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A C1osed-form analytical solution for the creeping ftow equalions in bipolar cylindrical coordinates is presenled and used lo study the
now gcncraled by a corotating symmelric IWO-fOllmili. The now lield has a stagnation poiot where elongational flow conditions exist. The
geomelric charactcristics of the mili define (he ratio of vorticity 10 rate 01' dcformalion thnt cxists al (he stagnation point. The solution is
hased uJX>oJeffery's solution of the biharmonic equation obtaincd for the stresses on <.lplate [Prac. Roy. Soco London A 101 (1922) 169).
The strcamlines. Ihe velocity field. the magnitude of the velocity gradient and other propcrtics 01" the ftow are obtained for the complete flow
dornain. For the region amund the st<.lgnation point. the calculated results show good agreement with the numerical predictions of Singh and
Leal [1. Rheology 38 (1994) 485] and the experimental measurements of Wang el al. [Phys. Fluids 6 (1994) 3519]. This solution should
be useful for investigations of the dynamics of drops, elastic capsules. or studies of chaotic advection. where exact solutions are necessary

henchmarks.

Ke)'word.c Elongational flows; two-roll milis; stokes fio\\'

Se presenta una solución <.lnalíticaccrrada para el flujo de Stokes generado por un molino de dos rodillos. El flujo generado tiene un punto
de estancamiento en el centro del molino en donde existen condiciones de flujo elongacional. Las características geométricas del molino
determinan la razón de vorticidad entre la rapidez de deformación que existe en el punto de estancamiento. La solución se basa en la solución
de Jeffery de la ecuación biharmónica obtenida para los esfuerzos sobre una placa [Pmc. Roy. Soco umdon A 101 (1922) 169]. Las líneas de
corriente. el campo de velocidades. la magnitud del gradiente de velocidades y otras propiedades del dominio completo del flujo también se
dan. Para la región alrededor del punto de estancamiento. los resultados calculados tienen buena concordancia con las prcdicciones numéricas
del Singh & Leal(}. Rheology 38 (1994) 4851Ylos resultados experimentales de Wang el al. [Phys. Fluids 6 (1994) 3519]. La solución será
de utilidad para investigaciones en la dinámica de gotas, cápsulas elásticas o para cstudios de advecci6n caótica. en donde las soluciones
exactas son patrones de referencia indispensables.

Descriptores: Flujo elongacional; molino de dos rodillos; flujo de stokes

PAes: 47.55.Dz; 47.80.+v; 83.50.-v

1. Introduction

The Iwo-roll mili consisls oflwO eylinders of equal radii. with
calinear axes, and separated by a small distance. The analyt.
kal solution assurncs a steady, lwo-dimensional llow as if
generated hy rollers of infinite lenglh and rolaling with equal
angular vclocitics. Inertial terms are considered ncgligiblc.
Por corotating two-roll milIs, there exisls a stagnation point
on lhe I¡nc betwccn lhe cylindcrs' axes, with local kinemalic
conditions characteristic of elongational llow with sorne vor-
licity. According lo Chong el al. [1]. the stagnation point COl-

rcsponds lo a two-dirncnsional critical point whcrc all thrcc
velocity componcnts are zero, and the slope of lhe stream-
linc is ¡ndeterminate. Unlike many other critical points, in
the case of the two-roll mili the kinematies is defined only hy
the angular velocity of Ihe rollers. and by Iheir geomelrie as-
pecl, l.e., the cylinders' diameter and the separation hetwcen
Ihem. When identieal cylinders rotate at the same speed. the
stagnation point is locatcd at equal distances [rom the ccn-
tcrs of rotuliano In this case, the gap bctwccn the rollers and
thcir radii also determine the ratio of the rate of deformation
to vorticity that exists in the neighborhood around the stagna-

tion poinl. Hence. one al" the intercsting features of the elon-
gationall1ow field generaled hy lhese milis is Ihe facl that the
solution takcs into account. firstly, thc presence of the rollers
at a finite distancc, and secondly, that the flow pararneters are
defined only by the mill's geomelry.

Given that hipolar cylindrical coordinatcs are the natu-
ral reference frame [or systcms composed of two cylinders,
ao important set of flow devices have already been theoret-
ically and experimentally sludied. In 1922. G.B. Jeffery [2J
presented a solution ror the Stokes l10w generated inside the
annllfar region o/ eccentric cylinders. The solution prescribes
the houndary ofthe cylinders hy constant values of one ofthe
hipolar coordinatcs [3,4J for a strcam-function that satisfies
Ihe biharmonic equation. Jeffery [2] gave also a solution for
a counter-rotatiflg two-roll milI in un unboundcd fluid. For
this flow. fluid is drawn in in one direction and drivcn out in
Ihe opposite direction. In 1925. R.A. Frarer [6] used Stokes'
"principie of successive rel1ee\ions" [4, 7]10 study 110wsgen-
erated by two rotating cylinders in a viscous fluid. In particu-
lar, a solution is givcn for (a) the induced l10w in a quiescent
fluid and valid OIllyfor sl'ecific ratios o/the rates o/ rotatiOlI
aflhe cylillder.r. amI (h) the sleady 11l0tionwilh the fluid qui-
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csccnt al inlinity whcn lhe !'ovo-roll mili rcvolvcs Iike elp/mz.
{'ll11} sy.Henl ahout a particular focus situatcd 011 thcir linc
nI' ccnlcrs. To lhe authors knowlcdgc. no ncw solutions have
heen puhlishcd cver sincc analyzing lhe problem 01' Stokcs
no\',' for a corotaling two-fOlI milI. HeTe, a general solution
is prcscntcd for Ihe Slokcs now induced hy 1wo cylindcrs of
('qual radii and corolaling al lhe samc angular spccd in a <.)ui-
csccnl fluid, amI carahle 01' fast, accuralc prcdictions.

Thc lack of analytical Solulions for sorne configuration of
milis has nol hampcrcd lhe use of Ihese dcviccs for exper-
imental studics. In particular. Iwo- and fouT-roll milis have
hecn frcquclltly lIscd in lhe lahoratory lo study the effects
01" Iwo-dimensional elongational flow upon ernhedded oh-
jl'cls. These llow geomelries provide Ihe means of generat.
ing a complele c1ass 01' strong flows at Ihe critical poinl 10-
caled belween the cylinders, with a variety 01' possible rales
01' dcformalion applicahlc lo defonnahlc hotlies. Astarita [81.
and Olhricht ('t al. 191 have classitied two-dimensional steady
l10ws as slrong or weak lIows. Strong flows are those Ihat
have locally a largcr rate of deforrnation than its vorticity,
with weak llows heing those dominatcd hy vorticity: simple
shear 110ws correspond to the upper limit ol" weak tlows ami
have a ratio 01"rnle of dcformation to vorticity equal to one.
Hcnce strong llow c<ln cause large deforrnalions lo an em-
hcddcd deformahle hody in contrast with the small deforma-
tions achievahle only with steady, weak llows. Furthermore,
the resitlencc time I"or <Inemhcdded ohject at the stagnation
poinl can he extremely long, allowing studies 01' its dynamics
undcr a large set 01' known conditions.

Thesc Iatle!" characleristics make the two- and tour-roll
milis lIscflll devices for many studies in low Reynolds num-
her hydrodynamics. Indeed, these milis have heen used lo
sludy Ihe dynamics uf urops, capsllle, emlllsions, etc., ami
more recently Ihe dynamics nf chaotic or mixing systems,
wilh significanl responses ohserved when using thesc slrong
llows :lS compared lo simple shear or purely exlensional
l1ows. In 1'132. G.1. Taylor 110, 111 perforrncd sorne 01' the
emliesl experimenls of a drop dcfonnation tlue to a strong
!lo\\' flcld gelleralcd hy a four-roll milI. More recently, Leal
and coworkers 112-151 have used a computer-controllcd
four-roll mili 10 study the dynamics of drops suspended in
a viscolls fluid. These studies have providcd a c1earer under-
slanding 01' lhe clTecls of lhe viscosilics of lhe tluids, surface
lension. surfaclanl atldilives, elC. Rallison [1úl and Slone {171
have reccntly summaril.ed the theoretical. experimental and
Illlmerical sllldies of the dynamics of drops and buhbles in
weil-characlcrilco 110ws wilh ratios of the rate of dcforma-
lion to \"orlicity well in excess of lhe characlerislic value
I"r simple she"r 110w. Finally, Chang and Olhrieht [18J have
.••tlldied lhe dynamics of nrcakup of elastic capsules 1Il1eu
wilh a liquid under pllrcly elongational ami simple shear !low
conuitiolls. Ottino anJ c()workers (191 have recently studieu
Stokcs tlo\\'s gcncratcd hy a hlil1killK lwo-rollmill contained
il1sidc a third rolating cylindcr. However ami because uf lhe
inlrinsic noise nf nUlllerical sillllllalions, Oltino and collah-
oralors 11UI cmphasizc the need ror analytical solutions 01'

lhe !low ¡¡cid of complex Stokcs llows: small changes in lhe
nllmerical c:llculatcd velocily ficld can produce very differ-
ent advection palterns. Finally. Leal and coworkers [20-22]
have used a two- and four-rollmill configuration to study lhe
now field of non-Newtonian tluids suhjecteo lo elongational
flows wilh vorticity. Among those studies. special emphasis
has heen givcn lo studics nI' lhe dynamics of polymeric Iiq-
uids (2:q its oplical properlies and the evaluation of consli-
tUlivc cquations I"or lluids suhjecled to strong flows. Hcnce
Ihe speclrulll 01"applicalions of Ihe analytical solution of lhe
Slokes tlow nI" lwo-roll milis can provide lIseful insighl for
a large nUl11her of prohlellls in fluid mechanics. Also Ihesc
sludies have relev;¡nce lo a large nllmher 01"industrial appli-
calions k.g., see Slolle 1171).

Given (he lIseflllness 01"Iwo- and four-roll milis, 1"01'the
study (JI"a slow. slrong llow. it is now important lo empha-
sil.e the diffcrent optiol1s lhat these two systems ofTer lo Ihe
experimelltalisl. For lhe rom-roll milI. the rolalional speed 01"
Ihe cylinders sets lhe shear rate, and lhe ralio 01' the speeds
of next lo each olher rolle!"s seIs lhe ratio of vorticily to rate
nf dcforrnalion lhal exisl at Ihe slagnalinn point. Howevcr. in
contrasl with Ihe l\l.'o-roll mili, and on one hand, lhe fom-roll
mili requires an experimenlal determinalion of the propor-
tionality conslanls that cxpress Ihe shear rate as a function 01'
Ihe speed of the cylinders. Furthermore, lhere is no analylical
solution for lhe SlOkes !low generated \Vith a four-roll mili
\\'hen lile posilioll and size of the cylinders necds to be taken
illlo account. On Ihe other hand. lhere is no neetl to vary the
geolllelrkal fonn of Ihe devi<:e in oroer to vary Ihe ratio 01'
lhe rale of deformaliol1 lo vorticity that exisls al the slagna-
lion poinl as needed wilh the two-roll mili sel-up. a condition
thal has prompled an lIndlle disregard for the two-roll mili
hydrodynamics. This apparenl drawhack 01' Ihe experimental
studies reported 1I11tilnow is mainly due lo the concomitant
perturhaliolls 10 Ihe IW(Hlimcnsionalily of the llow as a re-
slllt of presence nf hOlllldarics along lhe axes of rolalion of
lhe cylinders, which is dependenl 01' the ratio of eylinJers'
1cngth (o Ihe gap helween thelTl. These have heen importanl
Iilllilillions lo experimcnwl sllldies using strong !lows \Vith
large vorli<:ily such as Ihose generated hy a two-roll mili, he-
cause comparisolls 01"experimenlal Jata againsl theoretical 01'
numerical results are ohen diflicuh lO correlatc. However for
many studies, lhe applicalion of similar techniques to those
used hy Henlley amI Leal (121 can reduce significanlly lhe
aJverse crfecls of houndaries in Iwo-roll milis. Finally, the
rom-roll mili only requires lo change lhe relalive speed of di-
agonally opposcJ rollers to l1lodify lhe ratio oí" vOrlicily lO
rate of dcform:llioIl. 1I generales a \Veil tlefined llow when
small vnrticilics are needed, hut does nol provide an aJcquatc
l10\\' lield \\'hen Ihe ratio 01"speeds nI' next lo each other cylin-
ders is large; ;.('., whcn ralios 01"rate of deforrnation 10 VOrli<:-
ity llave values close 10 olle. Under these circumslances, lhe
I\vo-roll mili is a heller devi<:e lo gencrate 2-D slrong !lows.

The conlenls nI' lhis paper are as rollows. In Sect. 2 lhe
mathemalical solulion rOl" lhe now induced hy a corolating
two-roll mili is prescnled in cylindrical bipolar cnordinales.
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JcITcry"s solution for lhe biharmonic cquation togelher with
lhe symmclry properties DI' lhe flow field are used to obtain
lhe Fourier series expansion 01' lhe strealll function. The se-
ries allows the cakulation 01' lhe llow propcrties in c1oseu-
form lo lhe required precision; lhe convergence 01' lhe lrun-
caled series is analyzcd with respcct to lhe arcUfac)' 01' the
prediclion of l10w paramctcrs. Finally in Sec!. 3, the llow
lield in the neighhorhooo of the stagnation point is sludico.
giying cmphasis to the most relevant parametcrs ror lhe study
of emhedded hodics. For the llow ahout the slagnalion poi nI.
Stokes l10w solution is compared wilh the solulion 01' Dun-
lap 12,11valid only loeally, Furlhermore. Ihese analytieal re-
sults are comparcu with nUlllerical rcsults [20} ami experi-
mental I11casuremenls of lhe principal componcnts of the ye-
lm:ily gradicl1t tensor 122}.

FIGURE l. The contigur¡¡lion of the two-roll mili in cylindrical
hipolar coordinates (n, 13, ;'). ror n = constan!, a family of eccen-
tric (¡reles ¡¡hove and hclow lhe .l'-axis is gcneratcd, For conslanl
values of {J <.l second family of cireles is gcncrated with ccnlers un
lhe .r-axis. AII c¡reles (jj = conslant) inlcrsect atlhe poi ni ti along
the y-axis. which ¡¡Iso COlTCSpllnUsto the l¡mil 01"t:ircles whcn H

lends lo 00, Tv.'OcylinJers of raJii R are !'>hownas o = Hn. The
center ofthe 1. .11 wor¡Jinate syslcm corrcsponJs to (n = O,/~ = 11").

And lhe mctric lensor is

2. Thc snlutinn fnr crccpin¡.: IInws gcncratcd hy
twn-mll milis

2.1. (;col11t'try.and ~o,'ernin~ equations in cylindrkal
hipolar coordina tes

The L'ofOtating two roll mili is hest dcscribeu using cylin-
tlrieal hipolar eooroinates. Figure I shows a two-fOlI rnil1
\'iith parallel cylinders of equal radii R. and scparated hy a
gap !J. In cylindrical hipolar coon.Jinatcs a point on lhe planc
P(.r. y) is reprcsentcd hy two vectors r A anLl 1'1''' plus lViO
angles 8A• ami 0/1 respcctivcly. drawn [mm two fixcd points
:l and B which are symmetrically locatctl from the origin al
a dislance d. In this manner the hipolar coordinates (0.13. :')
are

(!fu) =
[

r'
(cosho'~ ("05(3)'

11

11

()

<11
(("Osh (l - ('OS 13)1

11
;]

so that

(6)

wilh lhe 3.dimensional space (r, y • .::) tlcscriheu hy

dsill¡3. dsinho. .
p = 11+ ------12 + .::1'\.

('osh (} - cos ¡J ('osh (} - ('os j3 .
(I)

Furlhermorc. this L'oordinatc syslel11 is chanlL'ICrized hy lhe
following relalions

(7)

wherc P is a point, ano {id is lhe Cartesian hase. This is
;¡ c(Jnjugllll' cylindrical coordinate systelll. ami hence it is
an orthogmll11 curvilinear coordinate systcm perpendicular lO
lhe .::.axis. The melric factor 11 can he cxpresseJ in h.'rms 01"
lhe Illelric coefficients g".l..

(S)
Hence, for /'1 = constanl (wilh values betwcen O :S IJ :s: 2rr)
a fami!y 01"cireles is generatcd \vilh thcir ccnters loeatcd on
Ihe ,,.-axis al (d['(J1 13.11). ami wilh radii equal lo <1eseo, Each
eirele passes lhrough lhe poinls A and D, Foro = constanl, a
sccond set uf eire les is generaled wilh their ccnters \m."alcd on
lhe y-axis at (O, t1t'ot,h o) ano radii tlCl:'cl1o. In this manner,
at every poinl P(.I', y) a circle 01'cach fami Iy inlcrseel ortllO~-
OIwlly, allowing its rcprescntation wilh a unique set (0,13).
The poinl ..\ corresponds lo (\ = +00 and n 10 n = -oo.
{J = () corresponds lO vertical hnes ahoye A ami helo\,l,' B,
:I1ll111 = 11" generates the segmcnt (A, lJ). The origin corre-
sponds to (1 = O and J~= iT, ami a point at inlinity is delineu
hy (I./J = D. A more detailed deseription ofthe hipolar coor-
dinate system is giyen in Appendix A of Ref. 4.

amI

(4)

iI,r , Dy . Dz . ( ,
--1, + --1'1 + --I'l. t¡1.: = n.¡-J.or.::). (5)
DIJI.: D/JI.: - D(U.. '

ilP
¡JIU

slIch thal

Dl' ti sinh (l sin ¡J. d(l - cosh n ('OSm.
gl=-=--------lt+ ' ¡., (2)no ('osho-c()s/J):l (coslin:-cos/3):l-'

DP tI(coshocos¡3-I). dsinhnsin¡3.g_,=_= , 11-'-------1., (3)
- D;3 ({'osho-ms;])' (cosho-mslJ)l -'

ilP .
gJ=D:,=I]:
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The lwo-roll mili is described by selccting constanl val-
ues of () = :t <t,(. with (\ playing lhe role oflhe tangenlia! co-
ordinalc. ano fJ bcing lhe normal coordinare la lhe cylinders.
Thc gcol1lclric aspccts of lhe two-roll mili are dcfincd by

y
2fl = roshoH - 1, and d = RsinhoR• (9)

Now, considcr un isothcrmal, incompressible, Ncwtonian
fluid, undcr laminar tlow conditions generatcd by a two-roll
mili. Thc l1uid vclocity ti ano lhe hydrodynamic prcssurc P
are govcrncd hy lhe continuity and lhe Navier-Slokes cqua-
tions

eccenlric circular cylinders. The stream funclion proposed is
given as a Fourier series expansion* = Ao cosho + Boo (cosh 0- cos/3) + Co sinho

+ Doo sinh o + [( (cosh o - cos /3) In (cosh o - cos /3)

+ [Al cosh (20) + Bl + Cl sinh (20)1 cos.A

+ [A~ cosh (20) + C; sinh (20)J sin/3

=
+L [4>"(o) cos (nfJ) + 4>;,(o) sin (n/3)), (13)

n=2

whcrc p is lhe dcnsity, and v is lhe kinematic viscosity of lhe
fluid. Let le and Ue be the eharaeleris!ie leng!h and veloc-
ity ol"lhe l10w such thal a characteristic Reynolds nurnoer is
He = plcUe/J'- Then. lhe dimensionless governing equations
for a quasi-steady. creeping tlow are

\7 . 11 = O,
Du 1 2-=--\7P+v\7 u,
DI p

whcrc Ihe metric faclor
d

h = (cosho _ cos/3) , (14)

and lhe coefficient 01' Ihe Fourier series are

<fi" (o) = A" cosh (n + 1) 0+ B" cosh (n - 1) o

+ C" sinh (n + 1) 0+ D"sinh (n - 1) o, (15)

\Vilh lhe abo ve equations. the pressure can be eliminatcd
from Eq. (10) ami

and the solution of lhe flow field must satisfy lhe hihannonic
eqllalion

Du 8u 2
W = - - - = \7 !/J.Dx 8y

~11(' (Dw + DIj) 8w _ 8!/J8w) = \72w,
2 > 81 8y 8x Dx Dy

he¡ hez. e,
1 8 D 8 18!/J 1 8!/J

ll=\7X!/J=- = h 8{3e, - h 80 e,h2 80 8{3 8z
fl O !/J

=
+L {-n[A" cosh(n + Ijo + B" cosh(n - 1)0

n=2

Un = Boosin{3+ [([In(cosho -cosl3) + Ilsin/3

- (Al cosh 20 + Bl + CI sinh 20) sin /3

+ (A~ cosh2ü + C; sinh 2,,) cos/3

Thc velocity componenl tangential to the surface of rhe cylin-
ders is

Un = *~~ = :/3 (*) - (*) *:/3 G); (17)
thal is.

and

4>~(o) = A~ cosh (n + 1) o + B;, cosh (n - 1) o

+ C~ sinh (n + 1) o + D;, sinh (n - 1) o. (16)

Given thatthe two-roll mili has equal eylinders rotating al
equal speeds, the ftow field must be anti-symmetrie wilh re-
spect to refleclions upon lhe x- or y-axis as shown in Fig. 2.
In order lo lake advantage ol' lhe simplifkation duc lo the
symmelry properties. Ihe velocily field in lerms 01' the slream
funclion is needed. Hence.

(10)

(1 1)

( 12)

ENv=--,Dx

\7'!/J = o.

\72u - \7p = O,

\7. u = O.

D!/J
II = ay'

and lhe vorticily W <LO;

This equation is exactly valid for Reynolds number cqual lo
zero, and is 'lIso a good approximalion for small values 01'
lhe Reynolds numoer. For a two-dimensional flow a sil1lpler
cquation prescribes the crceping ftow in terms 01' lhe slreill1l
function. That is, lhe velocity componenls 11 and v along lhe
:r and y direclions can be expressed in terms 01' the stream
funclioll as

(18)

2.2 . .Jeffl'ry's Strl'am Function of a two-roll mili in hipo-
lar coordinates

In 1920. JelTcry !5] presented a solulion for lhe biharmonic
cquatioll in bipolar coordinates used to study lhe stresses gcn-
cralcd on a nat plate wilh round holes. In 1922, Jeffery uscd
Ihis sollltion lo sludy Lheinternal flow field generaled by lwo

+ Cn sinh(n + 1)0 + D" sinh(n - 1)0] sin n/3

+ nIA:. cosh(n + 1)0 + B:. cosh(n - 1)0

+ C~ sinh(n + 1)0 + D;. sinh(n - 1)0] cos n/3}
~I, sin {3

11 coshn - cos{3'
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Imposing these symmetry conditions upon the velocities
implies that the coefficients Bo, Ca, CI, en, C~,Dn, andD~
must all be equallo lero. Then, the stream function reduces to

't = Ao cosh Q' + DoO: sinh O:
h

A similar condition exists between the left and right side
of Ihc Ilow I¡eld: malerial poinls on the right side are dis-
placed upwards on lhe right and downward on the left side.
In the neighborhood around the line joining the centers of the
cylinders (when (3 '" "), lhe veloeily component Ua, when (3
tends to n from the right. Un (n+), musl have the same value
and bUlOpposile direction as when 13 tends to 7r from the left
Ua (,,-). Also, the velocity compone ni parallello Ihc x-axis,
11./3, must have the same value when 13 tends to 1r fmm the
righl and left. Hence,

Ua (a --+ 0-) = Ua (a --+ 0+) }
u~ (a --+ 0-) = - u13 (a --+ 0+) .V{3 {

Va {

coefficients that must be determined. That is, at the center
(O' = 0,13 = n) lhere is a stagnation point. This "stagnation
point" exists along an axis parallel to the cylinders axes, and
thercfore should be strictly reterred to as the stagnation line
of the Ilow field. For simplicity il is refcrred here as the stag-
nation point, although it may refer to a line running along
the ftow and perpendicular to the curvilinear coordinate sys-
tem. On the xy-plane and aboye the stagnation point, for a
counter-c1ockwise rotation ol'cylinders, material points move
to the left, while below jt, aH material points move towards
the opposite direction with the same specds as the one located
at thc same distancc ahoye the center. This ftow pattern im-
p1ies thal for those points near Ihe horizontal line (a '" O)
the velocity component UfO whcn Q tends to O from aboye,
Un (0+), must have the same value and direction as when Q'

tends lo Ofram below ua (0-). Also, Ihe velocity componenl
'/1,/3 must have equal valucs hut opposite sign when crossing
the horizontalline. That is,FIGURE 2. The velocity field and its velocity componenls "o, and

u.a in bipolar coordinares. The syrnmetry ¡¡nes O' = O, and {3 ;;; 1r

are shown. The syrnmetry properties oC the stream function are ob.
lained using the syrnmetry properties oC Un. and ",8 ncaT the slag-
nation poiot where the components are paTallel 10 the Cartesian co-
ordinales.

=-¿ {[An(n + 1) sinh (n + 1)a
n=2

The velocity component normal 10 lhe cylinders

"O = -~~~ = -:a (*) + (*H:a G), (19)

and

Uo = -Ao sinh a - Bo [(cosha - cos(3) + asinh aJ

- Co cosha - Do (a eosh a + sinh a)

- J( sinh a [1 + 1n (cosh a - cos(3)J

- (2A, sinh 2a + 2C, cosh 2a) cos {3

- (2A; sinh2a + 2C; cosh2a) sin{3

+ Bn(n - 1) sinh(n - 1)a

+ Cn(n + 1) cosh(n + 1)a

+Dn(n - 1) cosh (n - 1)al cos n{3

+ [A~(n + 1) sinh (n + 1)a

+B~(n - 1) sinh(n - 1)a

+ C:,(n + 1) eosh(n + 1)a

+D;,(n - 1) cosh (n - 1)aJ sin n{3)

¡J; sinh a+ -.------. (20)
h cosh Q - cos f3

In Fig. 2 lhe symmetry propcrties of lhe vclocity field
are shown; in particular for lhe components of the veloc-
ily field Un. and U{3. which allow an initial reduction 01' lhe

+ 1,(cosh a - cos (3) In (cosh a - cos (3)

=
+¿ [An cosh(n + 1)a +Bn cosh(n - 1)a) cosn{3. (21)

n=l

Using Eq. (A.7), lhe logarilhmic lerm can be expressed
as a cosine series and the stream function is

'£ = Ao cosh a + Doa sinh a
h

=
+ [((uo + /JI cos!3 +¿ uncosn(3)

n=2

=
+¿ [A" e05h(u + 1)e>+Bn eosh(n - 1)aJ cos n{3, (22)
n=l

with cocfficients Uo + (JI and Ungivcn by Eqs. (A.8).
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2.3. Houmlar)' conditions satisficd h.y the strcam fUlldioll

On lhe cylindcr's walls, lhe bounJary condition prcscrihing
lhe impcnctrability of lhe surfacc implics that lhe \'clocity
component normal lO lhe mller is I.cro; tha! is

Al
- + Al cosh 20" + lJI + [{b¡ = O. (29)
d

ilJ1l1 for 11 ~ 2.

+fl"('()sh(n-l)o,,j('()snI3 (27)

Cnllecting those Icrms 01'samc ('os n/:l ordcr the Ilrst syslcm
01"11 + 2 equations is oOlaincd

(35a)

(35h)

(11 + 1) _ e-"27HlH _ ne-"2aR

lI(n + 1) [11 sillh 2nH + sinh 2nnN]'

(11 - 1) + e-"27Hl'll - flC2CtR

1/(1/ - 1) [n sinh2o¡¡ + sinh2nollj ,
lJ"
t\

110 ;.;illh o u + Do (ou ('usll (\ u + sinh OR)
Al

+ [,"sinho" (1 +(0) - -sinho" +wR =0, (32)
d

2A, sinil2o'u + Ka¡ sinhoH = 0, (33)

and ror 11 2: 2.

Thcrc arc 211 + ,1unknowns: Ao, Al. AII• DI. Bn• Do.
/\" ami J\f; hut only 2n + 3 equalions, Given lhat j\f corrc-
sponds lo the valuc or the slream function 'ljJ on the surface 01'
lile cylinders, sel arhitrarily hy Ihe compulalion, any constant
value can he lIscd. Thercfore. thc solution consisls of a sys-
tcm 01'211 + 3 cqllations and unknowns. Equations (30) and
(34) illlply that

:...IR:;:: -Aosinllou
M

- Do (O:RcoshoR +SillhoR)+ -sinhoRd=
- 1\"sinh o u ( 1+ (lo + L an ros n¡3)

n==1
=-L (A,,(1l + l)sinh(1l + 1)0"
11=1

+lJ,,(Il-I)sinh(1l -l)o"]easlliJ. (31)

,l,,(o + l)sinh(n + 1)0"
+ fl,,(o -1)sinh(ll- 1)0" + I,a"sinho" = D. (3~)

Ami collccting lcrms nI' cqual <,osn{3 arder. a sccond systcm
01'11 + 2 cquations is ohtained .

:\" rosh(n + l)nu + Bn rosh(n - l)o:u + [{un = O. (30)

Thc no-slip houndary condilion on lhe cylinders surface.
1I¡j (o¡¡) = wH. implics

(2~)

(25)

(26)

(23)

~'(o -> O, iJ -> O) = O

=
..10+ L (A" + lJ,,) = O.

n=l

for Ihe \'elocity lo he 11 (o -> D,li -> D) = n. Thal ¡s. the
strcam funClion valllcd far from Ihe cylindcrs irnplics that

I ( ) (eaShO - roSiJ) \[¡;~I,()1l,/3 = d J

= Aocos1JOH

=
+ h- [/JO +bl cosj:J+ Lh,l<,oSll/:l]

1I=:.!

=
+ L [AII eosll(n + l)O'u

11=1

(An - .I~:) eosh nu + Do OHsinll Hu + 1\- /Jo = 0, (2H)

I

Thc condition nI' no-llow through lhe cylindcr's walls is
sel hy a constant value ror lhe stream fUlletínn, say ¡\1. so that

whcrc OH is Ihe cylindcr radius givcn in hipol;u l'oOfllillatcs.
Thc dynamic no-slip houndary condition is

with w hcing lhe angular vcloeit)' in radians, and R is lhe
cylindcr radius. Al ¡nl¡nity, lhe fluid mus! rcmain al resl ami

..10 =

The remaining cocflkienls are

'2Rwo ¡¡sinil O'R - 2/\" (bo (sinll OJ( + 0u fusil o M) - (1 + (lo) (1M sinll"2nR]
20u + sillil 20M

(36a)

(36h)

" A"al coth2ou sinll 0u
[J¡ = -Id)j + 2 (36c)

..10 cosh (}R + A-bo
Do = - -------.

nR sinh ÜR

(36d)
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The last eoeffieient [, can he expressed using Eqs. (27). (36).
and (37) as follows:

Ao = - f (A" +B,,)= -Al -BI - f>(~~.+ ~~.) (37)
11=1 n=2

ami

Ao + Al + BI = -/\ f (~~'+ ~~.) '" -/\5, (38)
"=2

where

00

+ L (_l)n (1 - 20' x') {A" [1 + 2.'12(0 + 1)2J

J.l. Shear rate and value of the flow"ype para meter al
the sta~nation poi"t

FIGURE 3. The streamlines for two different geometries of lhe two.
roll mili. The distance from lhe cenler lo the axes of the cylinders is
0.017 m for hoth dcvices. Thc cylinder's radii are 0.01665 m and
0.01075 m, for the left and right configuration respectively. which
l'orrespomls to rollcrs A and I of Table 1.

(41 )l ? 2 'J}+H" I + _.'1 (o - 1) .

11=1

Wilh lhe equation for lhe slream funclion il is possible lo ob-
tain a simpler expression, valid in lhe neighborhood 01"thc
slagnalion poi ni, by using a Taylor series expansion aboul
n = O amI f-J = ro and keeping only lerms up to second or-
deL Thal is. .'1 "" d,,/2 alld.r "" d (rr - (3) /2. alld Eq. (23)
hl'l'ollles

[
2 - 2.,,' + 211'] .,.d . 4' = Ao (l + 2.'1-) + 4.'1'Do

[ (
I - 2" - In 2) ]+ [,- 4.'1' 8 + 21,,2 - 2x' (1 + lo 2)

3 1 ]-1- 2 sinh () 1l + :.2 sinh 30 1l ) . (40)

Pinally. Ihe cxplicil form ol' lhe slrcam function for Stokcs
Ilow generated hy the two-roll mili is given hy Eqs. (23).
(35). (36). afl(! (40). Figure 3 shows the stream funetions for
two differcnt gcometries 01' the lwo-roll milI. The geometri-
C<llparamelers for these milIs corresponds lo those.givcn by
Geffroy <lnoLeal [25] where lhe oistance betwcen the cylin-
oer axes is maintaincd fixed and lhe cylinder's radH changes.
That is. lhe value for lhe parameter el lakes a differenl valuc
for every pair of rollers.

Conscquenlly,

[,' = -.l!Iwn"SinhOR[25(20R +sinh2"R)

+ 401l ((lO + 1) sinh2 O: R - 4bo (sinh ()R + Un cosh O:R)

- 2b, (20R + sinh 20,,)

3. The Stokes f!owahout the sta~nation point

The kinemalic conditions al the slagnation point located be-
tween the eylinders is perhaps the region 01' the flow field
most frequenlly used unlil now for sludies of lhe dynamics
of non-Newtonian fluids. For examplc. Dunlap [24] studied
¡he dynamics 01"various dilute polymeric solulions untler the
f10wcondilions lhat exisl in lhe neighborhood of lhe slagna-
tion poinl assuming kinemalics similar lo lhose prevalent for
Ncwlonian f1uids. In particular. lhe correlation 01'polymer dc-
formalions induced by lhe now and lhe rates 01'deformation
applied hy the llow is a crilica! paramclcr for lhose experi-
lIlents. More receotly, Wang el al. 1221 have studied the flow
field 01 polymerie liquids using the hOl11odynelight sealler-
ing techoique 126] (a method capable 01' measuring direetly
lhe mosl rclcvant llow paramelers) in order lo determine lhe
f10wcondilions thal affect lhe deformalion 01' lhe polymeric
slructure. One of the most relevant aspccl of these sludies is
Ihe rael lhal thejfow.type parameler and lhe .rhear rale of lhe
llow al lhe slagnation poinl have becn dircctly related to lhe
rate 01"rolalion of the rollers and lhe geometry of lhe lwo-roll
milI.

In this cqualily. thc left term is proportional to (1 - :r2 + 1/).
Multiplying hoth sides hy (1 + .r' - .'1'), thell the left side is
(1 _ .•.' + .'1') (1 + :r' - y') = I - ,.' + 2x2y2 - y' '" 1,
valid up to quartie order. Therefore, Eq. (41) becomes

2 ( , ") ( , 2) 21/1d I-.T +.'r 1+,. -y 1/1"'-;¡
00

, .'/'I? """(A n)::::::/10 + _ \ 11- + L 1 11+ un
n=1

,(+.'1 .'lo + 4 Do + 2I\

+ L;'"{2 [An(n + 1)' + B,,(n- 1)']- lAn + Bn]} )
n=l

00

+ .•.'{Ao - 2I\ +L i'n [(An + Bn) - 2n2 (An +Bn)]}.
11=1

Thc slagnation point is characterized by a saddle point. which
implics thal lhe coefficients ror Ihe x2 and y2 have opposite
signs. In this manner, the slream function can lhcn he ex-
presscd as a 2-dimensional hypcrbolic tlow y2 - AX2 = C.
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wi!h

A= _ Ao - 21( + I:::'=l j'''[(A" + I3,,) - 2/l'(A" + I3,,)]
Ao + 4Do + 21( + I:::'=l ¡'''{2IA,,(n + 1)' + I3,,(" - 1)21- (A" + I3,,)} , (42)

and

c=
(2/d)'" - Ao - 21\1,,2 - I:::'=I ¡'''(A" + I3,,)

Ao + 4Do + 2I( + I:~=l¡'n{2[An(" + 1)' + I3n(lI - 1)'J - (An + I3n)}'
(43)

-4 -2 o 2
R=15,IOmm

-J

,

) s.

-0.1 -0,35 o 0,35 0,1
R_1665mm

-6 -) o )
Re1400mm

06'--- --'

00'--------,

-J

o

-,

FIGURE 4. Slreamlines in (he vicinily of lhe slagnation poiOIfor
difTerentgcomclries of the lwo-roll mili. (a) R = 16.65 mm;
(b) R = 15.10 mm; le) ¡¡ = 14.00 mm; (d) R = 10.;5 mm.
The angle sustained by the asyrnptotic strearnlines at Ihe slagnation
poiO(corresponlis (o 20. and nrc Ihe mosl probable orientation for
a highly dcforrncd hody embcdded in the tlow.

(44)

~ouo]
d 0(3 .

O

[u
x] "" l' [O 1] [x] ,

lly ,,\ O Y

Furthermorc, given the linear character 01'Stokes equations.
lhe velocily f¡eld al Ihe slagnalion poinl can he expressed hy

00

Uo = ~ { -.40 + 21\ + 2::>'''[(2n2 - 1) (An + I3,,)]},
JI=1

and

whcrc

Thc cxpansion for !lo and u{J as a Tay)or series up 10
quadr¡¡lie lerms and aboul (u = O,(3= 7f) is

and

with 01 heing the angle 01'an asymptote and lhe x-axis. (JI
corresponds to the orientation 01'the principal eigenvcctor 01'
the velocity gradient tensor vn, and also corresponds to lhe
most prohable orientatinn of an immersed, deformed houy,
since the principal eigenveclor 01'lhe rate ol' deformation ten-
sor D = (vn+ \in"') is <lIsoaligned at this angle. Even for
the simplificd solution abollt the slagnation point, lhe orienta-
tion angle and the t1ow.type paramelcr depend only upon the
gcotllctrical charactcristics 01'lhe two-mll milI. For a slightly

can only he reached when the gap helween the cylinders is
infinitesimnlly slllal!, i.e., (lR -7 O. Figure 4 presents lhe
strenllllines in the vicinity of lhe slagnation point fm lwo dif-
fcrenl geometries.

When analyzing lhe dynamics 01' polymeric liquids,
ehanges 01"lhe !luid microslructure are ensily Illcasurcd hy
evalualing lhe 1l0w-iluJuced optical anisotropy. In lhese slud-
ies, lhe orienlalion oí"lhe polymer anisotropy occurs near lhe
oUlgoing axes of lhe hyperholic flow. The angle sustained hy
lhe asymp(olie Iines of Ihe hyperbolic Ilow (when e -> O) is
defined by

-y (u~= d Ao + 4Do + 21,

00

+ L ¡2"{2[An(n + 1)2+I3,,(n - 1)'] -(A,,+ l3,.)}).
11=1

Sincc hoth lhe Carlcsian and bipolar coordinale systems are
orlhogonal, lhen al Ihe stagnation point x',

Uy =::: Un (X') ,andu,r ~ -1L{J (X').

Therefore, based upon Eq. (44) lhe veloeily eomponen!s can
be recast as

[:::] - [1'1';x] ,
whcrc ') is Ihe magl/ilude o/ (he l'elaeit)' gradiem 0,- rhe slzear
rafe ol"the !low al lhe stagnation point and is givcn by

1= ~ (.40 + .ID"+ 21( + ~ ;2"{ 2[A,,(n + 1)'

+ I3n(n - 1)2] - (A" + I3,,) }), (45)

and thcflmr.'."pe pammeler or degree of extellsionaljimv . .x,
is given by Eq. (42). ror lhe Iwo-roll mili geomelry, lhe flow-
Iypc allains valucs larger lhnn zero (huI smaller lhan one); a
value of zero corresponds lo lhe case of simple shear fiow nnd

2(JI = arctan (~) = aretan (,,\!), (46)
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whcrc

3.2. Flnw paraml'll'rs for experimenlallwo-roll mili con-
fi~lIrations

Rollcr Radii (mm) gap (mm) d (mm)
A 1665 0.70 3.431836
B 16.35 1.30 4.655910
e 15.70 2.60 6.519969
D 15.¡0 3.80 7.809609
E 14.17 5.66 9.392076
F 14.m 6.00 9.643651
G 12.78 8.44 11.210334
11 11.69 10.62 12.342767
1 10.75 12.50 13.169567

Given Ihe geometric characteristics of the flow devices it
is 110W possihlc lo compare the precision of the calculaled
valucs of lhe lIow paramelers. Table 11 presenls lhe val.
ues of the now-lype parameter using the approximated ex-
pression (>.,"""') hy Dunlap [24J. Slokes Solulion [given by
Eqs. (23), (35). (36). and (40)]. lhe numerieal value reported
hy Singh and Leal [20J, and ¡he experimenlal values by Wang
el l/l. [221. This Table collsiders lhree possible preeisions for
¡he sllmmalions implied hy Eq. (39) and oblained by trun.
cating lhe sum after 1l = 5, 25, and 125 terms. The entries
without values in lhe numerical anJ experimenlal colurnns
imply that Ihese are nol available.

lt is elear lhat lhe lIow-lype values predieted for the com-
plete rangc of llow devices is approximately the sarnc whcn
more than 25 tcrms 01' the summation are considered. In
fact, Ihc lalter crileria is adequate for A values greater than
0.04. The nUlllher of terms required al low values of A in-
creases amI. surprisingly, provides values equivalenl to those
nhtaincd wilh Ihe simplificd cxpression of Dunlap. Figure 5
presenls Ihe dependence of the calculated valuc of lhe tlow-
type parameler on ¡he number of lerms of lhe sum [Eq. (39)).
The plol correspnnds lo the lwo-roll mili configuration with

3.2.2. The.lioH' type parameter

In sludies reported hy Gcffroy and Leal [25J. lhe ¡wo-roll mili
geolllelry is such thaI lhe centers of the cylinders is main-
tained fixed al 0.0170 m. while eigh¡ differenl sets of rollers
is uscJ lo vary lhe llow parameters. Table 1 Iists lhe diame-
lers of lhe cylinders and the gap exisling belween lhem. The
calculated valuc for hall' lhe distance belween points A and
B (<1),ami whieh allows ¡he representalion of the eylinders'
surface hy a constant value of n = Cl':R, is also given and is
always larger that Ihe separation helween cylinders.

3.2./. Geol1letrical parameters

TABLE l. Dimensions for the two-roJImili wilhdifTerenlsizes of di.
amelers for the cylinders. For all cases, lhe distance betwcen roller-
s's axes is flxed al 17.0 mlll. d corresponds lo the dislance from
Ihe center of the flow cell (the stagnalion point) lo the position
along the 1I.axiswhere o ---+ 00 and allows lhe representalion of
the rollcrs hy o u

(49)

(48)

(50)

(47)

. Aow
1=A'

A = (_4(_'0_~_J~_(_'_R_ 1) -1
and

O'n
Ao = ---------

0'1 + sinh nI< cosh OH'

coth (tu
Do = ----.------

nI( + slIlh 0R cosh 0n
Thc l1ow.typc paramcter and the shear rale are, respectively,

Two-roJl mili llow deviccs have heen used in the past, espe-
eiaJly lo sludy ¡he dynamies of polymerie Iluids (see, for ex-
ample, Rcfs. 20. 22. 24. and 25). The advantage of lhe use of
Ihc lwo-rollmill for these sludies is the fact that the flow-type
parameter is largcr than lero, hut corresponds to a extensional
Ilow field with significant amounts of vorticily, in particular
whcn the values achicvcd are comparcd to values accessihle
wilh a fOUT-rollmili configuration. Thal is, when the confor-
mation of the l1uid structurc can he altered significantly hy
Ihe degrcc of cxtcnsional llow, lhen the use of two-roll mili
is superior since lhe response of lhe Huid can be more easily
differcnlialed due to lhe presence of vorticilY causing a less
draslic dcformatioll of the microslructure.

This solution has several disadvantages, hut as will be shown
subscqucntly, this simplified solution is remarkably accuralc
ahoul the stagnalion point, and in particular for ftow-type val-
ues close to Ihose of simple shear How. Among its drawhacks
are that il does nol represenl corrcctly the How field far from
the stagnation point, and it does not have lhe centers for the
vorticity located at lhe axes of the cylinders. Instead they co-
incide wilh points .r1 and B: lhat is, for o: --+ oo. As a result,
the cxlenl of lhe region ahout the stagnation point with kine-
malic conditions delermined hy the ahoye values of -y, A, and
fJ is unknown in rclalion lo lhe Icngth-scalcs defincd hy lhe
geomelry of the milI.

dcformed body or a fluid with microstructure, lhe alignment
wilh respeel lo the 110wmust have an angle el :s; e :s; 1f / 4.
The upper I¡mil corresponds lo a two-dimensional pure ex-
tellsional llow, and roe nows c10sc lo simple shear the low-
cst valuc is ncae zero. Thc cxpcrirncntally observed values
for e, smaller lhan el' as reported for polymerie liquids are
the rcsult of a slrong modifkation of the local kinematics of
lhe flow f1cld duc lo lhe nonlincar cffccts introduced by 000-

Newlonian constitutivc cquations (sec, for cxample. Ref. 25).
Dunlap [241 obtaincd nn cxprcssion for the slrcam func-

tion vaHJ al Ihe stagnation point:

lPW
ti) = ------(3 (Aa cosh a + Do sillh a) ,

cosh (l - COS
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0.047

0.067

0.096

0.114

0.160

0.196

0.153

TAHLE (1. Calculated valucs of rhe ftow type. A, as a function of the tlow dcvice gcometry and evalualed al the stagnation poiot. Aapproll

corresponds lo (he prcdicted values using Dunlap's expression. and ,A••.are those cvalualed using Eq. (42) with n the number of surnmands
considered, Anllm and Aup are {he numerical and experimental resulls reponed in Refs. 20, and 22, respectively.

Roller AApproll .>. (n = 5) ,\ (11 == 25) ..\ (u = 125)

A 00104379 0.115312 0.0105409 00104379

B 0.0196209 0.0988742 0.0196247 0.0196209

e 0.0403169 0.0810291 0.040316 0.040316

D 0.060474 0.081976 0.060461 0.060461

E 0.093974 0.102122 0.094123 OlN4123

F 0.100424 0.107371 0.100692 0.IlXl692

G 0.150133 0.154612 0.152789 0.152789

1I 02(x)548 0.207745 0.207191 0.207191

0.297712 0.259299 0.259108 0.259108

~ 40 M ~ 100 1~ 140
Number of lerms

3.2.3. rhe magnitude (JIlhe velaeit}' gradiellt tensor

FIGURE 5. Convergence of calculated values [or the flow-typc pa-
cameler. ,\, as a funclion of the nurnher of leems before truncation
of the analytic .solutionfm the stream function.

the smallest gap (rollers A) since its computation presents the
weakest convergencc nehavior. Por this mili, whenever more
that 40 terms in the summation are taken into account the
value for Á hardly ehanges. For lhe resuhs given here. Ihe
sums are truncaled after 125 terms.

TAHLE 111.Magnitudc uf the principal eigenvalue of the velocity
gradient tensor, nmmalizeJ with respecl lO the angular s~ed of
lhe cylinders. [1o/wia!,prol< ami bo/w] are the predicted values
hased uron Dunlap's ex.prcssiun. h/wla.pprox and b/w] are the
prcdictcJ valucs for (he locally ami globally valid Stokes solution,
rcspcclively.h/w].-xp are the reported results of Wang el al. (22).

Roller [~ ] -,.,.... ')v [~L... 't [~Lw w

A 47.237331 47.239904 47.237331 47.239904

B 24.819154 24823931 24.819154 24.823931 24.1

e 11.741155 11.750694 11.741156 11.750694 11.7

D 7.610899 7624g03 7.610783 7.624681 7.84

E 4670160 4.6')0736 4.669733 4.690372 4.83

r 4.329777 4.351555 4.329427 4.351319 4.44

G 2.692708 2.722gg6 2.695945 2.727231 2.80

11 1.~6866l) 1.905877 I.g7967 1.919587 1.84

1 1.391422 1.434168 1.41084 1.457431

I I I I
1 I I I
1II1 , I
II!I¡, I I
IIM'I I I I

1 1 I
I I I
1 I

0.02

00175

0.015

II 0.0125,
ii 001
>
.....:00075

0.005

00025

Thc rnagnitudc of thc velocity gradient al the stagnation point
is another importanl parameler for lhese flows. That is, given
a fixed maximum angular velacity of rotation ofthe cylinders
providcd hy a sct of l11otors, the lap shear rate that the milI
can produce is a function of its geometry via the tangen ti al
spced and the gap helwecn rollers. For the same two.roll mili
geometrics, Tnhle IJI presents the values of the normalized
shear rales (wilh respeel lo Ihe aogular speed 01' the eylin-
ders) as ealeulaled by the expressioo 01' Dunlap ('YD /w). Ihe
exacl solution (considering 125 terms), and the experimen-
tal values obtained by Wang el al. ([-y /w]"p)' However. in
this tahle, thc second and fourth left most columns are found
using the full solUlions as given by Eqs. (47) and (48) for
Dunlap's expression, and Stokes solulion based on Eqs. (23).
(35). (36). and (40). The l¡rsl and third eolumns are obtained
using the express ions valid ahout the stagnation point.

Figure 6 prescnts a comparison of A values calculaled
with lhe exact solution and Dunlap's expression. It is clear
lhat fm large gaps (small cylinders radii), the expression valid
al the stagnation poinl ovcrcstimates the values of the flow-
typc paramctcr; in faet, ). can have unrealistic values largcr
than one. Thc series solution attains the expected limiting val-
ues 01' Á = Ofor lhe smallest gap, and Á = 1 when the rollers
have a minimum diameler. As shown in Table 11. both the
approximatc cxprcssion and the complete solution have dis-
crepancics of Icss than one pereent for ). < 0.2. For valucs
0.2 < Á < 0..1. the ealculaled values differ. bUI the lwo-
roll mili gcornetry has nol becn used for such large values
although il <lppcars lO he a useful geometry for ). values as
high as 0.8. Howcvcr. for such large values, the fOur-fOlI
mili may he a nencr altcrnative to generale elongational tlows
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4. DisclIssion and conclusions

wilh small amounts 01' vorticity since according to Tablc 111
il is obvious Ihal thc magnitude of the accessihle shear rales
can he cxtrcmely limited foc two-roll milis wilh a largc-A-
value cnnllguralion. The available range 01'shear rales wilh a
four-fOlI mili is nol as severely limited as is the case 01' the
two-rolllllill.

FIGURE 6. Calculated values for the flow-type parameler using the
approximalc cxprcssi{ln of Dunlap [24J (lhe dottcd I¡oc) amJ the
series expansion given hcrc (continuous ¡¡nc) wilh truncation af-
ter 125 terms. Thc separation between cylinders' axcs is 0.034 m.
Dunlap's cxprcssion prcdicls unrealistic values whcncvcr the radii
of the cylindcrs are less than O.(X)43 m. The series solution prcdicls
(he corree! values for Ihe ¡arges! (A = O)and smallesl radii (A = 1).
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well as Ihe shear rale. whieh may he a eonsequence of the
fael lhal differenl models fm Ihe ftow field were used. Thal
is, the numerical simulation of Singh and Leal, and the ex-
perimental rcsults of \Vang el al., have used a two-roll mili
contained inside a third circular cylinder with tiat ends that
conform the l10w ceH while Ihe analytical results assumes
an unbounded fluid dOl1lain. f'urthermore, the third cylinder
is stalionary which represcnts a signiflcant dcparture from
lhe kinemalie condilions implied hy the unhounded domain.
Consequently, for tlle numerical and experimental data, the
presence 01' houndaries on the o¡3-plane at a finite distan ce
may affeel the ohserved values for the ftow paramelers. lIuw-
ever, [or the tlow tield near lhe stagnation point Ihe discrep-
aney wilh Ihe Ihemelieal ealeulations appear cJearly al odds
with the experimental values and less with the numerical re-
sult. This is true for the calculated valucs for thc t1ow-rype
and the shear rate as shown in Tahles 11and lfI, especially fm
the set of rollers from e lo G. It is not c1ear why this is the
case, hut perhaps these rheorelical and numerical resulrs can
provide sorne insight into the accuracy or the experimental
technique or as a henchmark to "finc-tune" the precision 01'
thc experimental measurelllenls.

The signifkant drop 01'the Illeasured value for A and l' for
the largest set of rollers H may he a conscquence of signif-
icant Ihree-dirnensionality effects present for that configura-
tion. That ¡s, for these devices, the rollers are about 0.0254 m
long and the lenglh-Io-gap ralio is on)y about two to one. The
110wcell eneJoses the cylinders with non-slip boundary con-
dilions al the extreme 01' the cylinders, and perpendicular lo
the axes. The 110wtleld on Ihe layers next rhe fiar covers must
he similar to thar ol' simple shear t1ow, which implies that the
ohserved value of A may he dependenl upon the depth of Ihe
1I0wcel!. Furthcrmore, the velocily field may also be weaker
due lo Ihe proximity of Ihe container walls and the shear rate
is consequently smaller. lIence, houndary effects normal to
the rollers axes and due to the existencc ol' flat surfaces may
redueed the nel value 01' the Iluw-type parameter espeeially
when the gap is relativcly large and even when ir is evalu-
ated at the central position of Ihe "slagnation tine" as shown
in Tahle 11;these condilions can also reduced the mcasured
shear rate as given in Table 111.If this assertion is correct,
then two-roll mili llow cells need to consider a design with
a signifieanJly larger value fm lhe length to gap ratio fm all
rollcrs, or the means lo reduced thc friction at the walls, in
ordcr lo delermine a consislenl llow-type parameter for ge-
ornetries wilh large values 01'A.
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A solution val id ror lero Reynolds number nows gcnerated
hy two-roll milis is given. This solution can be a userul
bcnchmark for a numbcr or elongational crceping 110wsoc-
cause its flow parameters evaluated at the stagnation poinl
can he accuralely known. Also, this solution could he userul
as a flrst order approximation for studies 01' inertial etTects
(nolll.ero Keynolds numbers) or non-Newtonian constitutive
equalinns, and to perforrn stability analyses 01" the full 30-
tlow field. Inertial effects may disrupt the symmctric propcr-
l¡es o[ lhe flow field; in particular, the streamlines for lluid
parccls approaching lhe stagnalion point will teno to curve
raster, whilc those departing from the stagnation point will
follow paHerns close to the centralline (x-axis). f'urthcnnore.
this solution could be useful to study a new c1ass of nonsteady
llows, or lhe Srokes paradox presenr [ar [rom the stagnation
poinl [4]. When srudying non-Newtonian constitutive equa-
tions. this l10w fleld may present smaller values for the shear
rates and 110wIype as a result of nonzero normal stres5es. In
Ihe case 01' hydrodynamic instabililies, the two-dimensional
character of the zero Reynolds numher flow f¡eld could he
modified.

Even ror nonzero Reynolds numbers, the present solu-
lion can he useful as a benchmark for a numher 01' experi-
mental and numerical techniques used to study Ihe 110wfield
near the central stagnation point. As shown in Tables 11and
11I.The availahle experimental values are slighlly higher lhal
the numerical and theoretical predictions for the flow-type as
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Appendix A

The solution 01'lile slrcam function valid for lhe two-roll mili
rcquircs an equivalent cxprcssion foc lhe logarithmic term
Ihal appears in Eq. (2 1). A simple Fourier series solulion can
he found whcn lhe following rclation is uscd [27]:

In (1 - 2.1" COS 4J+ ;1'2)

Since

1" (.r +~) = sinh-I.r;

.,.' ~ 1 a"d '" eos 1> 11,
Equalion (52) can he casi as

(A.I)

and (A.3) lhe r¡ght rnosllerm is lhe logarithmic surnmand is

eos ¡i In ( cosh (l - eos {I) = ("O + ~ "n cos n{3) cos {3

co

= (lo C05,6+ L no cos/3cosn/3.
11=1

Using lhe idenlily ('Os¡ieosul3 = ~ cos(n + 1){3 +
1<-,os(11 - 1) 13. Ihe sum of {he lalter equation can be wril-
len as

co

L aH cos f} ros nfJ =
11=1 =

'""' a
nL. 2" [eos (n + 1) (3+ eos (n - 1) {31

1t=1

, co

(
1 + .r ) () ¿ eos n1> u1" --- -cosfjJ = -In 2x - '2 --;[.2.,. n

n=1

From lhe ¿¡hove cqualion, lhe logarilhmic lcrm can he eas-
ily ohlained wilh Ihe ehange 01' variahles 1> = {3. and
(1 + ",') /2.r = ('osh" = i!, sueh Ihal lhe folJowing equal-
¡Iy:

1 - 2.r{] + .r2 = O,

al al (H a..,
= - ('Os213+ ? + --=. cos 3(3+ --=. cos {32 _ 2 2

co

+¿(~'(eos (u + 1) {3+ cos (u - 1) {3J,
u=:1

ami wilh sorne furthcr simplifications
=
" al alL- UnCOS{JCOSH{1 = 2 + 2 ('os/3
n=1

In this manncr.

"1 ( "')cosI3ln(cosh,,-ens(3)= 2 + "0+2" eos(3

has snlutions

-( -20):lo J4i!' -.¡ JOT=l'.,.= ------- = Id: 0- - 1
2

= ('osh o :i Jcosh:l (l - 1 = cosh {l ::i: sinh O'

co¿("U+I "U-I) {3+ -- + -- rasn .
2 2

n=:l

(AA)

(eU + (,-U):lo (e" - e-") (1 :lo 1) e" + (1 l' 1)e-"= ---------- = ----------2 2
Hcncc,

co

'" ("u+I "U-I) {3+ L ~+-2- cosn .
11=2

(A.5)

Thc rcmaining tcrm hccol1lcs

cosh" In «('Osho - ('Os13) =
co

(lo cosh Q + L Un ("0511n cos n/3
n=1

This last cqu<llion must have only one solution. For Q > O,
ami .r2 S 1. only lhe ncgativc rool is valid. Thereforc,
applying lhe changc nI' variables on lhe tabulated equality
IEq. (A.I)I wilh Ihe relalion for;r imply lhal

( (
") ;;-. eos n{3 n"In cos!ln - cos¡j) = -In 2e- - 2 L ---e-

n
n=1

= (lO ('osit (l + al cosh Q ros 13
co

+ L a 11 cosh Q' cos 11/3; (A.6)

Thc len sitie 01'cxprcssioll fOf lhe slrcam functioll is mul-
tiplicd hy Ihe (cosll o - ('o!" 13) lCfln. Hcncc, from Eqs. (A.2)

whcrc

00 -na

= H - In 2 - 2 L _e - ros n/3
n

n=1

=
= (Iu + L (In cosnj3,

n=1

(~-lIn

l/o = n -ln2 and an = -2--.

"

(A.2)

(A.3)

Ilenee. lhe pmduel (cosJi (\ - cos (3) In (cosh (} - eos (3) can
he ohlained fmm Eqs. (A.5) and (A.6) so lhat

(('osJi" - ens iJ) In (('Osh (l - ros (3) =

('OSII (\ 111 ({'osll (l - cos Ij) - cos 13ln (cosh o: - cos {3)
co

= tia coshn + 1/1 cDsh (l ('os 13 + L (In cosh n ros n(3
11=2

co
fll ( (/2). ¿ ((1.11+1 (/n-l)- - - (l.o + - ('OS¡-J - -- + -- cosn[J
2 2 2 2 '

TI::.!
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or cquivalcntly,

(eosha - cos 13)In (cosh a - cosl3J = (ao cosh a - (~ ) + (al cosh n - ao - (~) rosl!

~
'" ( a,,+1 a"_I)+ L ancosho--

2
---
2
- cosn¡3.

n=2

Finally,

with

~
(cosh a - cos ,8)ln (cosh o - ces,8) = bo + bl cos,8 +L bn cos n,8,

n=2

alua = aocosho - 2'
al

b1 = b¡ cosho - ao - 2'
0n+1 fln-l

bu= ancosho - -2- - -2-'

(A.7)

(A.Sa)

(A.Sb)
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