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We study SOlTlCsimple une dimcnsion~1 quantum mcchanical systcms ¡,;haraclcrilcd hy a posilion dependenl cllcclivc mass. We consiJer two
systcllIs with pic(:cwisc llat pOlcntial and mass. as wcJl as a case wilh a smooth position t1epcndencc ol1thesL"1",0 quantities. Thesc cxamples
illu•..trale the illl1uenl:e that a nOIl-«lIlstant cffcctivc mass has on Ihe den ...•i(y tlf Ihe (nound state) ellergy Ievel••.

Kf'I'II'(m/.c Effccti\'c mass: quantulTl systcms

1:11esle llaba.io se estudian algunos siqemas mec:ínico-cmínticos unic!imcllsiona!l;s scnci Ilos caraclcrit:al!os por una masa efectiva dependiente
dI.' la posici(¡n. Se consiJeran Jos sistemas Llonde el potencial y la masa efectiva se úellncn a inlerva]os (om:ll1t1ovalores constantes diferentes.
a..•í 0I111\lUllca •..o en 411eestas Jos magnitudes dependen suavemente de la posición. Los ejemplos analizados ilustran la influencia que una
lIla....a dCdiva variahle ejerce sohre la densidad de niveles de energía (de los estaJos ligaJos),

1)¡'_,a;l'fOrt',\: ~lasa efectiva: ....¡stemas cu(¡micm

PACS: 03.65.-w: 03.65.Ca: 03.65.Ge

( I )

1. 1ntroductinn

A qualllulll Illechanica\ particle cndowed with a position-
depcndel1( ellcclive milss (()Ilslitulcs an inleresling ami uscfu\
model for Ihe study 01' m;¡ny physical prohlellls. The etTec-
live mass approximaLion providcs an importanl and widely
lIsed Iheory rol' the detcrminalion of lhe c1ectronic proper-
lies 01' semiconductors 11] and quanlUIll dots 11] (however. as
is sl10wll in Re!". J, Lhis approximaLion is valid ol1ly ror sys-
ll'ms wirh largc l.:oherencc lengths. which is nol lhe case of
hi~h Te superconducLors), InLcrest in Lhis kind 01' approach is
~rowillg nowadays. stimlllateu hy recenI prngrcss in crystal-
~f(mlh tcchniqlles rOl"Lhe production 01' Ilolllllliform scmi-
ronducLorspecimclls. Mucil \\'ork has heell done m'er Ihe laSI
YL';¡rson Lhe slUdy nI' lhe SOlllLiolls of Ihe Schrüdinger eqlla4

lion dcscrihing syslems witll non-constant 111.ISS,Some ex-
,lL"lly s(lluhle models with smooth potenlial ami mass steps
have heen discovered l'l.;j l.

The COnCL'pLnI' etlectivc lIlass also plays an importanL
role w¡thin the .sLriclllreS of Ihe cnergy density funcLional
(EDF) approach lo Lile quantulll Illany hody prohlcm, The
EDF formalisl1l has yielded reasonahle thcoretical prcdic-
tions 01' Illany cxperimcnlal propcrtics for scvera] qllanLulIl
1l1,IIlYhody systcllls. Within lhe EDF approach, Lhe nOll-local
1l.'IIIIS01' Lhe associatl'd potcntial can oc ol"tl-n expresscd as a
pt ,..•iLi(11ldependence on an appropriate cllcctive mass 111.(l').
This formali ..•m ha ..•heen eXlensi\'ely usell in nllcki [G], quan-
1um Iiquids 171.. llIe c1l1..•ters [8). and metal c1usters [D]. Thc
l"{)IlComiLant single rarliclc wa\'e funcLions ami eigcnencrgies

c(llllply wilh .1 Schrildinger eqll:ltion of Lhe form

[-\~V + 1;(1')]'1'(1') = E'I'(I'),
~IU'(I')

nesitles iLSpractical applicatiolls. Ihe study of qllantull1
mechnnical systeI1ls with ;¡ position depentlclll mass also
raiscs inlcresting conceptual problems of a fundamental na-
turco For eX~l1nple, Lévy-Leblontl has recently discllssed Ihe
ql1anlLJIll rnechanical problcm of;¡ ranicle with posilion de.
pendenL lIlass in connccL ion \vith lhe cOllcepl 01' instantaneous
Galilean invariancc 1101. Thc palh integral approach Loquan-
lum Illechanics for syslellls WiLh Ilonconstanl mass has also
hecll stutlied lit J,

Tllc aims ofthe prescllt wmk arl': (a) to stl1dy,taking into
aCl.Ollnl cffeCIS 01' a Illass lkpendence on positioll, the hOlllld
slates 01' somc simple olle dimensional SYSLCIllSusually dis-
cusscd in elementary lexls (In quallLLllTllTlechanics; and (b) lo
illustrate fhe ellect on the tlensity nI' hound stafc energy levels
nf a position dependcntm<lss,

Tlle p.lpcr is organilcd as I"ollows. In Sec!. 2 we providc a
hrier review 01' the Schródinger eqll:llion ror systcllls wiLh po-
sition lkpcntJenL c1Tcctivc mass. Sect. 3 deals with the cigcll-
flllll"t ions ami eigcnenergics 01"a tiniLc potential \\'cll with dif-
fcrl'nL insitJe ami outsidc Illasses. In Secl. 4 we considcr an in4

linilc porentia\ well wilh a lIlass step. In SCcl. 5 we compute
nlllllcrically Ihe eigenfllllctiotls and cllergy cigenvalues COl"-
rcsponding Loa particle with a (iaussian shapcd .r-dependcnl
cflccLive mass in an harlllonil' oscillaLor potcntial. Finally.
sOllle c.:ollclusions are drawll in Sed. Ó.
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2. Schriidinger e111lationwith a position depen-
dent elfective mass

The 01lc-(limcnsional timc-indepcndenl Schrtldingcr cqua-
lion associaled wilh a panicle endowcd with a posilion de.
pendent l.'tTcctive mass rcads [.1. ;', 1(JI

_ [~] ,1"1' _ ~ [ 1/ ] d'l'
211I (.1") (/.,.2 d." 2111 (,,.) d."

+ 1"(.,)'1'(.,) = E'I'(.,), (2)

Thc dillcrcnlial eyualion (7) 1m "(.,) l(loks like lhe mdinary
(i.e., conslan( mass) lillle-independenl Schrodinger equalion.
hut wil!l an e/le"gy depem/el/t I'Ofellfial fimClio/l lF(;r. E).
The pOlenlinl Ir is uSllally rcfcrrcd to as Ihe local et¡uil'lllelll

l'oTell1ial (LEP).
TIJe wave fUIlClioll cOllneclioll rules across an ahrupt in-

lerface U,e., ¡¡ disconlinuily inlhe clTcetivc mass) associaled
10 lhe Schrüdillgcr c411alion (2) are: i) lhc continllily of Ihe
wave lúnclion,

where /11(.r) Slam.ls for the partide's elTcctivc mass. F (.1') dc-
note'" Ihe pOlentiaJ. \]"1(1") is Ihe particle"s wave funclion (wl)
;¡nd 1, i:-.Plam:""s (Ollstant. This equalioll (an he casI as

amI ii) lhe conlinllity 01"11,1/11I(.1').

(9)

ir'l' = E~',
where lhe Hamiltonian operalor J-! is givcn hy

(3) ( 1 ,N') (1 ,N)~-;¡;: _ = ",(./) -;¡;:+ (10)

(-1)[¡ = P [_1_] ¡;+ \'(,)
2",(.,)

Tlle Schrüdingcr equation (2) can oc dcrivcd from an en.
crgy varialional principie akin to the slandard one. Iha! yiclds
lhe wave equalion for systcms wilh constant mass. Lel liS
t,:ollsider lhe ellergy cxpeclalion value

wherc Ihe suhindexes - ami + denole. rcspecLively, the len
ami righl hand siJes 01' Ihe Illass discontinuity.

3. Finite potential weH with dilTerent inside and
()lIl~ide masses

\Vherc L is lhe width or lhe well. Thc position dependent el'.
feclive mass is (see rig, la)

In thi'i sectiol1 \Ve ¡¡re going lo compute Ihe hound stale
eigcl1energies nf a ¡¡!lile polenlial well wilh an cffectivc m<lss
il/.\"icle JilTcrellt 1'1'0111rhal O/ll,\'ide lhe well. The corrcsponding
pOlelltiai 1'(.r) is givcll by

. j' [d ¡,' d ](1/) = d.,'I'(,) ----, --- + V(.,) ,!,(.,)
, d." 2/11 (.1") dI'

= j' d., [~( ('N'("))' + V("),!,,(,)] (5)
. 211/ .r) d."

1I is easy lo \'erify lha! Ihe minimization 01' Ihe mean eJl4
crgy (JI) under the Ilormalization conslrainl (\)"1\]"') = 1 kads
lo thc dilfcrcllLial equalion (2). Actually, Ihe Schrot.!ingcr
L'qlliltion (1) IhaL appears in tile EDF formalism is essential1y
ohlained in thc aho\'c fashion 112]. Purlhennore. the varia4
!ional principie \ViII prove uscful in ordcr to underslaml SOlllC
'1l1<1lilati\'e fcalurcs of thc cncrgy eigcnfullctions of systcms
wilh a position dcpcnden! mllSS.

An important lechnique llsed to t.!eal \\'ith the Schrodingcr
cqualion (2) is hascd olllhe changc 01' variahlcs [12j

1'(.,) = (J, [.,I:S Lj1.

\'(.,) = \'. 1.'[ > L/2,

'(/(.,) = '''" [.,I:S L/2.

",(.,) = (/'1. ["1 > L/2.

( 1 1 )

( 12)

( 14)

( 13)('r') "- -,- 'PI = E'!'I,
211I1

( ¡") " .- -.,- '1', = (E - \ )'Io,.
-11I2

The wave fllnctions inside ¡I}f d ,r) 1 and outsid.: 1\1'2 (.r) 1
lhe \1,.'('11\'cril"y. rcspcí.:tivcly, the dillercntial cqllations

anu

(6)

(7)

pgi,,(.,)'!'(.,) = -.- ,,(.r),
fII

whcre '" sLands ror "Irue" nakcd mass 01' the particlc.
It is slraightforward lo verify Ihnllhe funelion 11{r) eOlll-

plies with lhe dilTerenlial cquation

- .'," ,," + \F(.r, E)ll(.,) = E"(J.),
!-/I/

11"(,. E) = _"'_("_)[ve,) __"'_(.1_;) (_'_"_)"
111 211 2m(.r)

whcre E stands rol' lhe concomitant cncrgy eigcnvalue. Fol-
lowing lhe usual procedurc we propose the forms

> ) "] [ ]

1 ¡,- ,,>(.,)+- -- + 1 - -- E. (X)
2 (211I,(,1') 11/, \f' J = ('OS k,r

(odrl sollltiollS),

(1-'\'('11so!ntiolls), ( 15)

Rel Mrx. Fr.. ~(; i 1) 12iXIO) 7R-K4
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fOI"lile otld OIlCS. Equatiolls (21) ami (22) Icad, rcspcctivc1y,
lo

ami

(24)

(23)

(25)

(odd)

(t'\'t'n)('."..!-) (~) .
/112 k

. ('''1.) _ ("/,) (' ..)1<111 -.- _ - - -.
:! 1111 /,.1

( /;/.)1,111 T

whkh can he rel'as( lindel' lhe guise

JD'1.(lJ. _.:J
tall::;;: (1-----

amio
(a)

(h)

Fr(;("RL 1. (a) r\ squarc potcntial wcll 01' linitc depll!. Thc cffecli\'c
mass ildopls ¡he \'<llucs IHI insidc lhe \Vel! ano lII'l olltsidc it. (b) An
inlinitc pOlcntial \Vel! wilh ti mass step. Thc C'lfcclivc mass is ('qua!
lo 1111(Iefl :-.idl' of lhe wcll) ano lo 1/11 (ri!!ht sidc of lhe \\'cll).

wile!"c
/;/.
-:¡. D

:.! _ ///"2 \'1./- ".2f¡-

(26)

(27)

It wiJl provc convenienl for our forthcofl)ing discussion to ex-
press lile ma"scs 11/ J ,1 in tel"lllS nf a single variahlc 1/1 dclined
hy

hl!" lhe (unllol"lllalizcd) wavc fUIlClioll insidc Ihe wel!. the cos
and sill solulions lkscrihing ('ven and odd cigcnfunclions, re-
spectively. 01\ Ihe othcr hanJ. Ihe \\laVe function olltsitlc Ihe
wl'lI has tlll' appcarancc

~', = C ex!'( -k'¡.,.IJ. (16)
11/ I :;;:fl J ///. alld /11'2:;;: 11/. (2X)

Thc hlllllldary com.lilions (9) and (10) al ,f :;;:+L/'2 are

Replacing the an'a1l.' (15) "nd (16) in Jiq'. (J.\) "nd (14), \Ve
ohlilin, n.'spú'livcly,

(30 )

(29)

O<:<"D.

\. [2" ("/ \ '.l}) //2]. :;;: I +1111. - --,-
ir 21,-

Thc ahm'e l'xprcssion implies tha! for a small cnough value
01' Il Ihel"c is only (lile hOlllld slale. rcgardless 01" lhe value 01"

welJ parallleler D. The numher uf bUUlld stales, rOl"a given
value 01' D, is :In illcreasing funclion of n. The rools .: oí"
Eqs. (25) ¡¡mi (26) lie in fhe intcrval

TIll' ellccli\'e lIlass vaJlIc 1/1 adopled hy our partide when jI is
Olusidc lhe weH is regardcLllo coirH:ide wilh Ihe "Ifue" mass
01' lile panicle. In olller wonls, 1// is Ihe mass of the parti-
ele when il ('<In he n:garJed as arree partide lllal Jocs nol
inleract with ils environrnent.

The solUliolls : nf Eq. (25) provide Ihe ellergy eigenval-
ues associaled \vith lhe hOllnd states of cvcn parity, whilc Ihe
rools 01' Eq. (26) com:spontl lo lhe cigellenergies nI"lhe hOllnd
slales with odd parily. ln Ihe particular case uf n :;;: 1 (i.e .•

/1/] = /I/.! :;;: //1). Eq~. (~5) <tnd (26) reduce (o lile \1,'ell-kIlO\vn
Iransccndelllall'qualions delerlllining Ihl' hound eigenvalucs
nI' a finitc squarc \Vcl! 11.'3J. In Pig. :2 wc L1epict the Dehav-
iO!".as a IUllClioll 01' lhe paramcter n. 01' Ihe energy eigcnval-
llCSassocialed with Ihe lirsl five hound eigcnslates nI" a linite
wcH ""ilb D = i. Tlljs value 01' D determines, in the case nI"
(l .:;;: 1. a linilC sqllare \Vell wilh llve hOllnd slafes. The num-
hel" X 01" hOllnd stales is nol constan( túr ditlcrenf values 01' (t.
1I is delcrlllined hy lhe in(eger pan of 2fl D / ir, ;¡ccording lo

(21 )

( 19)

( 1X)

( 17)

(22)

(20)

Ck' (-"'1.)= - -- I'X) -.-
1112 2

(H) (-el)('o... 2~ = Cf'XP T .

(J-L) (-"'l)sill '2 = C't'XI' ; .•.

1.. (H) CI! (-k'l.)- ¡'os -.- = - -- ('xp -,-
/1/1 2 11I'1. 2

" ("L)--~lll -,-
11/ J ~

rOl' lilc cvcn solulions. antl

amI

¡.
- =01,.1

whcl"c

!' _ 2,",(1,' - E)
" - , .T,

Thcse t\Vo cqu:llions imlllcJialcly leal! 10

Nl'l'. /\1('x. Fí.\. "'6 ( 1) {200m 7X-X-l
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n-2

n-6

(.16 )

(.15)

(34)

( "2),, _
- -. - 'I':! = flJ':,!.

1.111 :!

\••..herc E stands rOl' the concomitant energy cigellvaluc amI
1]11 (O) = ']I:!(L) = tI. Fo!lowing Ihe usual procedurc \Ve pro-
rose thc ansatl.s

'fhe wavc fUIlt:tiotls '1'I (.r) (len siJe) ami w;?(.I') (righl
side) verify. respectivcl)'. the dilTen::ntial cLJuations

( 1/ ) '1",' = E'I'"
211I1

¡¡nd

2'6
n-'

a

'00

BO

60

~
.0

20

O
O 06

and

sin: = C(Sill)'':: - ta1l2¡.:ros~,..:), (-l2)

IT':,!(.!') = e :-;ill/"2.l" + e' ('OS k"2.r, (37)

for IIlc (ullnormalil.cd) wavc funcliolls in each sidc 01" lhe
\Vel!. Thc cllcrgy E is IlOWgivell hy

rJJ" ('l"E = ,- ,'¡ = ,- "} (.18)
211I [ 2/11"2 .

(.19)

L/2 are now

which illlplics Ihat

-, ("os: = ('(,fJS~I: - e' sin")';::. (40)

whcrc J"I = k, : = LJ,-¡-2. aud ~/ = Vil/l/mi' The hound~lrY
condilioll 011 1J.12 al ;r = L is

e sin '2'/ : + (" ('os:2¡ : = O. (41)

Solving rOl"(" in the ahove equalioll ami rcrlacing in (40) we
arrive al

EJ"l = V ~/;I'

Thc conlleclion condiliollS (9) and (10) al;r =

sill: = (.':-;ill¡':: +C'('os,;::,

(.11 )

Fl(;U~E 1. Thc lirst tivc energy cigcnvillucs of a finitc squnrc wcll
wilh (iiffcl"cnl "insidc" and "olltsit!c" m:lSSCS,as a functinn nf lhc
paramcter (l. \Ve takc T, = 11l".! = 1 anJ D = 71scc Ell. (17)1. 'fhe
L:llC'l"!!Y is !!ivCIl in unils 01' 1/L '1.

whkllllleans Ihal the cigcllcllcrgics t'lclong (o Ihe inlcrval

In Ihe c¡¡se 01"constan! Illass Ihis last cqualion .simply Illcans
Ihal lhe encrgy 01"a hound slale Illusl helong lo [O, VJ. Hmv-
cver, Ihe I"aet lhat Ihese hounds OH lhe cllergy spectra do "or
(/('1'('11(/ mI (\, whik lhe numhcr nI"hOllnd sl<ltes i1JCrea.H's 11,;,11

o. has <In il1lcresting physical consccuencc: ,he dCl/si,." o/
.H(/fe,," i.\' (111 iucreas;ug fimc,ion oIn. lv10re speei lically. when
Ihe cIlcctivc Jllass inside lhe weH is lowcr than lhe clTectivc
mass tlutsidc (o < 1), the densilY 01' slales orthe hOlll1d SPCl:'
Ira is hm:cr Ih;'lIllhe density 01' slales assodated with the con-
slanl lilas" sitllatioll. The oposile hehavior occurs whell lhc
dlel'liv~ m:\ss insiLle lhe well is largcr Ihan lhe mass Olllsid~.
This erfecl on lhe densily 01"slal~s call he clcarly apprccialcd
in Fig. 2.

.t. 1nfinite polential ",ell ",¡tI! mass slep

In Ihis ,",el'tion \"'e sludy the hound slatc eigencllergics 01"an
inlinitc pOlcnlial wel! in which :In dTcclivc mass Sh.'p ex-
ish: the valu~ 1/1 [ 01' lhe cllcclive mass in the len sidc 01'
lhe \\'1..'11(./' E [O. [,/2]) dilTcrs form ils right sitlc cOllnterpart
'''2 (.' E [1./2. l.]). Tile pOlen!i,,¡ F(.,) is given by

and
e

("Os: = - (("os~,: + t nn 2,,:: sin,;::) ,, (4.1 )

(44)

whl'1'C l. is Ihe widlh 01"the \Vell. The positioll dependcl1t cf.
fcclive mas,", is givcn hy (see Fig. 1h)

1'( .•.) = x ..•. < IJ 01' ., > L,

'"(.'')=''''' 0< .•.<1./2.

'1/(.1') = III:!. L/'!. < .r < L.
(45)

The rools ~:01' Ihis 11'~1I1SCelldentalequation delermine lhe
hOlll1d slatc cigcllcllcrgies 01"(he mass-step infinile \Vell. \Ve
lindo for al1 valucs (Ir -1, an infinitc numhcr of roots ando COl"-
respondingly, an inlinitc llulllhcr 01"hound slalcs (as jt hap-
pens, nI' l'ourse, in lhe 1 = 1 instance lhat t1escrihes the \\'ell-
known intinile well wjlh constant mass). Thc eigcncncrgies
¡¡re givcn hy

(.12 )

(.13)

O< .•. <L.\ .(.,) = o.

Rt'l'. Mi'x. Fú. ~(l(1) (2000) 7X-X..t



82 A.R. PLASTINO. A. PUENTE. M. CASAS. F GARCIAS. ANIl A. PLASTINO

,,.
100 "<,~'
7' ,<=~~
.0

n=3

,.
no'

n=1
O
1 ••• , 2.' 3

7

2

O

-2

-.
z

•
FH;UI~E 3. Thc lifsl ¡¡ve cnergy eigcnvl1lucs of nn infinite squarc
\Vdl with a l1lass SICP as a funclion of Ihe paramctcr '" Wc sel
(,= "'1 = 1. The energy is g:ivcn in unils of l/L'l.

fl(iURE 4. Thc inlCrSec(ions 01"(he curvcs tan z and -"f tan 'l::, ror
...,.::;; .1. yicld the valllc~ (11':: ::;; I.:LJ'2 Iha! determine lhc eigcllcner-
gics of the infinite POlclllial v.'e11wilh ,1 Illass slep.

and lhe <.:orresponding cigencncrgics approach lhc Iimiling
values

The ahovc cquatioll illlplies lhat, whcn 1112 is lIluch li.lrgcr
Ihan 11/ l. the cnergy cigenvalucs orthe sysLem hehavc as ir lhe
parliclc had a <':(JllstanllIlass cqual to 11I2 and wcre conlincd
lo an inlinile well 01' Icnght L/'2. As far as lhe cncrgy spcc-
IrulIl is con<.:crneJ, "Ihe largcr mass wins". It is also worth
considcring the hchavior, as l. ~ 'XI. of Ihe codfkicnts e
and e' appearing in the cxpresion ror W:!{.r). Il is casy lo see
I'mm Eqs. (42) and (43) lhal, in Ihal limil.

Ir:1 j;.; a solution 01' Eq. (44) ror a givcn 11. then =2 =
:1/11 is a rool of a similar cquation hut with a ncw va¡uc
01' 1 givcn hy ¡, = lh,. This symmclry 01' Eq. (44) is jusI
a L"(lI1scqucncc 01' Ihe rael that intcrchanging lhe masses mi
and 1JI2 wc cnd up with csscntially Ihe same physical silua-

líon as lhe original one. More spccifically, hy intcrchanging.
Ihe masscs we ohtain a mirror imagc 01" lhe original prohlclll.
It is dcar fmm Ihe ahoye considcralions tha! therc is 110 toss
{lf gCllcrality ir we rcslricl our forthcoming discussion (o vaJ-
ues 01' ~( largcr Lhan unity (lhm is. 10 mass sleps whcrc Ihe
len handsiJe nwss mi is smallcr lhan the rigth hand sitie one
1IJ2).

The hchavior orlhe tlrsl five cnergy cigenvalues as a func-
[ion (lf f is dcpiclCd in Fig. 3. We can sec lhat lhe dcnsity of
slalcs incrcascs wilh l'

The transcendenlal Eq. (44) can he sol ved exaclly in Ihe
particular case 01'~l= 2. For such a value the equatioll veri.
liel! hy lhe variahle ::;reduces ilsclf lo

'2,/
£'I=-L"

1111 -

<111(1

( )' .) ",'liT. _rr- 1, :!
- =---.,'/1.
~¡' 11/2£-

C' -> Il,

(1/ = 1.2, ... ). (51 )

(52)

tan.:(tan2:; - 5) = O. (4(,)
C=(-I)"¡. (53 )

The l'<HTeSp(llltlingeigenvalucs 01'lhe energy are
The ahoye two equalions imply rhal. ror large values 01'...,..

Summillg ur. WhCll '/1/2 » 1111 lhe eigenstatcs of lhe syslcm
hchavc in such a way thal

E(1) = 2',"(11 + 1)',,'
11 '11I'1£2

,.,( re ,E(2) =:2 ,- arct.an v5 + 1l1l')

" 1/1,,£2

(11=1,2 .... ), (47)

(,,=1,2, ... ). (4H)

I l/ir'1>:, (.1')= (-l)"-! si" -(--.1'.- L/2)
(54)

ami

¡;;(:Il_ 2'1
1{rr - <tl'ct.an J5 + 1111')2

"1 - /111£2
(11=1,2 .... ). (49)

• Thc parlick is almost (;omplctely conlined lo lhe part
01" the wdl where the clleclivc mass adopts its largcsl
value 1112.

11is ;\Iso instructive lo consider lhe limiling situalion 01"
~, ~ 'ÁJ. In that case. lhe roo{s of lhe Iranscendenlal Eq. (44)
lello lo (sce Fig ...•)

• Wilhin tha! pan of Ihe \\'cll whcre Lhe mass valuc is
III',!. the wavc funclioll looks Iikc Ihal 01' a particlc 01'
I11ass1/12 in ti wcll 01" lenght 1.(2.

n7r
(1/=1,2 .... ), (50) • The eigcncllcrgics appnlach those 01'an infinite well 01'

lenght L/'2 wilh (onstanlmass 11I2.
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FI(;URE 5. Thc lIrsllcn cnergy eigenvalues of lhe hmmonic oscil-
lalor rotcnlial .1'1/2 with a posilioll <.JcpendcnlcffccLivc mass givt,.'n
hy 11I(.1")= {l + /1 t'xp( _.r:l)] -1 . as a fUllct;on 01' lhe p¡¡ramt:ter ,l.

FIGURE h. (a) Thc dlcctivc mass '/11(J:) aS •.1 function nI' Ihc coor~
dinatc .r ror d =: 20 ami the associateo locnl equivalent pOlcnlial
for varitllls cvcn kOlltinuous I¡ne) anu oJo (dashedlinc) cig:cn~tates
01' Ihe harmoni( pOlclltial wilh crfectivc rna~s. For ('omparison, the
harmonic oscillallJ1 POlclltial (dotteu linc) is al so shown. (h) Sarnc
as ri~.ha (or.:1= -1/'2.

In Ihis sed ion \Ve cOllsidcr a {lne dimensional harmollic po-
ll:ntiai (s~t1il1g ¡,J- /211I = 1/2)

~:o
- ~=20

~ •• O.5
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I
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FIGURE 7. Thc prohahilil)" dcnsity fllllction p(.r) = L,l~1 I\}I(,")I:.!
corrcsponding: lO len particles oCl"lIpying {he fhst single partide
states (olle partirle pcr Icvcl). compute,o fOl"Ihe snme ¡} values as in
Fig. (J. NOlicc Ihat¡J = O corrcsponos lo Ihe constant mas s rasco

SOCi;¡ICd\•....ilh the eigcnfllnctiol1s of lhe system willlend 10 he
small ncar:r ;;:: (l. Thc ncighhourhood of.1' ;;::U. whcrc the ef-
fectivc Illass adopts ils lowesl value. aCIS as a "repeller". This
is c!car1y showll in Pig. 7. wherc we depict lhe prohability
dCllsity ¡(,.) ;;::L:~I11J/(.r)]2 corresponding lO ten particles
occupying the nrst len single particlc slales (OIlC panicle per
Ievel).

Thc LEPs for lhe lirsl ten cigenstates and /3 = -1/2 are
displayed in Fig. 6h.lnlhis case lhe elTeclivc lllilSS nem:r := O
is largcr than lhe onc al 1.1'1 -+ oo. while Ihe LEP function at-
tains a dccpcr minillllllllllcar.1' ;;:: (J. As in {he prcviolls casc,
Ihe ellcl:t tille to (!le posilion dcpcndcllt mass hecolllcs more
cvidcllt l'or highly excilcd statcs.

For holh posilivc and ncgativc values of lhe parametcr ¡J.
lhe W;\ve funclion tcnds to concentralc lowards those places

(55)

(57)

13> O =} IIIC¡;) < 1,

1; < O =} '"C") > 1.

We ha ve Iha!

2m(:r¡

The Schródingcr cqu<llion (6) has oeen so)vcu numerically by
fl."l'OUfSelo Ihe NUl11crov standard l1umcrical algorithm 11-11.
The corrcsptlnding IIrst len cigcnvalues are dcpictcd in Fig. 5
1m ¡i E (-1. 100J. For c1arity's sake lhe even and lhe "dd
sIates are lIisplaycu scparatedly. NOlice thal Ihe ctleel 01' ¡]
SJIlooth position dependenl elTectivc mass on lhe energy k'v-
els is qualilalively lhe same as the onc produced hy a picec-
\Vise !lat clTcctive mass. The level density is a [TIOnotoflollS
dc(reasing function of thc para meter i3. As {3 incrcascs, amI
Ihe dTcclivc mass 11/(.1') decrcases, the gap hetwcen the en-
ergy Icvels increases.

Since we no\V have oolh a smooth pOlcnlial and a s11l()olh
11l:lSSit is inslrm:livc lo considcr lhe associated local equiv-
alent potenlial (X). The LEPs corrcsponding lo lhe rlrsl ten
l'i~el\stalcs and :1 ;;:: 20 are dcpicted in Fig. 6a. Il is inler-
l'stin~ to IHuice thal Ihe LEP heeolllt::s, in lhc case ul ex-
l'ilc-d stalcs. ;¡ histahlc p(l(cnlial. Moreovcr. the IWOcOIll:ollli-
tanl potcntial wells hccollle dccpcr as \\'e consider g:rcatcr
cigcncllcrg:ics. As;¡ conscqucncc. the prohahility dcnsity ¡¡S-

;r:!
\ '(.,¡ = 2 .

;¡Iong with an clfcclive mass givcn by

5. An harmonic oscillator model with position
dependent mass

R('I'. Me.\'. Fí.\' . .J() (1) (200m 7X-X4
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in whicl1 tlh.' ctlL'ctive mass adopls ils largcst valucs (scc
Fig. 7). This hehavinr mimics thal c.xhibilcd hy Ihe cigen-
slates nI Ihe inlinile \licll \vilh il mass step. The t'eatures cx-
hihill'd hy lhe eigenfullclions 01' systelTls with variahle mass
l';1Jl hc niccly interprclcd in lenns 01' Ihe cnergy \'i.Iriational
principk disl.'ussed in See,1 11.By inspel'tion of Ihe mean cn-
l'rg\' 1)) jI is nol hard lo realil.e Ihm. in onit.:'r to rninilllil.e the
"'ill~lil' ellcrgy conlrihutiun lo (JI). lhe \liave funclion musl
¡¡V\lid IhoSl' I'egillns in which Ihe elfcclivc mass adopls smal!
\'alucs,

(,. Conclllsions

\Ve have sludicd Ihe hOllnd slJles nI' three important onc di-
mcnsional qllantlllll syslems wilh a posilion dependenl etlec-
li\'l' mass. For lwo uf thc syslclI1S considered, ¡.e" an intinilC
pnlential \\'ell wilh a mass step amI a linite sqllare well \','ith
d;llerclll "insidc" and "ollbidc" lllasscs, the cllcrg)' eigell-

1. (i. Ib!'.lanL a~m';\fnllllllics AI'II/i"ti lo SI'Jllic(Jl/{ll/ctor 1/('/-
(,/"II.I'll'IIcll/l'/', (Le, Edilion, de PllysiquL', Les Litis, Frallec,
19X:-I1.

'1 Ll. St'rra amI E. Lirrarini,/:'UI'/JI,IIy\, Lel1. 4U (1997) (167.

:1. (j, hicdrnallll ,llld \V.A. Liulc, 1\11I .1. 1'11\'.\'. (ti (llJ9~) X35.
L. ik\.,,11'. L ChelOu,1I1i. ,Illd TI'. lIamll1,1l1ll. I ¡\fu/f¡. /,f¡r.\' .V)
lI9l)X) 25) l.

.•) l .. De\.,ar. L ('l1clouani, ami T.F. 11,1Il1Illallll, 1'11.".1'. NI'I'. A 3l)

(1999) 107.

tI. P RIIH! .11lJ P. Schud" lJlf' NI/e/mI" Mal/\' Notiy "mbl"III.
ISprill~l'r-Vl'rla~, l'\ew YOI'\." Il)XO) r 211.

- F. ,\ti,ls de Saawdr;l, J. Bonlll<ll. A. Pn]b. ami A. Fahrocíni.
"1In, Hel'. U SU (19lJ-lI-l2-lX

fllnctiollS and cigcn\':Ill1es can he ohla;ned hy s(llving JIl ap-
proprialc transcendental cqllalioll. Our lhird cx:unple, involv-
ing a sl1100lh pOlelllial and a .'Illoolh c1fecli\'l' lIIass, is soln.~d
hy recoursc lo Ihe IlLllllcrkal inlegrat'i{)fl t)f Ihc L'oITcsponding
Schrthlingcr eqU:llioll.

Thc l'Ollí,.'l'PI PI' ellcrlivc mll"S pLIYS :In imponant role
in many applicaliolh nI' qll<ll1llllll Illcchanics, Tlle l'\<unples
:lllaiysed in lhe pre:-.enl wor" illllslr:¡tl' :-'OIllC;¡SpCL:!S01' {he
bcha\'ior 01' quanlllm sy,IL'IllS \\'ith variahle Illi.lsses. \Ve nc-
I¡cve lhal our di,Cllssioll shows lhal lhe quanllllll Illl'i..'hanics
01' sy"Il'IllS Willl crkrli\'e Ill:lSSCS(:11I bc prolilahly discus\cd
:11Ihe Ic\'el (JI' clcmentary ljll:lIlIUIll lllel'ilanics courscs,
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