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The MIC-Kepler problem with positive energy and the 4D harmonic oscillator
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It is shown that the extended Kustaanheimo-Stiefel transformation. which relates the four.dimensional isotropic harmonic oscillator to the
Kepler prohlem with a magnelic monopole field and a centrifugal potential (MIC-Kepler prohlem), can be derived in an elemenlary way
noting that the Hamilton-Jacobi, or lhe Schrodinger, equation for the oscillator in lerms of polar coordinates is essentially lhat for the MIC.
Kepler problem in parabolic coordinales. Making use of this facl, Ihe solulion of Ihe MIC-Kepler problem wilh positive encrgy is obtained. lt
is also shown tha! the MIC-Kepler problem is obtained from Ihe four-dimensional harmonic oscillator in c1assical mechnnics by a dimensional
reduction annlogous 10 Ihe one employed in Ihe Kaluza-Klein theory.

Kl')'word.\': MIC-Kepler problem; Kustaanheimo-Stiefel transformation; magnetic monopole; dimensional reduction

Se muestra que la Iransformación de Kustaanheimo.Stiefel extendida, la cual relaciona el oscilador armónico isótropo en cuatro dimensiones
y el problema de Kepler con el campo de un monopolo magnético y un pOlencial centrífugo (problema de MIC.Kepler), puede derivarse en
una forma elemental notando que la ecuación de Hamilton-Jacobi, o de SchrOdinger, para el oscilador en términos de coordenadas polares es
esencialmente la del problema de MIC.KepIcr en coordenadas pnrnbólicas. Usando este hecho, se obliene la solución del problema de MIC.
Kepler con energía positiva. Se mueslra también que el problema de MIC-Kepler se obtiene del oscilador armónico en cuatro dimensiones
por una reducción dimensional análoga a la empleada en la teoría de Kaluza-Klein.

fk\'criptore.c Problema de MIC-Kepler; transformación de Kustaanheimo-Slicfel: monopolo magnético; reducción dimensional
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1. Introduction

The Kepler proolcm in n + 1 dimensions can oe rclatcd lo
an isotropic harmonic oscillator in 2n dimensions, for n ==
1,2,4 and 8 (see, e.g., ReL I and Ihe referenees ciled thercin).
In the most rclcvant case, corresponding to the Keplcr proo-
lem in thrce dimensions, Ihe transfonnation employcd lo
relale this proolem with a rom-dimensional (40) isotropic
harmonic oscillator (Ihe Kustaanheimo-Sticfel transforma-
lion [2]) can oc extended in such a way that, in Ihc same
Inanncr, the 40 harmonic oscillalor is related lo the so-called
MIC-Kepler prohlem wherc, in addition lo the 1/1' pOlenlial
there is a magnctic monopole field and a centrifugal poten-
tial (sec Ref. 3 and the refercnces cited therein). As shown
in Ref. 4, ir the magnetic charge and the strength 01' the cen-
Irifugal potential arc suitaoly related, the oroits are plane, out
thc centcr of force is not contained in the plane of the oroit.

Since the orhits 01' Ihe harmonic oscillator are ooundcd,
Ihe Kuslaanheimo-Sliefel (KS) Iransformation only repro-
duces Ihe oounded molion 01' the MIC-Kcpler proolem, i.e.,
the motion with negative energy; however, if the 40 har-
monie oscillator has an imaginary frequency, it can be related
10 the MIC-Kcplcr problcm with positive energy [5]. (Thc
MIC-Keplcr problclll with zero energy is relaled in this way
with the 40 harmonic oscillator 01' zera frequency, i.e., a free
particlc in four dirnensions [3].) Moreover, since the cnergy

of a "harrnonic oscillator" with imaginary frequency can be
any real numocr, Ihis system can oc relaled lo loe MIC-Kepler
whcre the 1/,. potential is attractive, repulsive or absent. (By
contrast, ir Ihe frequency is real, Ihe energy of the oscillalor
cannot be negativc and on1y an attractive 1/1' potential can be
rcproduced in Ihis way.)

In Ihis paper we show Ihal Ihc eXlended KS transfor-
mation mentioncd ahove can he derived in an elernentary
way using polar coordinates in Ihe Hamilton-Jacobi (or
the Schródingcr) equation for thc 40 harmonic oscillator,
which are identified with parabolic coordinates in the three-
dimensional space. Making use of this transforrnation we
ootain the solulion 01' Ihe MIC-Kepler proolcm in Ihc case
where tile energy is positive, which was not considercd in
ReL 3. We also show Ihal Ihe MIC-Kepler proolem can oe
ohtained from the 40 hannonic oscillator in classical rne-
chanics by rneans 01' a dimensional reduction analogous to
Ihat employed in {he Kaluza-Klcin theory.

2. Derivation of the KS transformation in das-
sical mechanics

Wc slarl hy cOl1sidcring the Hamilton-Jacobi (HJ) equation
(101' the Hamilton characteristic function) corresponding 10

Ihe 4D "harmonic oscillator" with imaginary frequcncy in
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aod

lo elfeel, from Eqs. (8) il follows lhal

,.' '" ,,.'+ y' + z' = (1'; + p~)2 (10)

Equalion (7) is Ihe HJ cquation !'or a particle wilh posilive
cncrgy

( 11)
J.\fw2

f=--
8

providcd that (PI. P2, <p) are parabolic coordina/es in threc-
dimensional spacc, relatcd 10 the cartesian coardinales
(.r, y, z) by meaos 01'

.,.= 2PIp,COS</J, 11 = 2plp,sinq" z = 1'; -p~. (8)

(dx)' + (dy)' + (dz)' =

4(1'; + pj)[(dp¡)' + (dp,)'J + 41';1'1(d</J)' (9)

_1 [(DW)' + (DW)\~ (DW)\-!, (OW)']2M DpI DI', Pi DOI 1', 00,

AJw2 2 ?

- -2-(1" +Pi) = £. (2)

AJw2
? 2 2 .)- -2-(Uj +U, +U, +,,;) = £, (1)

wilh w aod £ real. (By abuse of laoguage, we eall lhis sys-
lcm "oscillator", even though there is no oscillatory mOlian.)
Rcplacing (he pairs al' cartcsian coardinales (Ut, uz) and
(U3, ",¡) by lhe eorrespoodiog polar eoordioales (1'" 0d aod
(1',,0,), respeelively (e.g., u, = PI cosO" '" = 1', siuO,),
from Eq. (1) we have

1 [(OW)' (OW)' (OW)' (OW)']2M O,,! + O"' + O", + D".

cartesian coardinales

Theo, dividiog Eq. (2) by 4(1'; + 1'1) ooe fiods lhal

where 1\ is sorne eoostao!. Substitutiog Eq. (5) ioto Eq. (4)
one ohtains

As wil! he shown helow, il is convcnient lo make use 01' the
new variahles

( 13)

( 15)

( 14)

( 16)

£ ¡.;'
\'(1')=--+--

41' 8M,."

.f = 2ptfJ1(cosBt cos(h + sinBt sinB2)

= 2(Ut1l3 + 1I111,d.

.'J = 2p¡fJ2 (cos f}¡ sinB) - sinBt c05B2)

'L A . ,Ir = /( pj lA. __ 1\(.1'</y- ydx)
., ., , '1' ()'e Pi + Vi 21' r + z

wilh Ihe pOleolial -£/(41'), whieh may he attraelive (if
£ > O) or repulsive (if £ < O). If £ = O. lhe partide is
frcc.

Similarly. wheo ¡.; is differeol from zero. Eq. (6) can be
writtcn as

_1_ (VIV _ 'LA)' + /(, _ £ = Jlw' (12)
2M e 8M,.' 41' 8'

which is lhe 111 equation fOI" a particle wilh cleclric chargc q
in thc magnctic tickl corrcsponding lo the veclor potential A
givcn hy

and Ihc central potcntial

Thc magnclic ticld generated hy Ihe veclor pOlcntial (13) is
thal 01" a magnclic monopolc 01" chargc

l\c
!J =?'-'1

plaeed al lhe origio. Equalion (12) is the HJ equalioo fOl lhe
MIC-Kepler problem with positive eoergy.

From Eqs. (3) and (8) olle obtaios

(3 )

(4)=--
8

£
4(1'; + pj)

1 { 1 [(DIV)' (DW)']2M 4(1'; + pj) DpI + DI',
- ,

1 (OIV I\pj) I\'}+-.,-., ---.) " + 2 224pipi D</J pi+pi 4(p¡+p,)

£ Mw'
~~~= (6)4(1'; + pj) -8-'

Sincc w is ao ignorahle coordinate, we look for Solulions
01'Eq. (4) 01'lhe form

lV(p¡, 1'" </J, w) = IV(pI, 1'" </J) + f{1U, (5)

1 { 1 [(DW)' (DW)']2M 4(1'; + p¡) Op¡ + 01',

1 (DIV)' 1 [(OIV)' OWOW]}+~ - + 2 2 2 - -2--4piOi O</J 4pI(p,+p,} Ow </J. Dw

\Vhen the scparmion constanl J( is cqual lo lCro. Eq. (6) re-
duces lo

_I_(VIV)' _ £ = Mw',
2M 4,. 8 (7) 10 = arctan(u:,dlld,

( 17)

(18)

( 19)
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whcrc ,,\ is another constanl, Eliminating lhe lerms propor-
tional lo w2 (which is rclalcd to lhe energy orlhe MIC~Kepler

.) '):2 :2?(1 - w)(ai + (2)y - 2/,(a, - ai)z

- 4/,(1 - ¡,')a;,,; = O. (24)

Therefore, 1/1.1 = 1 eorresponos lo [{ = O (in whieh case
the Illonopole flcld and the centrifugal polcntiai are absent).
Making use now of Eqs. ( 16)-( 18) one ohlains

(30)

(28)

(27)

(29)

(
E M w2

) {., ., .- + -- d.T + dy- + dz'4,. 8

2 [ 1 .rdy - YdX] 2 }+ 4.. 1. tu + ( ) ,
2r r + z

1
f{ = 2M9°~l'ol'~+ V(qO)

are lhe geodesics of lhe metric

(E - V)9n~dqal.úl,

According to Jacobi's principie. Ihe orbits in configuralion
space ol' a particlc with Hamiltonian

3. The MIC-Kepler prohlem via dimensional
reduction a la Kaluza-Klein

which is, apart from a faclor (-4), lhe z-eomponenl of lhe
generalizalion 01' lhe Runge-Lenz vector given in Ref. 3,
Hcnce. the conscrvation ol' this veclor is relaled lo lhe scpa-
rahilily of the MIC-Kepler prohlem in paraholie eoordinales.

dC OW x y
-1- = -O = ]Jz- + 1),,- - Pz2p:2,
( ('2 1'2 P2 P2

thus lhe expression (27) for lhe conslant ol' mOlion,,\ amounts
lO

:2 :2A = -4z(px + 1'11.)+ 4(.Tl'x + Yl'y)l',

+ME:' + (/(2 -2/(L,) :-z )'
r rr+z

and, similarly,

problem IEq. (11)1) from these equations one finds that

A = _1_[1'2(dF)2 _1';(dG)2
1'; + 1'1 ' dl'l dl'2., ,

I'i. 2 I'i 2 2 2]+ .(h - L,) - ,L, + ME(I'¡ -1'2) .
Pi P2

On lhe other hano, using Eqs. (8), it follaws thal

dF OW OW Ox OlV Oy OlV Oz-=-=--+--+--
dI', Ol'¡ Ox 01'1 Oy 01', Oz 01',

,17 Y
=]Jz - + Py- + ]Jz2PI

{JI PI

where (go~) is the inverse af (yO~), E is lhe value of H
corresponding (o the in¡tial condition~ and lhere is sum ovcr
repcaled indices, Thus. lhe orbits in configuration spacc of
lhe 4D harmonic oscillalor with imaginary l'requency are Ihe
gcodcsics al' the mClric

2 .
[

,\f W "1 ,) ') ')]:2 2 :2 :2E+ -2-(//.' + "i + "j + "4) (d", + dU2 + dU3 + tl",)

which, exprcsscd in the coordinales (x, y, z,w) (sec
Eqs. (16)-( 19)J, lakes lhe form

(26)

(22)

(23)

(20)

(21 )

(25)

2 2 (2/') 2 2X +y = ---2 Z
1 - ¡,

val lht2 u,q UU4[{ = 1'",= 1'1-0 + 1>'-0 + 1'3-0. + 1"-0w tv w .w
= Ut]J2 - HZ])I + U3P4 - U4JJ]

= Mw(1 -/,2)a,a2.

ano Ihe plane

.T = 2¡""a2 sinh(2wt),
"1"1 "1 "1Y = /I.[(a, - (2) rosh(2wt) + a, + a,],

1 2 2 2 2 2]
Z = 2(1-/1. )((a¡ +a,)rosh(2wt.)+a,-a2'

whieh, if 1/1.1 ¡ó 1, are parametrie equalions of lhe hiperhola
givcn by the intcrscction of the cone

fl.,fw2 ,)
E = -2-(1 + 1,2)(a; - ai)

ano from Eq. (5) il follows that [{ = OW/01U = I'w (Ihe
1ll0lllcntUIl1 conjugatc lo w); hence, using Eqs. (3),

whieh are lhe transformation formulas employed in Ref. 3;
Eqs. (16)-(18) eorrespond lO lhe original KS lransforma-
lion 12].

As in Ref. 3, lhe orhilS of lhe MIC-Kepler prohlem
can he ohtained from those of the 4D harmonic oscillator.
By suitahly choosing the coordinate axcs. wc can assurnc
that the mOlioo of the 4D harmonic oscillator is given hy
'/tI = lLlcoshwt, tiz = a2sil1hwt, U3 = ltazsillhwt,
U1 = ¡tal coshwt. whcrc al. a2 and Jl are arbitrary coo-
stants. Thcn,

(Note lhal while t represenls lhe lime for the hannonic oscil-
lalor, il does not correspond to the time of lhe MIC-Kepler
prohlem whieh, however, ean he relaled to t 13J.)

Equalion (6) ano, henee, Eq. (2), can he sol veo hy sepa-
ralion of variahles. Assuming lhal W(I", 1'2, </» = F(I'¡) +
G(('2) + L,</>, where L, is sorne eonSlanl, one línds thallhe
funclions F(l'tl ano G(1'2) musl satisfy lhe equalions

(
rlF)2 (1{ - L,)2 _ \1E _ \12 2 2 _ ,
1 + ') J J W PI - A,
( ('1 Pi

( dC):2 L: .. :2 :2 :2
-1- +-t-ME-MwI'2=-A,
( P:2 ('2
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The melric (30) is 01' the form

1 b;jd.r"lJ.j + {3(dxo + o,dx;)2] = Yo/3,/x°dxiJ, (31)

whcrc lhe functions f. (J. O¡ and ,ij depend on J:1• ;,.2, .r3

only,i,j, ... = 1,2,3;0',#, ... = O,l,2,3andthercissum
ovcr rcpcatcd ¡ndices. Hcncc, Eq. (31) implies that

ami lhe ¡nverse of ÜJol3) is givcn by

ij .
Oí 1 Q]

9 =--1-'
. 1'}

g')=7' (33)

Thus, as in thc Kaluza-Klein lheory. where lhe geodesics
ol' a five-dirncnsional space reproduce the mOlion of a parti-
ele subjecI to an electromagnetic ticld in the four-dimensional
space-tirne. thc geodesic equalions 01' the metric (31) are
equivalcnl lo Ihe equalions of malino of a chargcd particle
in a magnclic l1cld ami a velocily-indcpendent polen ti al (see
also Ref. 6 and Ihe references cited therein).

A eomparisnn nf Eqs. (30) and (31) shows Iha! in lhe
case of the 4D hannonic oscillator wilh imaginary frequency.
1 = E/(.I •.) + .\fw' /S. {3 = 4 •.'. o,d.r' = (xdy-
yeh)/[2 •. (1' + z)1 and fU = J;); hy SUhSliluting Ihese ex-
pressions inlo Eq. (35) nne ohlains Eq. (12).

whcrc (¡ii) denotes Ihe invcrsc of (')'ii)' Using again Jaco-
hi's principIe, the geodesics 01' Ihe metric (31) are the orhits
01' lhe Harniltonian

4. Derivation of the KS transformation in quan-
tum mechanics

E' oa 011' OlV _ E'.
2Mg Oxo oxa - ,

therefore, making use uf Eqs. (33). this eqoation hecomes

Looking fOf a solution of lhe form H'(xO, ;ri) = J(.r0 +
1I'(.r'). where [\ is some constanl [ef Eq. (5»). frum Eq. (34)

one flnds thal IV must satisfy

E'
H' = 2M gO/3/loPiJ

lef Eqs. (28) and (29)1. where E' is lhe value 01' Ihe Hamillo-
nian }fI givcn by lhe ¡nitial conditions. Thc orbits Jelcrmincu
hy lhe Hamiltonian ll' can be ohtaincd by mean s 0'- (he HJ
cquation

The lirne-independent Schrddinger equalion for the 4D "har-
monic oscillator" with imaginary frequency in cartesian co-
ordinates is

r,' (a' a' a' o' )
--¡l,' 0:2 + -o ., + o ' + 0:2 '1'
2 f ", "i ", ",

Alw:.! , :2 :2 :2 :.!
- -2-("1 + ", + ", + ",)", = E"'. (39)

Inlroducing again polar eoordinales (PI, e¡) and (1'2, e,) in
the Ul U:2 and U3H4 planes. we obtain

r,' G a o 1 a o 1 o' 1 (2)-- --1'1-+--1"'-+--+-- '"2M I apI 01'1 1', 01', - 01', 1'; ae; 1'; ae;

Mw:2:2 :2
- -2-(1" + 1',)'" = E'" (40)

oro using Ihe variahles 1IJ and <j; IEq. (3)1 in place nf e, and e,.
r,' [ loa 1 o a

-- ""' p¡- + :2 :2, P2-2M 4pdpí + Pi) 01'1 1'1 41'2(1',+ 1',) Op-, al',

1 02 1 a o 1 a2
]

+41';1'; a<j;' 21';(1';+1';) o<j;a IV + 41'1(1';+ 1';) aw2 '"

E Afw2

4(1'; +1';) '" = -S-"'. (41)(35)

(34)

(
OH' )O.rj - [\ 0j

[\'
- 1+ 2M{3 = O,

_1_ ;j (all' _ 0.011.') (aH' _ o. alV)
2M f a.r; , axo Oxj J oxo

1 (011')'- 1+ 2M{3 axo = o.

which is lhe HJ equation corrcsponding to the Hamiltonian

1 . f{'
2M ¡')(]J, - I\u¡)(p) - I\oj) - / + 2Af{3 = O. (36)

Equation (41) admils separahle Solulions of lhe form

'" (1'1,1'" <j;, 1IJ) =1jJ(Pt, 1'" <IJ )e;l, wl" . (42)

This Hamiltonian can be regardcd as that of a particle wilh
clcclric charge q in Ihe magnetic field gcneratcd by Ihe vec-
lor pOlenlial A defined hy

(43)

and thc poten ti al

q .
-A. dr = Ko¡dx'
e

v2
1'--1 _\-- + 2M{3'

(37)

(38)

where f{ is a conslanl lef Eq. (5)1 and ~) is a solulion 01'

r,' [ loa 1 a a
-- :2:.'. Pl- + :2 :.1 P:2-2M 41'1(1',+ 1'2)al', apI 41"(1', + 1',) 01'2 1'2

1(0 if{ 1';)' f{']
+ 41';1'; aciJ- r, 1'; + 1'; - 4h2(p; + 1';)2 !/J

E Mw'
- 4(1'; + 1';)1/' = -S-~),
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On Ibe ulber hand, frum Eqs. (3) we bave

Following lhe procedure that Icads from Eq. (1) to Eq. (4) (or
from Eq. (39) lo Eq. (41) in the quanlum-mecbanical case),
by mean s of an arbitrary eoordinatc transformation one can
lransform any given problem inlOanotber (Iocally) equivalenl
problem. in a possibly curved spacc; however. only sorne spe-
cial transformations relate two problems interesting in their
owo. (Note that the extended KS transformation is two-lO-
one Isee Eqs. (16)-(19)].)

In classical meehanics, the Jacobi principIe allows us lO
consider the motioo of a conservative systcm with a velocity-
independent potential as a free motion by modifying the met-
ric 01'the eonliguration spacc. The existence of a continuous
symmetry of this mctric then enables us to make a dimen-
sional rcductioll that amounts 10 the presenee of a magnctie
interaetion. However, in quantum rncehanies, an abvious ana-
lag of Jacobi's principie only holds in a two-dimensional
spaee.

(47)

5. Concludin~ remarks

I( = mi + 1H2

is a solution of Eq. (43).

and Ihal

hence, from Eq. (42) il folluws lhal

where b, = (M E - .\h')j(Mlu..;). and A,. B, are arbitrary
conslants.

where b¡ = (M E + .\1¡')j(Mlu..;). L~ are associated La-
guerrc functions and Al, ni are arbitrary constants. Simi-
larly,

G( ) - Im,1 [A e,Mwpl/('h) Llm,1 ( iAlw. pi), P2 -P2 2 (ib2-2Jm21-2)/.1 ---,,-

+ B,e-'Mwpl/(21') Llm,1 (ii"!w(li )'] (46)
- (-lb2-21md-2)/4 '1 '

which. by virtue of Eq. (9). is Ibe time-independenl
Schrodinger equalion for lhe MIC-Kepler problem with pos-
ilive cnergy in parabolic coordinates.

Equaliun (4D) admits separable solulions of lhe form
~'((lI.OI,I"'O,) = P(PI)e'm,e, G((I,)e'm,9,. wbere mI
and 1112 are intcgcrs.

~~ dP (AI'W', _ mi ME ) p_
I

(11 I + 2 (11 2 + ., +.\ - D.
(11'PI '(11 h (11 ~

G
(

2' , )l d d JI! W 2 1Il, Al E G O--(1,-+ --,-(12-2+-'--.\ .= (44)
(12 dP2 dp1. h 1'2 Tt
<Ind >. is another separation constant (which ¡s. apart from
a constant factor, the eigenvaluc of the z-component of the
quantum.mechanical version of the generalized Runge.Lenz
vector). lt can be verified Iballbe solulions of Eqs. (44) can
he ex presscd as

F((I ) = 1,lm'¡ [A e'Mwpl I('h) ilm, I (_ iM W(li)
1 I 1 (tb¡-2IT11tl-2)/4 '1

+B e-'Mwpl/(21')Llm'¡ (iMW(li)] (45)
1 (-lb¡-2]ml1-2)/4 T1 '
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