimizalion critcria might
he proposed, the ccological funclion rcprcsenls a lirsl slcp
towards ohlaining a crilerion to cvaluate Ihe performance nI"
Ihermal planls wich \vill includc ccological considcraliolls,
i.e. consideralions concerning the thermodynamic degrada-
lion 01' Ihe environlllent.

II has heen showl1 [12}lhal for instanlaneous adiabats.
E' = E(T; /Tt) is a cOllvex funclion with a single maXiJl1l1111
Ihat leads lo Ihe following cfliciency in lerllls 01' li :5 T,dTI:

1+ 2{J+ (3/2) 12({J + li') 1/2

'lE = 'le 1 +3/3+2I2(13+fP)I/'

GUlkowics-Krusin. Procaccia. and Ross 114] have sl1o\I,.'n,hy
explicitely laking iOlo consitleration the time for al! amI each
one nf lhe branchcs of the CA cycle in lenns 01' thcnnody-
namie propcrlies. lhat IJCA has an upper hound in (he limit
when \1;/1'1 -+ OO. lt is Lhe purpose of Ihe prescllt papel" to
exhibil :m analogous rcsult for Ihe ecological cflkiency.
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FUi LJRE 2. Pnwcr functiilll -+-1'.(:). I.:nlropy producfinn ~ (z) ami
." J './1

(he ccological t"unctioll "~~I(:;), ~cc Eqs. ( 14). (1R) and ()9) rcspcc-

tivcJy. Hcrc TI = 400 K. ¡-J = 0.7[, and'\ = O.

( 15)

[.\(1-:) - :(1+ .\11I:)](z -13)(z:r -13) =
z(1 - :r)(z - 1)(1 +.\ 111 z)l3,

Icaos through lhe conditions for lhe maximum, namcly
OP/O.r = O a",1 OP/O: = O, lo 0004

:+13.T=--2:
and to

whcrc..\ rcprcsents lhe external paramctcr,

.\ = _0_
- In.!f

\ ,
Illcaning !har

Pm1\X = Pmax(x(z),z).

'1", = 1 - :(.\ = O) = 'le,.

That ¡s, PIJ1i\X is a projcclion on lhe (z, P) planc. 1I is also
found tha! al lhe maximum powcr condilion z is givcn hy a
power series in ).:

( 19)E("" z) = nT
I
_(I_+_.\_h_1z_)_(I_+_I3_-_2_z_)

1 Z
--+---
1 - :r ::r- 13

¡r, = ¡r, (Ti /T¡')" ami where.\ is given hy Eq. (15). With
Eqs. (1 R) and (R) the expression for the eeologieal funclion
becomcs

Figure 2 shows the hehavior 01'r/nrl, (j InTI and ElaTI in
Ihe;l' constant plane. al ), = O and /3 a given constant valuc. 11
is apparenl thal Ihe maxirnurn powcr oUlput is achieved wilh
high production of entropy. it is also apparent thal zero cn-
lropy production is achieved wilh zero powcr OUlput. while
lhe function E reprcsents the maximum possible power oul-
pUl with the minimulll possible entropy produelion,

Upon Illaxilllizing lhe two variables funetion E =
E(.r. z) (13 dcfined positive and.\ defined semipositive, he-
ing external paralllelercs). we obtain for BE/DI = O and
OE/O: = O,

111 (J] .\' + O(X').

( 16)

lO 1 lO ,: = v(J+ 2(1- vl3) .\

+ ~(1- .¡¡i)' [(1- v1J)'
4 2v1J

Upon suhsliluing Eq. (16) in Eq. (4) and heeause Ihe lerms in
Ihe series (16) are positivc, an uppcr oound for lhe cfllcicncy
"/1/1 is ohtaincd whcn ..\ = O. i,{!., whcn lhe machinc sizc gocs
lo infinity. it is lhe following one:

ln lhe ncxt sc<:tion we construct lhe cquation analogous lo
(16) for lhe ccological funclion following Ihe Gutkowics-
Krusin, Procaccia. ano Ross model oullineo here.

: + (J
.r = -- (20)

2=

and lhe following relation bewcen the variables z and x:

3. Tite eco)ogical function

In the ccological funclion (5). wc takc P from Eq. (8) ano
Ihe entropy produetion lerm (J as (J = DoS/t.o• 15], where
:j.S rcprcscnts the cnlropy change causcd al the isothennal
hranches hccausc of Ihe heat transfcrs Eq. (13):

( 17)

Bere. "01 is given hy Eqs. (9)-(12). In lerms oftlle variahles
(:1:, :.;: 13) (1 hecomes

[2(1 +.\ lu z)z - .\(1 + (3 - 2z)J (z - (3)(z.r - fJ)

=(I+I3-2:)(I+.\lnz)(l-x)l3z, (21)

respcctively.
The suhstitution 01'.1' in Eq. (21) gives the cquation lhal z

nhcys al lhe maximulll nI' the ccological funclion. hcncefonh
we shall denole il hy Ihe capitallelter Z:

[2(1 + .\Iu Z)Z - .\(1 + (3 - 2Z)] (Z -13)

= (1 + (J - 2Z)(1 + .\ lu Z)I3. (22)

TI (I + .\In z)(z - (J)
(1=0-

T, 1 :--+--
1 - ". z:r - (3

( I R) Ir we supposc that Z == Z(.\) is given by a powcr expansion

Z '" bo + ['1.\ + b,.\' + b,.\' + ... (23)

where thanks lo lhe condition of endorcversihilily, we
have lIsed the Ihermoslalic results V,dV. = \/3/V, ano

wc lindo upon taking Ihe implicil succesivc dcrivalivcs of Z
with respect 10.\ in Eq. (22) ami equating them wilh the

Re ••.M<'X. Fí.-'. 46 (1) (2(XX)) 52-56



THE ECOLOGICAL EFFICIENCY OF A TIIEKMAL FINITE TIME ENGINE ss

b'
TABLE 1. CompJrison of vnrious cfllcicncics for sorne plants. ?lc CarllOL's. Eg. (2); 'lcA CllfZOll and Ahlhorn's. Eg. (1); the semisum '1s.

Eq. (7); (he ccological cfllcicncy. lJgi. Eq. el?) and (he OhSCfvcd (lile '1obll'

Power Plan! T,([{) TI (1,') llc lJCA 'l. 'lg; 11"h••

\Ves! Thurrock 1962 con\'cntional coallircd steam plant 298 838 0644-1 0403367 0.5240 0.5090 0.3600

Lardarcllo (Italy) gcothcrmal stcam plan{ 353 523 0.3250 0.1784 0.2517 0.2482 0.1600

Central sLeam powcr stations UK. 1936-1940 298 698 0.5731 0.3466 04598 0.4481 0.2800

Slcam power plan! USA 1956 298 923 0.6771 0.4318 0.5545 0.5379 04000

Comhincd-cyclc (sIC;¡m and mcrcury) USA plant 1949 298 753 0.6194 0.3831 0.5012 04874 0.3400

[)ocl 4 l3c1gium 283 56 0.5000 0.2929 0.3964 0.3876 0.3500

coeflicients O, in Eq. (23), that,

Z('\) = ~(¡J + 11'){ 1+ [~(1 + 313») (3: 11' - 1] ,\

[
fr.(1 +3IJ) 1 ¡-'2

+ =IJ-+-IJ-2- - 2 V 7J+7f'-13-+-I-PIn ~(lJ + 1J2)] [1 + 3{3- ,1)~«(3 + (3')] ,\' + O(,\3)}. (24)

Furthcrmore, using (3), wc can writc lhe cfficiency as a powcr
series in A,

'1, '= 1 - Z('\).

In (he particular case when ..\= O we f1nd lhe value

(25)

a",1 (19) have Ihe same form with V replaceo hy V - {¡

a",1 wilh the pammeler ,\ Eg. (15), replaceo hy ,\,W '=
vi 111[(VI - o)/(VI - /1)), here {¡ is the van oer Waals con-
stanl Ihat eorrecls lhe volume and depends on lhe substance.
The reievant equalions for lhe van der Waals gas are lhe 1"01-
lowing:

'1,,' = 1 - Z('\ = O) = 1 - .J¡j)~(l+ (3), (27)

\\'hich is lhe maximum possihlc one, since all lhe terms in
Eq. (24) are positive. From the expressions given here for
(he oifferen( efliciencies, Eq. (3), with z = JT,ITI, for
'/cA' Ell. (7) I"or l/s. and Eq. (27) ror lhe maximum ecolog-
ical crtkcl1cy 1",i, il is easy lo prove Ihal l/s> l/yi and thal
'/y; > '/JeA' Tahle I shows a comparison between,lc, 1/cA' '/s
and 'hJI for diffcrent heat engines taken from Re!". 12. It is
sccn that 'leA < 'h,i < lIs as expecled.

\Ve musl poinl out lhat lhe efficicneies 1lE given in Eq. (6)
and llgi given in Eq. (27), hOlh calculated al the maxillllllll of
the ccological funclion E. are the sallle function nI' 13 as can
he seel1 upon suhslituting 1le = 1 - (3 in Eq. (6) and laking
out the eommon faclor J1/2(/3 + ¡J2) in the nUllleralor 01'
Ihe rraclion. Thus wc find that in the same \vay as il happens
wilh lhe efficieney at maximum power [14], Ihe efliciency at
rnaximuITI ccological funelion, calculatcd with the assump-
¡ion 01"instanlaneous adiabats corrcspol1ds lo lhe eflicieney
at urder A = (J. ¡.c.• eorrcsponds lo an inflnite machinc sizc.

Notice lhat lhe previous calculalions for an ideal gas,
can he made for a ditTerent equation of Slale; in parlicular,
ror a van der \Vaals gas, lhe equalions replacing (8), (18)

and lhe eorresponding value ror lhe eflkiency

Z('\=O)=
1
21!(1 +(3) (26) (Ti - Ti) (In :~3- ~+ "In TT~)

U' n "1 - u 1
l' = - = ---- --------------

-1,", I',-b Ti Ti
In -1-- -- + ---

\ I - b TI - Ti Ti - T,

TI (1 + ,\"w lnz)(z - (J)a = (1'----------
Tj 1 z '

--+--1-" z;r-IJ

E( . _) __ l' (1 + ,\"w In z)(1 + (3 - 2z)
.1 ,_ (f 1 .

1 z--+--
1 - ," z:" - IJ

The lime assoeialed to the adiahalic hranehes is a characler-
istic that depends on Ihe particulars of the cngine. thus ir we
gcncralizc lhe time of the cycle hy taking fto• = f I + kf']. +
h + /;1,1. with k a real number, wc allow lhe time 01'lhe adi-
ahalic branches to he varied as we vary the value of k; with
this Illodillcation wc find the same results (21) and (22) with
,\. '= (1 - k)'\ inSlcao 01' ,\ ano Eg. (24) mooilieo in the
follO\ving rnanncr:

Zd'\) = J~(¡J + ¡J2) [1 + 1.-(01,\ + 0,,\' + ...)]. (28)

4. Conc1usions

Wc have shown lhal Ihe ecological cfficieney 'ly(..\) given
in Eq. (25) with Eq. (24) or Eg. (28), which is oh(ainel1 hy

R"" Mex. Fr:.. 46 (1) (2IXXl)52-56
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considcring a general finitc time dependency of lhe adiahats
rOl' ideal ()]' van del' Waals gases in a Curzan and Ahlborn
m<lchinc can he \"'Tiucn as a powcr series in lhe paramc-
ler .\ '" ,,!(1" V:, - 1" V¡j. Eq. (15). This parameler repre-
scnls lhe maximull1 distancc in VOIUIllC that lhe cyclc spans.
\Ve have found Iha1 and uppcr houllo for lhe ccological cf-
licicncy (lccurs whcll .A = O. ¡,e., whcn V1/VI -+ 00, nI'
in words whcn lhe mi1chinc sizc is inflnilc. Thc maximul1l
"aluc attainable by lhe ecological cfficicncy is lhe one found
whcn olle aSSlJl11CS instantancous ad¡abats. Thc ccological cf-
ficicncy then satisfics lhe salllc malhcmatical propcrtics that
lhe Curzon and Ahlhorn effkicncy f/CA' satisfics [1-.1].
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