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1\taking use of a metric conforma! to (he srncc metric. corresponding lO ¡he opticallength. the Fermat principie is derived from the eikonal
equation. Olhcr chmactcrislics of the propagation of light are also cxprcsscd in terms of this melric.

Keyworc1s: Gcometrical optics; cikonal cqualion: Ricmannian gcomelry

Empleando una métrica conforme a la métrica del espacio. correspondiente al (.'amino óptico, se deduce el principio de Fermat a partir de la
ecuación ¡cona!. O(r<l!'características de la propagación de la luz se expresan también en términos de esta métrica

[)('scril'forl's: Óptica geométrica; ecuación iconal; gcometrín Riemanniana

PACS: 42.15.-i: 02.40.Ky

2. The eikollal equation

The standard tensor formalism is employcd in Sccts. 3 ami 4
(see, ('.~.. Refs. 3- 5).

Thc source-frec Maxwcll cquations in an isotropic medium
admillime-hannonic solutions nI" Ihe form

E(r, t) = e(r)eikoS(rl-iwl,

where ko "" w/e, e(r) and h(r) are (possihly eompicx) vec-
lor I¡clds a",\ 5(1') is a rcal-valued funclion. Indeed, substi-
tuting Eqs. (1) into the tvlax well cqualions. with D = E E
and n = l' H. il follows Ihal

(3 )

(1)

e . gr,,,\ 5= O.

grad S x e - l' h = O,

h. grad S = O,

11(1', t) = h(r)".koS(,)-i~',

grad S x e - l' h =

,
gl'ad S x h + [e = - fur1 h,

ko
i 1 .

e.gradS = --(!Iv(",,),
ko"
i

- (,l1r1 e
!lo •

!I . ¡;rad 5= i-.1:. div (1' h). (2)
1.-0 Ji

Thercforc. whcn '\0 =. 2rr / 1"0 is very small (as comparcd
\Vilh ,,/lgra(\,,1 ¡¡ud 1,/I¡;rad"I), Eqs. (2) reduce 10

¡;rad S x h + E" = O.

I'B

nds
."

01' an actual ray hetween any two poinls A and B is stationary
as compared with the optical length 01' arhitrary ncighhoring
eurves joining .4 ilm.l [) 11.2). This Illeans that the lighl rays
are geodesics 01' the metric n2ds2 (see <lIso Ref. 1 and the ref-
erenees eited lhcrcin) ami suggesls that. ror so me purposcs,
lhe Illctric Il:!d.,,2 may he more convenicnt than the space lllcl-

ric ds2•
In this paper we rnake use 01' sorne rcsults 01' diffcrential

geomclry in lhe sludy 01" geomctrical optics, deriving Fcr-
l11a1's principie from the eikonal cquation and considcring the
effeet of Ihe eurvature 01' the metric n2d.,,2 on the propaga-
tion 01' Iight. The appro<leh followcd here allows us 10 ob-
tain in a simple way lhe Fermat principIe slarting from Ihe
Max wdl cquations. In Scct. 2 we sUll1l11arizc lhe derivation 01"
the cikonal equalion starting from Maxwell's cquatiolls. 1'01-
100\'ing Rd. l. [n Seel. 3 \Ve rcview the rclationship hct\\'een
geodesics and the eikonal equation ror a eonstant rdrill:live
indexo In Seel. .t we derive Fermat's principIe slarting froll1
lhe cikonal equation. proving thal the Iight rays are geodesics
01' the Illelric ,,2ds2. We also consider the cffect 01' Ihe curva-
ture of this Illetric on the sprcading (JI' a pencil of Iight rays.

lo Introduction

In the shorl wavelenglh Iimit, the propagation 01' Iight can he
associaled \vilh certain curves (lhe Iight rays), which give (he
direclion of cnergy now ami, in this approximation. several
aspecls of lhe hehavior 01' light are dcscrihahle in geometrical
ICfms (sec. ('.~., Rcfs. I and 2). Thc ¡igh! rays in an isotropic
mediulll, charactcrizcJ hy a rcrractive index n. can he found
making use 01' the Fermat principie. according to which lhe
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1
(gl'ad S . gl'ad) e = 2 [grad S . grad Inl' - \7' SJ e

-(e.gl'adlnn)gradS. (5)

wherc'/l = JfIi is lhe rcfractivc indexo Equation (4) is known
as lhe cikonal equation.

According (O Eqs. (3). lhe time average of lhe Poynting
vcctor. which is tangent 10 lhe Iight rays. is normal lo Ihe

wavcfronts S = consto By computing curl curl e, making
use of Eqs. (2) and (4), ncglccting lhe highcr-ordcr tCfms in
"\0. olle ohtains .

(gl'ad S)' = ,,', (4 ) In this seclion we shall considcr the relalionship betwccn an
equation that can he regardcd as Ihe eikonal equation for a
Illcdium nI' constant rel"ractivc index and the geodesics 01"an
arbilrary (Ricmannian) space. The rcsults of this section are
actually morc general than what we will require in the nexl
section and Ihey cstahlish several connections helwcen diffcr-
enlial geometry. c1assical mechanics and geoIllctrical optics.

Throughout Ihis section we shall assume that the space
has an arhilrary dimcnsion IV ami that its metric, ds2 =
!JijdJ.~ld¡;}, may nol he na!. Lowcr case Latin ¡ndiccs
i,j, k, ... mn fmm I lo N and thcrc is surnmation over rc-
pealcd indices. Thc hasic result is containcd in the following
proposition. which is due lo Gnuss 16J.
Proposirioll l. If S is a function such Ihat

lhen the licld lines 01"grad S are geodesics I<:f. E'l. (4)J. (In
olher words, Ihe orthogonal trajectorics 10 the surfaces S =
const. arc geodcsics.)
Pmof Equalinll (9), written in tcrms of an arhilrary coordi-
nale systcm, is

\'o'hich givcs Ihe variation of e along Ihe I¡gh! rays. Thc COI11.

ponenl of lhe Icft-hand sitie 01' Eq. (5) in lhe dircction 01'
p,ra(\ S t.:oincidcs with lhe cOITcsponding component 01' lhe
right-hand sidc hy virtuc 01' lhe cikonal equalioll (4). On
Ihe othcr hand, lhe component 01' Eq. (5) perpendicular lo
grad S can he ohtained hy laking the cross producl 01' cach
side 01"this cqualion with grad S Iwice; Ihen. making use nI'
E'ls. (3)-(5), one finds ¡hat

e. [(grad S . grad) gr,,,1 S-n grad nJ = O.

Similarly, making use of Eqs. (2) lO compute curl ('ud h, il
rollows that

(~rad S . grad) h = ~[~rad S . grad In E - \72 SJ h

- (h. ~rad In n) grad S. (6)

(gracl S)' = mils\.

.. DS as
!J 1.1.,-D..-;--:'" D = el) 11s t ,

.1'1 .Xl

\\'herc IIlc matrix (!Jij) is the inversc 01' (gij). Lctting

DS
Pi::: -a '

.1'1

frolll E'l. (10) we have

(9)

( 10)

( I 1)

I-lencc, (grad S . grad) grad S-n gl'ad n is orthogonal to
h ando from Eq. (4), one linds that il is also orlhogonal to
grad S, thercfore

( 12)

and taking Ihe partial dcrivativc 01' Ihis rclation with rcspecl
to .tl.: it l"ollows that

(gr;ul S . grad) grad S = n grad n. (7) D,,') D
-"- _. ? jj . Pj -
!) .1.: IJ,P} + -y PI D ,. - O.
(J.I :r

( 13)

This cqualion gives the changes of direction 01' lhe light rays
and is equivalenl to Sncll's l:lw.

Frolll E'ls. (3), (5) ami (6) it fo\lows thatlhe directional
uerivalives along lhe light rays 01' Ihe unil vectors Ihal de-
termine the direclio.n of lhe clcclric anu rnagnelic lields,
e " e/,¡¡;-:c; and h " h/~, respeetively, where the
* denotcs complex conjugation, are given by

hy virlue nf the symlllctry 01' !Jij. Equalion (1 1) also implies
lhat DI') ID.r' = Dl'dD.ri, therefore. I"rolllE'l. (13) we oblain

Now, Ic! .ri = .,.i(>.) he paramctric cqualions ofthe "ncld
lines" (inlegral curves) 01' gracl S, i.e.,

(~rad S . grad) e = -(e. grad In n) grad S,

(~r;HI S . grad) I~= - (l•. grad In n ) grad S. (X)

I} _Dp~, 1 D(/j
.'1 1)1 D ¡,} = -::) D' k Pi/'}.. _.c

d.¡-' .. DS_=(/J_.
d~\ . D.¡-) ,

(14 )

( 15)

which, owing lo Eq. (1 1), iJmounts loIt will he sl10wn in Scct. 4 tha! Eqs. (7)-(8) mean (Ilat Ihe
dircction of eac~ 01' thc three Illulually orthogonal \'cctors,
grad S, ú and h does not changc a!nng a light ray if olle
lIlakes use of lhe mctric n2ds2.

d.rl
- - I})
d)" -tI Jj. or ( 16)

Nn'. M,. •. ¡:r •. 46 (3) (2(X)()) 22()-22(,
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lIence, from Eqs. (16), using Ihe chain rule and Eq. (14) we
lind that

The parti~t1 ocrivalives ol' lhe cOlllponents 01' g1.j can
he expressed in Icnns of the Chrislüffcl symhols accoroing
lo [3-5]

Remar/..: 6. Using El)s. (16) one finds Ihat Eq. (14) arnounts to

dJ)/.: 1 Dyl)- = ---l'i]'. (20)
d)' 2 D.r' J

This last equalion together with the lirst cl)uation (16) are lhe
Hamilton el)uations for the Hamiltonian 11 = ~gijPi]Jj' wilh
,,\ in place 01"the lime (tJ Remark 3).

As pointcd out aho\'e (Remark 2), .1 completc Solulion 01"
El). (10) gives locally aH Ihe geodesics 01' Ihe metric gij. In-
deed, if S(;rí, nH) is a solulion of El). (10) depending on N -
I pararnetcrs nI, ... , n,\' _1 (i = 1, ... ,l\r: 1/.= 1, ... 1N -
1), s"eh that the rank of the matrix (D"SID""D.ri) is equal
to N - 1, Lhelltaking the partial derivative of Eq. (10) with
rcspect to Oc¡, it follows Ihal

(21 )

=0

d.'" O (OS)-- =0.
(L\ D.1'J Dan.

2,/j DS .!!..., ( DS )
. D:rl D.r] DO'I

and making use nI' El). (15) we ohtain(1 X)
D,¡ij . ' . .
_' rl gm] _ r] 1111

D.,.I.: - mk ml.)J.

Then, fmm Eqs. (16)-( 1X)one oh!ains

(23)

(22)

(24 )

di]"
"""J>: = O,

(DS)' (DS)" (DS)"- + - + - =1D... Dy Do

wherc

which means thal

;1" = DS
- Do.,,'

i.e.. the fUl1ctions ji" delined hy Eq. (23) are constanl along
Ihe geoclesics which ¡¡re Ihe orthogonallrajeclories lo the sur-
faces S = ('ousl. The cOllditioll thal lhe rank 01' Ihe ma-
Irix ({J1S/Do'lriJ.ri) bc equal lo iV - 1 guarantees Iha!, 10-
cally, for cach set of values 01' (he constanls (\ 1, ... ,(lN _l.

¡JI, ... ,f3;\' -l. Ihe N - 1 equalions (23) detcnninc a curve.
(Note tha! (his procedurc is analogous lo that followcd in
classical Illcchanics 10 solve the cqualions ol' motion making
use ofthc Hamillon-Jacohi eqllalion 16.71.)

A very simple, buI illuslrative, example is given hy find-
ing a complele solUlioll of Eq. (10) in lhe Ihrcc-dimensiollai
Euclidean spac(:. lIsing cartesian coonlinates. where !/ij =
Jij. Choosing Ihe conslanl on the righl4hand side of Eq. (10)
equal lo 1, a complete solution of

( 19)

which are the cqllations for the geodesics ofthe Illetric (1•••2 =
!Jíjtl.r1.d.rj i.e .• Ihe Sollllion 01'Eq. (19) passing through two
given points A ano 13 Illakes the length J~ltls an cxtrclllum.
or, at least, givcs it a stationary value [3-5].
Rema,.k J. Sincc any electroslalic field in ElIclidean spacc can
he expressed as E = -gradcp, Proposilion I illlplies that if
Ihe magnitllde 01"E is constant. lhen its ticld lines are strai~ht
¡¡n('s. Similarly, ir Ihe Ilwgnitudc of the velocity of an irrola-
lional flow is constanl, the flow lines are straight lines.
Rema,./..: 2. The converse 01'Proposition 1 is also true; all the
gcodesics 01'a given metric (flat or curved) are locally deter-
mincd hy a complete solution of Eq. (10) (sec lhe examples
helow).
Remar/..: 3. Equation (10) can he regarded as the Hamiltoll-
Jacohi equalion f(lr lhe characteristic function, corresponding
to Ihe Hamiltonian 11 = p:!/2 ol' a free parlicle in a conligll-
ration space with l11etricds2 = !./ij(Lrid.rj. The orhits 01' Ihe
particlc in configur¡ltion space are geotlesics.
Remllr/..: 4. The fie1d Iines ol' an arbitrar.\' clectrostatic ncld,
E. are geodcsics 01' the metric E2Yijd;rid.rj. Indeed. fmm
the equation E' = !ti) (D<pID.ri)(D<pID.rJ), it follows that

can be ohtaineo by scparation of variahles. SlIhstituling S =
f(.r) + f¡(!J) + h(o) into Eq. (24) une linds that S = "IX +
(\2Y + JI - nI - ni .:,where (11 and (I:.! are scparation con-
stanls. Then. according to Eq. (23) Ihe conslants ¡3' ami ¡3:!
are givcn hy

whieh is of the I"rm (10) with gi, replaced hy !tU lE". (Note,
howcvcr. that 1101cvcry gcodesic of Ihe melric E:!g¡jd.l'id.r]
;s a f1eld line.) An analogous result holds for irrOl<Ilionai
flows.
Remar/..: 5. Frolll Eqs. (12) and (16) il follows thal
!I.J(d,r' Id)')(d.rj Id),) = COIlSt., whieh means that the pa-
ramcfcr,,\ defined hy Eqs. (16) is a conslanl multiple of the
arc length.

1 as
/1 =

D(ll
.1' ~

(11 ••

.¡ .) .,-'1 - ni - O'i

(25)

ReI'. Me.>. F!s. 41, (3) (2tXX») 22{}-22IJ
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4. Thc optical IIlctric

whcrc. now, ¡,j ... run from 1 lo 3. Equation (26) is cquiv-
alcnt lo

Thc cikonal cquiltion (4) wr¡tlcn in Icrms 01' an arhitrary sys-
(cm 01' coordinates is

Thc inlcrscction of lhe (WO planes givcn hy Eqs. (25) is a
slraighl I¡!le and any straight line can hc rcprcsenlcd in lhe
fonn (25). In lhe prcscnt case, lile surfaccs S = coust.. are
planes. Aeeording lo Proposilion 1, fmm Eq. (27) il follows Ihal lhe

arthogonal trajeclories to the geornctrical wavefronts S =
canst, (the I¡ght rays) are gcodcsics with rcspcct 10 lhe aptical
metric (30), ¡.e.. a Iight ray connecting Iwo points A, I3 cor-
responds lo ;:¡ trajectory joining A and I3 slIch that its aplical
Icngth has a slalionary value, which dcmonstratcs Fermat's
principIe. (Note that, sincc the space mctric and the aptical
Illclric dilTer hy a factor. the lighl rays are orthagonal to Ihe
wavcfronls according to eilher rnclric.)

Thus. the ¡ighl rays salisfy Ihe geodcsics cquations for lhe
opl;ealmelr;c 1'/ Eq. (19)1

4.1. Ilcrivation uf tite Fermat principie from the eikonal
(;'(Iuation

(26)'J OS as ,
'/ -- =1l. D.,.l D.z:)

w!len:: we !lave introduccd

(31 )

where ,\ is the aplical Icngth (see Rcmark 5) and the rjk
are the Christolfei symhols corresponding lo lhe opticalmel-
ric, ¡.l>.,

(27)

(29)

(28)

Thc invcrsc of lhe malrix (ijij), givcn hy

corrcsponds lo lhe Illclric

(30)

where Ihe fj, are lhe Chrisloffel symbols corresponding lo
the originalmetric gij.

The flrst equation (8), wrillen in terms of componenls, is

where v k denotes the covariant derivativc compatible wilh
Ihe melr;C.'lij [3-51 (\7,.r' = Or'/O.f' +fj,rj), hencc,mak-
ing use orEqs. (32) and (3), one can cxpres5 Eq. (33) in lerms
01' the c()v~lriant derivativc compatible with Ihe metric [¡¡j' de-
no(ed by V k,

\I,.'hirh \ViII hc callcd Ihe optical merric. Owing lo lhe factor
II:! in Eq. (30). Ihe "distance" hetwccll !wo points dctincd hy
(he oplicalmclric, ¡¡long somc curve joining Ihcsc ¡WD points.
is no! lhe actual Icngth 01' lhe curve hut its oplica! /('1Igrll.
which ;:lIllounts lO Ihe vacuum velocily 01' ¡ight mulliplied hy
the lime needeJ rOl"lighl lo travel fmm one point lo the olher
along Ihe curve.

OS j'~ _, _, (0111") 'j OS
-') \' 1.;£' = -{' -- '/ --
O .j' n ., . n j'.1 U.l u.t

(33)

OS J' - _, as j' [ _, (-" "_"']~fj v ¡,-(' = o----:"fj V kC + 1 mk - lmdc
U.r) .r)

__ ,(Olll") 'jOS. OS)'(ó,OIIlIl _,Olllll "Üllln)_."- -e -- 9 - + -'1 ,-- +.1 -- - fj kg -- e'D.r/... O.r) D.rJ' . D.rHI '11 8.1'1..' • m . D.r"

OS jkDlllnAi DS ¡¡.DllllZA) DS jkDIllllA;= -,/ --e - -'1 --F = -'1 --rD.rJ' D.rk D.I')' 0.17" D.¡;)' O.l:k '

This Illeans lhal. using Ihe opticalmelric, el/n is covarianlly
constan! along Ihe light rays (i.l'., :Icconling to Ihe gcolllc-
Iry dclincd hy Ihc optical lTlelric, e' /'1 docs nol change :Ilong
c:ll:1l ligllt ray) and, in an entirely similar mannCI, from Ihe
sccond equation 00, il 1'0110\1,'5that j,' /11 is also covariantly

thus

OS _, - ("')-.-!/ v, - = O.
D.r}/l

(34)
I
constanl along Ihe lighl rays (ef Rcf. and the rcfercnces
citcd thercin).

Similarly, writing El]. (7) in Ihe form

OS I'~(" OS) 'J' ""-.- ..'/ \'/..-.'/ - = 1l!J -.
D.I'} D.rr D.t}

making use 01' Eqs. (32) and (26), onc flnds thal

Rel'. lHr'x. 1"ú.. .If) <:') (2()(x) 220--226
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"
J' un as J'"Dlnn ""_ DS DS"Dlllll. as' os OS Ollln+ J" "" 1 j.~::::ng -0-' -o-,y -o--y - + -'1 --'1 - - _yJ --'1 --xJ - Xl ;r/ll Df'" D.eJ' D.rA-' u.l"' D rJ D.rr' D.r;s

=2 OS ,i' Olu n ,i, aso, i YO' YO"".1: .r ,Z;

which al1lounls lO

os i'i7 (Y" OS)-g Vk --O.ri . n2 a.rr ::::0,

ami hy suosliluling Eq. (32) inlo Eq, (37) one tinus Ihal Ihe
curvaturc 01' the optical mctric is givcn by

ñi
j1d = RijH + t5iy¡, Vi hl1l - 61vlvj In 1l

l?ell1(/rk 7. Applying Eqs, (16) anu (20) lo Ihe opliealmelric
and recalling Ihat, in Ihis case, d>. = ('dt, onc tinds thal {he
lighl rays are given hy Hamilton's cquations with the Hamil-
lonian JI = (e/2).'J'JJlil'i = (e/2n')!Jiil'i/lJ. \Vhieh, apan
fmm an additive constant, is the Hamiltonian given in Ref. 8
(see also ReL 9).

this Illcans Ihat lhe (conlravariant) vector [¡irDS/D;rr (Ihe
graLlicnt of S with rcspcct lo lhe optical me trie), which is
langcnt lo lhe light rays. is also covariantly constant along
Ihe ¡¡ght rays. Taking ioto account lhe fael that d:rl fd>" ::::
.'JiiaS/O,rJ le! Eq. (15)]. one concluucs Ihal Eq. (35) is
equivalenl lO Eq, (31).

It lIlav be noticcd that Ihe magnilulic 01' lhe Ihrcc lllulu-
ally orth(;gonal vectors el/u, ¡,-'jn antll/Jf)SjD,rJ• which
are covariantly constan! along lhe ¡¡ght rays, with rcspcct
lo lhe oplical Illclric is cqual lo l. lndced, frorn Eqs. (29)
anu (27) \Ve have, !iij(éi/n)(cJ In) = !Jiiéiéi = l.
!iij(i,i/n)(i,i/n) = !Ji),ii,i = 1, anu 9ii(gi'OS/0.r")
(fi''''OS/O .•.''') = [¡i"'(as/o .•.i)(OS/Ox"') = 1.

Dcnoting by Vi the cOlllponents 01' lhc tangcnt veclor lo
the ¡¡ghl rays, vi = d.ri Id)" (which as poinled out ahove, is a
unil vcctor with respcct to lhe aptical mclrk), Eqs. (7), (31)
01' (35) can he written as

(40)

Ihcrcforc, making use nI' Eqs. (40) anu (36) anu Ihe iuenlily
YkVjVi - Vj\7A.pí = RílkjVl [3-5]oneohtains

-'/'Vdl.iY)t) = ¡/Vk(eV)ll')

D.rie = - (39)- D.,
hc a connccting vector hclwccn ncighboring gcoJcsics and
Vi := D.ri ID), he a tangent vector 10 the geodcsics, lhcn

j De 8;I'J DE, De iJ'2;r1 o'2:ri
v -=--=-=--=--O.I'J ¡», O,ri 0'\ a,\{)" a"o,\

DI,I D.r) DI~i - Ol'i=-=--=e-,D:-; D.,; D.r) D.l') ,

which, owing to Ihe syml11ctry l'jk = rL, is equivalent lO

+ ('V J In 11)( nj,V, In 11 - ni v • In n)

+ !J"II(V ni Illll)(g)1 V k 11l1l - fJjk Vlln n)

+ (nt.'!]. - ók!JJ')Y'''''(V", In n)('V" In n), (38)

where Rljkl is the curvature tensor 01' the original me trie gij

:lml V k denotes lhe covariant derivative compatible with gij.

(Note thal v/.: 11111 is just a IIlIl liJ.,.k, but V kV J IIl1l involvcs
Ihe ChriSloffcl sYlllhols. V. VJ In 11 = O'ln n/O.r'a.r' -
PJl-D 11l1lID.¡:1lI.)

Alllong other Ihings, the curvature detcrmines lhe oc-
havior 01' hundJcs 01' geodesics in lhe following way. Let
.I'i ;;; .I.i(>. ...• ) he a family 01' geodcsics paramctrizcd by s,
¡.e., for a tixcd valllc 01" S,;tl = .1'1 (>', s) salistles the geodesic
cqllations (19), antl Jet

(35)

(36)

as, -J'i7 (-i' as) o-y ",1.: 9 - :::: ,
O.!:J O.C'

or. cquivalcnlly. owing lo Eq. (28),

.1.2. ClIrvaturt.'

Evcn ir Ihe Itlclric qi) is Ilat (usually the Itlctric nf the thrce-
dimensional Euclidean space), the optical metric may have a
Ilollvanishing curvature. In Ricmannian geomelry, the curva-
lurc is Illcasurcd by lhc curvature tensor (3-5}

(.17)

. k .
+ el' (V"VJ - 'VJ'Vd'"

= (E,kv I.l,j)Vjl~i + E,iVj(llv/,-vi)

- E,J(vjll)vl..vi + E,jvk RílkjVl

(41 )

Rel'. Me.\". Frs. 46 (3) (2CKlU)220-226
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where °I alld o:.! are separation constants. Then

Louking for a separahlc solution 01' Eq. (43) of the fonn
5= J(.r) + y(y) + h(z). nne finds Ihal

S ¡t"= o¡;r + 02!J + ,:2 - (\j - 0i d::,

which is known as lhe cquation of gcodcsic dcviation and
givcs lhe rclativc accclcration uf neighboring gcodcsics.

Sincc lhe ¡igllt rays are gcodesics 01' lhe optical InCirie.
from Eq. (41) we ohlain

other and lhe Euclidean distance hetwecn them is conslant,
while, according lo lhe optic<ll Illctric, the distance betwecn
Ihese rays grows expollcntially as they approach the xy plane.
The eUfvalure uf the oplical metric is diffcrent from zero; in
fael. from Eq. (38) nne finds that f!',kl = -(Skiíil - S!ií,d.
where gu = óij /:;1 (in cartesian coordinates). (The simplic-
ity of the expressioll ror lhe CUfvaturCof tensor Ri

jk1 means
that [jij is the metric 01"a spacc 01' constanl curvature -1,
c<llled the threc.dimensional hypernolic sp<lce.)

Thus. hy conlrasl with the claim made in ReL 10. lhe
cxistence of a nonvanishing curvature for the optical metric
does nOl imply focusing or defocusing 01"lhe Iight rays.

Anothcr example is provided hy the function n = alr?,
where a is a cOllslanl and ,. is lhc distance to the origin in
lhc lhree~dimensional Euclide~n spacc. Prom Eq. (38) il 1'01-
lows that the scalar curvature R is cqual to lCro. 011 the other
hand, the light rays in [his case are circIes passing lhrough
the origino excIuding lhc origin itself; [herefore, any pcncil
of Iight rays originally parallel, converges as it appro<lchcs lO
lhe origino
Remad 8. Givcn a complete solution of thc eikonal equation.
S(;r'.lla), amllwo arhitrary points A, [J, with coordinatcs
(:r~.,)aJ1(1(.r},). rcspeclively. ¡hen

F(.r~I'-<¡) '" S("\,.n,,) - S(:rÁ,G") (44)

is the c/¡al"{/erui.rric f/lllcriof/ (JI' lhe mcdium 11,2 J. provided
that thc constants (la are chosen in such a way Ihal lhe
ray delennined hy 5(.1". O'I!) joins A and IJ. Geometrically,
\' (.l'j] ,<d corrcsponds lo lhe optical length (l.e., lhe dis.
lance measurcd hy Ihe optical Illelric) of thc my passing
Ihrough A and n.

5. COllc!lISiOIlS

(42)

(43)
,:2'(OS)' + (OS)'

Oy Oz

ki7 (ii7c') R-' I kelV \1 J..: ti \')'-.. :;:: . IkjV ti •..•,

(OS.)' +
0.1'

which govcrns lhe dcviation ol' lhe light rays mcasurcd ac-
cording (o lhe aplica! mctric; howevcr. in mas! cases, il may
be Illore rclcvant lo know lhe dcviation dctcrmincd by lhe
hackground mClric (usually lhe Euclidean Illctric). As shown
in Ihe following cxamplc. a hundle oC Iight rays may he
sprcading according to lhe aplical metric, bUl lhe distancc
bctwccn lhe rays may he constant according lo lhe Euclidcan
Illctric.

Wc shall considcr lhe case whcrc n :;:: 1/ z in lhe half-
spacc z > O and Yij corresponds to thc lllclric of thc lhrec-
dimensional Euclidcan spacc in cartcsian coordinatcs (hence,
.(Jij = ()i))' The Iighl rays can he found hy ohlaining a COI11-
plete solulion 01'

[3' ¡ zdz= ;1: - 01 ~=======JI - (ni + n})z2

ni JI - (ni + n})z'=.r+ .) .)
(\j + °i

amI

JI (' .2),B:.! (12 - °1 +°2::, =!I + .) .)
0i + 02

therefore

(.r _¡/)2 + (y _ (32)' + z' =., .,.
ni + ni

which lllcans that each ray is a semi-circlc ••••.hose planc is per-
pendicular to lhe .ry planc amI wi[h center on lhc ;ry plane.
Purlhcnnorc, the oplical Icngth along each of thcse rays docs
not depend on Ihe radius 01"lhe scmi.circJc. Intlccd, lllaking
use of lhe parametrization .r - {JI = 01 (nf + (l})~1 sin O.

¡J" (., ")-" B (., ., 1/"y-. - = 02 Qi+O} S1I),': = flj+O:O- -cosB.olle

tinds th<llI Ilds = I s('cfJdfJ. Hencc. iftwo I¡ght r<lYs<lrepar-
allel lo each other al somc ¡minI. they remain par<lllel to caeh

As we 11<Ivcshown, in lhe geolllctrical optics approximatioll.
some aspecls 01'Ihc propag<llion 01'Iighl can he conveniclllly
expressed making use uf the optical melric and [he Ianguage
01'diflerential geolllctry. This approach enahles us 10 derive
SOI11Cpropcrtics nI"an optical syslcm from general results 01'
differcnti<ll geomclry. which are also applic<lhle in classical
IIlcchanics (nol lo IllCllliOllgencral rclativily and some theo-
rics of unifkalinn). Por inslance, each KilJing vector (which
generates isolllelries), or Killing tensor, 01' lhe aptical Illctric
gives rise lo ;¡ cOllslanl of the Illolion. which is useful to find
the lighl rays.
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