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Excitation of gravity modes in the parameter space of the tidal wind system
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Perturbing the Navier-Stokes equation in the ionospheric F-region, the dispersion relation and the unstable regions in wavenumber space
are derived as a function of two control parameters, the colatitude # and the slow time evolution for tidal modes 7. Our results satisfy the
internal gravity wave (IGW) dispersion relation and are in good agreement with observational data. Also, we obtained a nice prediction for
the excitation regions of these modes in the parameter space (8, 7). The distribution of IGW excitations, in this parameter space is in very
good agreement with observational data distributed along the day. An alternative explanation to the disappearence of IGW near the equator
is given. Our model predicts an interesting latitude dependence, which needs to be tested by new observational data.
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En este trabajo derivamos —perturbando la ecuacion de Navier-Stokes en la region F de la iondsfera— la relacion de dispersion y la ubicacién
de regiones inestables en el espacio de niimero de ondas como funciones de dos pardmetros de control: la colatitud # y el tiempo lento T de
evolucion. Nuestros resultados satisfacen la relacién de dispersion de las ondas de gravedad internas (IGW) y acuerdan satisfactoriamente
con los datos observacionales. La distribucién de las excitaciones IGW en el espacio de los pardmetros también acuerda con los datos
distribuidos a lo largo del dfa. Presentamos una posible explicacién a la desaparicién de las IGW cerca del Ecuador. Nuestro modelo predice

una dependencia interesante de los modos con la latitud que necesitaria que deberia ser corraborada con nuevos datos observacionales.

Descriptores: Ondas de gravedad; mareas; region F de la iondsfera

PACS: 47.20; 47.35

1. Introduction

Density and velocity irregularities with periods shorter than
terdiurnal tide observed at D, E and F atmospheric regions
were initially attributed to turbulence [1]. However, several
observed periodicities and regular characteristics have led to
the belief that data variability in quasi-periodic oscillations
might cause the appearance of irregularities. These features
were observed at a large wind tidal scale and also at a small
fluctuation scale, and were attributed by Hines [2] to the
action of internal gravity waves usually present at disconti-
nuities or due to density stratification and impulsive energy
sources [3,4]. The spectrum analysis of the perturbations
was investigated by Georges [5], who identified two different
types of waves: Large scale waves of horizontal velocities
between 400 and 1000 m/min (with periods around 80 min
to 8 hs respectively, and horizontal wave numbers of |k, |,
[ky| ~ 107° m~!); and medium-scale waves propagating
with horizontal velocities about 100-250 m/min with periods
of about 15 min to 1 hs and horizontal wave number vectors
[Feel, |ky| ~ 1074 m~!. The vertical wave numbers were of
about 10~% m~! in both cases.

More recent data of the low atmospheric F region (250~
500 k) were described in the literature as the nonlinear en-
hancement between internal gravity waves (IGW) and the

tidal wind system (TWS). Different descriptions take into
account the energy transport [6], the coupling of gravity
modes [7] and the induction of a thin turbulent layer due to
mode coupling [8]. These papers use characteristic data for
both tidal and gravitational modes.

Most studies of atmospheric structure and wave behavior
were conducted, at lower altitudes, mainly at stratospheric
and mesospheric heights, producing a wealth of new results
in recent years. In the present paper, our aim is to apply these
studies made at lower altitudes, to see if the thermosphere
presents a similar behavior. Basically, we assume that slow
and convective instabilities [9] have an important role to play
in the upper atmosphere as they do in the lower atmosphere.

We derive a self consistent description which, taking into
account the above mentioned problems, gives as a result
the IGW as nonlinear perturbations of tidal modes. Nonlin-
ear perturbative techniques describing the behavior of au-
tonomous systems are common in the literature [10, 11]. The
first step is to perform a linear analysis in terms of the free -
parameters. Lincar instability regions can be identified in a
space formed by these free parameters, usually called “con-
trol parameters”, whose variation from stable to unstable lin-
car regions, give rise to new stable nonlinear equilibria (in
this context, the Hopf bifurcations play the role of internal
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eravity waves). The richness of the information we could ex-
tract from this linear analysis (the excitation regions of IGW)
constrained our first paper to this approximation and encour-
aged us to attempt a nonlinear calculation in a subsequent
work.

A general description requires the calculation of the exci-
tation regions in the parameter space; the whole set of excited
modes, labelled by Ji and w (the wave number and frequency
respectively); the amplitude of the IGW and their relaxation
times. From a complete nonlinear study the amplitudes of the
IGW can be obtained as the nonlinear saturation of the linear
excitation. The linear analysis gives, in terms of the control
parameters 6 and T, the boundaries of the regions where the

dynamics of the system changes and the characteristic k and
w of the perturbation in these boundaries. We assume that the
characteristic times associated to the perturbations are ¢ < 7,
which in turn justifies an autonomous treatment.

The paper is organized in the following way: the model,
the procedure and the approximations for solving the equa-
tions are presented in Sects. 2 and 3, respectively. Section 4,
is devoted to some results and discussions in connection with
the previous model. Finally, in Sect. 5 we summarize our con-
clusions.

2. The model

There is an extensive literature devoted to the description of
atmospheric tidal winds produced by gravitational and ther-
mal effects [1, 12]. Tidal fields are described by linearizations
around the steady state of the Navier-Stokes, continuity and
energy balance equations of a compressible, stratified, non-
adiabatic fluid, taking into account Coriolis effects, the grav-
itational potential due to the earth, the sun and the moon, and
thermal effects as well.

Assuming the earth gravity as constant (¢) and neglecting
magnetohydrodynamic and viscous effects we can write

%z_v’f)—ﬁxﬁ—gé—lrf, (1)
0 % oy =1, @)
Jt
DP »Dp

__L"— == —_ () 3
Dt oy = LeE 2

where F is the force associated to the tidal gravitational po-
tential (sun and moon) and Q are the heat sources. d is the
carth’s rotational velocity, ¥ = Cp/Cy, s is the sound ve-
locity and D/ Dt is the total derivative.

We assume the usual convention for the tidal functional
dependence of the velocity field, density and pressure:

7= [U(z,y,21),Viz,y,271), Wz, (4.1)
p=plz,7), (4.2)
P=P(z1) (4.3)

TABLE . Tidal amplitudes, their derivatives with respect to z,
phases and periods [6, 12]. Characteristic lenghts and the Froud and

Rossby numbers.

Semidiurnal Diurnal Units
Tide Tide
Bu 3000 4200 m/min
Bv 3000 2700 m/min
Bw 180 120 m/min
dBuy
— —0.015 —0.015 1/min
JBu
— —-0.020 —0.020 1/min
0B1 -5 8
37 54 % 107" 54 x 107 1/min
Phase 9 AM. 7 AM. hrs
7T 720 1440 min
DM 2160 3888 km
LM 130 172 km
F 10~* 0.5 %1073
R | 05

Our aim is to obtain the IGW through the perturbation of
Egs. (1) to (3) around the steady tidal solutions, taking into
account that for the IGW the atmosphere behaves as an adia-
batic and incompressible stratified medium. Thus, we impose
adiabaticity and incompressibility to the perturbation. Then,
the IGW must satisfy V - @ = 0 and also P = s%p' [13].
The characteristic frequency of the IGW due to stratification,
the Brunt-Viiisili frequency [N? = —(g/p)(0p/0z)], is in
our case N2 = 1.6 min—?, which means that stratification is
stable.

The =z vertical background wind component (TWS) is an
order of magnitude smaller than the horizontal one, so its
dependence on horizontal coordinates might be neglected.
Then, these dependences for W, p and P have been ne-
glected in Eq. (4) [1,6). The values of Froude and Rossby
numbers show that the stratification effects are preponderant
and the relevance of the rotation effects. As L(T) <« D(T
(vertical vs. horizontal characteristic scale lengths ), R,, and
F numbers are small enough (see Table ), the evolution of
the background and perturbations can be thought of as large-
scale quasi-horizontal field [13].

For the tidal fields we take an average phenomenogical
solution whose functional dependence will be given below.
We choose a local coordinate system where . is parallel to 6,
i) is parallel to ¢ and Z is perpendicular to the earth surface.
f is the colatitude.

From phenomenological data [6,14] we can conclude
that the length scale D'T) of variation of the tidal velocity
components I and V' is much larger than the gravity horizon-
tal wavelength, D) ~ 0.1D(") then we can use a multiple
scale method where % and w are defined as local wavenum-
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ber and they depend on the parameters & and 7, where @ is
the colatitude and 7, the slow time evolution for tidal modes.
This means that a magnitude, e.g., U can be written as U' =
U, 7)+A e FO7) where f(8,7) = k (8, )z —w(0, 7)1
and k, (6, 7) = e7'0f /Ox, w(B,7) = 10 /Ot. The small
parameter € characterizes the scale separation.

In summary, in our case the linear expressions of the per-
turbation amplitudes A; of the velocity @, the density p and

The resulting perturbed equations are

the pressure PP can be written as

g U A,
3! | . Ay
W' | = | W] +eilkEuwt) | A, (5)
P P Aq
P P As

and w = wy + iw, and E are functions of the parameters 6
and 7. Also, up to zero order, the amplitudes A; are not time
dependent.

aU aU aU aU o .

- ay , T V) +2(¢, W — . V)| Ay ik, A5 =0, (6.

p[!(t F-w)+ 5 ]A]-i-p(a? 2@) +p(a +2@y)A3+[6t - VU)+2(6,W — ¢ )] ik A (6.2)
oV , av av v ; ,

. ofe B bt . A o v 2) % — . - 201 6

p( G +20:) As+p[i(o - F w)+6y]Az+ﬂ(0; 26,) As+ [ar HT - VV)+2(6:U — 6, W)] Au+iky As =0, (6.b)
; aw W aw ,

~2py Ar + 200, A + p[i(7 - F-w)+ |As+ B WG+ 2V —9,U) + | A+ ik As =0, (60)

?Ag-{*[(ﬂ L—w)+(

(7 k — w)Ay — (T

-7)]Aq =0, (7

k—w)As = 0. 8)

Here we have neglected the terms Q- A4 and the perturbation
of the gravitational tidal force F.

In the derivation of Eq. (7) we have explicitly used the
fact that the perturbation (IGW) is incompressible, that is,
V - " = 0. In Eq. (8) the contribution proportional to A is

cancelled by virtue of the usual definition of the velocity of

sound s* = dP/dp. Then, from this equation we recover the
relation P' = s?p’ for the perturbation.

The functional dependence of the tidal velocity field @

was modeled as
Ui, z. 1= [B{fﬂ(:) cos(§2,7)

+BY (2) cos(Qar — 7/3)] - fu(6), (9.a)

V(8.z:7)= [B{d)(:j) cos(f;7)
+ B (2) cos(Qar — 7/3)] - fr(8), (9.b)
W(8,z,7)= [B(\s)(z) cos(27)

+BW (2) cos(Qar — /3)] - fw () (9.c)

where 8 is the colatitude. f,,(8), f, (#) and f,, () are the tidal
wind colatitudinal dependence.

There are several diurnal and semidiurnal modes acting
simultaneously, but at this altitude (z ~ 300 km) the deepest
modes are the simetrical (—1,1) and (2,2) Hough modes.
These modes present a rather similar colatitudinal behavior:
near null at the pole and maximizing at mid and low colati-
tudes. For simplicity in this scenario, the same colatitudinal
behavior shall be adopted for diurnal and semidiurnal modes,

TABLE 1. Parameters values employed in the model [14, 16].

|| 4.36 x 1072 1/min
oA 4.36 x 1073 1/min
Qs 8.73 x 1073 1/min
2.6 x 10° m/min
g 32040 m/min?
p B % 1078 gr/m*
?J —10~12 gr/m*

using a colatitudinal function between 0 and 90 degrees (we
use the same function for the north and south hemisphere)
given by: f,(8) = f.(0) = (20/m + 1/2) cos(n /4 — )
and fu (f) = 1. A more complex colatitudinal structure at
F-region is being studied, but differences due to individual
modm LOD[I]hUlIOﬂ are not yet conclusive. The amplitudes
B(®:(5) as well as the phases and periods of the diurnal and
semldlurnﬂl tides respectively are shown in Table I [6, 12].
Note that due to the proportionality of 4 to 7, the y depen-
dence of these expressions has been absorbed in the + depen-
dence. The gravity constant g, sound speed s, the density p(z)
and its derivative dp/dz were estimated from tables [16, 17);
the amplitudes B(z), and their derivatives, (9B )/(8z),
(0Bv)/(dz) and (dBw)/(dz) were estimated from tables
and graphics [G, 12] and are shown in Tables I and II for a
height z = 300 km.

3. The procedure

The system given by Egs. (6) to (8), has nontrivial solutions
in the amplitudes A if its complex determinant is equal to
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zero. After a long but straightforward calculation we obtained
the determinant that gives two equations in w, and w;:

Coo + Coyw, + ngwf + Cg3w‘? + C‘Mu);1
+ Ciowg + Criwpw, + Clgwnwf
+ Cgowi + Cglw';';w, + ngwiw?

+ Cguu)i + CJ;()LM;.I2 =]} (10.a)

Doo + Do1w; + Doaw? + Dozw?
+ Dgwgr + Djwrw; + D]gwﬂw? + D13wa‘f
+ Daow? + Dywlu,

+ D3gw? + Dajwiw, =0, (10.b)
where the coefficients C and D (whose explicit expressions
are given in Appendix I) depend on the components of the
wave vector k and of the tidal model both dependent on the
control parameters (6, 7). Note, that this means that the dis-
persion relation, [Eqs. (10)], depends only on the control
parameters. The modes that can be excited are those with
w, > 0. We obtain these excitation regions and the damping
ones (w, < 0) by looking for the set of points were w, = 0.

The set of points that we obtained, turned out to be one
dimensional curves in the (#, T) space. A curve that delimites
two regions in the parameters space with different signs of w;,
at both sides will be the separatrix line between damping and
excitation zones.

Replacing w, = 0in Egs. (10.a) and (10.b) we obtain that
w, must satisfy the following equations (dispersion relation):

Coo + Crowr + Czow? + Caow} + Cipowy =0 (11La)
D[)(] + D]ULAJR + Dg(]h)i + Da()(.u‘i = (), (l !b)

Since the dispersion relation is unique either Eq. (11.a) and
Eq. (11.b) are the same (if me",; is negligibly small) or the
set of roots of Eq. (11.b) is included in the set of roots of
Eq. (11.b).

1If we estimate from literature wy and J characteristic val-
ues of the IGW and using the TWS parameters [5,6,14], we
notice that, for the extreme values of wp ~ 10~2 min~!
and 47 - i ~ 10~2 min~! there is an order of magnitude
of difference between me’; and ngw%. In the average
case this relation gives a difference of two or three orders
of magnitude. Then we can say that Cqowy, < Caowl. If
we repeat the same procedure for the other terms, we found
that Cso/(wxCso) < 10°. This allows us to neglect the
term Cyow? in Eq. (11.a) and consider that Eq. (11.a) and
Eq. (11.b) are the same term by term. From this assumption
we were able to determine a functional form (denoted by 1)
for the set of points (#,. 73,) in the parameter space (6, 7) that
satisfy the condition w, = 0 and the associated wave vector
E(H, 7) in selfconsistent way.

Note that the consistency of the method will be proved
if the resulting values satisfy the hypothesis of the model

(about the autonomous condition and the local wave number)
and the inequality estimated previously from phenomenolog-
ical values (from the predicted values of the model given
in Table ITI, we have: wy ~ 51073 min™'; v ~ A/T ~
1072 m/min; k. ~ 1072 m~! then Cyow? is less than two
order of magnitude than Czow}).

Then

FO0h, 1) + EAf(Bp,75) =0, (12)

ko = k% By, 1) + EAkL (66, T8), (13.a)

ky = k2 (5, 1) + EAKy (85, ), (13.b)

ke = KO8y, ) + EAk: (B0, m0);  (13.0)

where

FO = (JT:“’) --ﬁ) +(V-9)/2, (15)

Af = AkyU + Ak, V + Ak, W (16)

explicit expressions of which are given in Appendix IT.

In Egs. (12) and (13) the term with parameter § is propor-
tional to the stratification of the medium. The parameter £ is
related to the Brunt-Viiisili frequency N [13]. In our model,
for the reference height z = 300 km, £ = —2.910~* min*/m
corresponding to a Brunt-Viisili frequency of about N =
1.2min"'.

The solution of Eq. (12) gives the boundary values
(B, 73) in the parameter space where w, (8y, ) = 0 and they
are shown in Fig. 1. These curves, which prove to separate the
damping and excitation regions (the signs of w, at both side
of the curve are different), are the separatrix lines. With the
limiting values given in Fig. | we evaluated the correspond-
ing values of I using Eqgs. (13.a)-(13.c).

The k values are solutions of Egs. (11.a) and (11.b) with
w, = 0. The corresponding values of i out of these curves are
unknown but close to the boundaries they must coincide with
the values previously obtained. Moreover, near the separatrix
lines, the & values must be continuous and cannot be too dif-
ferent from the set obtained before. Then, for the parameter
values 8 = 6, and 7 = 7, we can assume f.:(ﬂ. T) & f.:.(ﬂb, Th)
and wr(8,7) &~ w(fy, 1) and solve Eqgs. (10.a) or (10.b) to
obtain w, near the borders, outside the separatrix lines. The
sign of w, (+/—) indicates respectively the growth or damp-
ing of the perturbation in each region. The corresponding re-
sults are symbolized with plus and minus signs in Fig. 1.

4. Results and discussion

Following the procedure described in the previous section
we obtain characteristic values k, ~ 107 m~L, ky ~
10-* m~! and k. with a rather steady value, k; ~ 5-107°
m~! and periods T" between 100 and 200 min (see Table III).
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TABLE 111, Characteristic values for @ = 40° and z = 300 km in the separatrix lines S; of k [m™"], wr [min™'] and their respectives A [m]
and T [min]. Note that for Sy the two crossing values are given.

S1 S2 S3 Si Ss Se S7
Ka —3.69%107° 1.16x107° 3.97x10°° 2.39x10~°  —2.14x107° 1.24x10°° —4.83%x107°
121510~
Ky —2.73%107* 3.91x107%  —3.59x107*  —1.12x107° 1.62x107° 4.25%107%  —2.92x107?
—7.70%x10~*
K- 5.66x1073 5.66x107% 5.67x1073 5.66x107* 5.66x107? 5.67x1073 5.66x107%
5.66x1073
wi 6.46x1073 9.70x107? 6.43x107° 5.69%107° 7.69%107* 6.16x107* 4.34x1073
5.95% 10~ %
w —8.10x107*  —582x107°  —570%107*  —6.75%107*  —5.99x107°  —6.21x107%  —7.35x107°
B
A 2.71x10* 8.62% 101 2.51%10* 4.18x10" 4.67%10* 8.06x10* 2.07x10*
8.26x10"
P8 3.66x10° 2.55%10% 2.78x10° 8.92x10° 6.17x10° 2.35%10% 3.42%10°
1.29%10°%
A; 1.76x10? 1.76x 102 1.76x 10> 1.76x 102 1.76x 10> 1.76x 10> 1.76x 10?
1.76x10*
S gty 154 103 155 175 130 162 230
168
7@ 123 171 175 148 166 161 136
149
1400 5 160 i r
* A {22 5 i \
200 ,___._———_—-E—_,_.___ 20 & 140 A B & D Es FE A
% % o !
. + E 18 E : 120 . “7 |
- ~s E 7 : w g |
= = o 100 1 i oo |
E goo | D F——u 4 3 g i i'-. & | f?;ﬁ:d% 1
E - D Ju3i - 80 | ;:Dr{?o ! 55’“2.::,_‘% i d
8 2 £ ! 2 o | - :
g 20 — 14 PR TR D T : R -
, + ¢ E- 3 L gl ik, Ce L wis! *
400 & = 177] a0l T= =% | ol " - : oyl o
& 5 e | M.-'o! el i e
200 - B /4 5 20 : 3 '
+ A L 2 B - 4 )
?‘2 04 06 08 10 T2 e :59 b‘) 5 10 15 20

Theta ( rad )

FIGURE 1. Excitation and damping regions for the IGW as a func-
tionof # and 7, A, C and E (sign +) denote excitation zones. B, D,
D" and F (sign —) denote damping zones.

In Table III we present the k values with their corre-
sponding wave length A, the frequencies w, and the cor-
responding periods 7' on the separatrix lines for # = 40°
and = 300 km. The set of third solutions of Eq. (11),
w2 10% m~!, are not shown because the associated peri-
ods range out of the scale of validity of the model. We stress
that all values of Table IIT correspond to the separatrix lines
and not to the effective zones of excitation or damping. This
values are in very good agreement with George's spectrum
analysis [5] whose values were given in the Introduction.

hours ( Local Time )

FIGURE 2. Experimental values of spectral power density in the
range 10-90 minutes obtained at: B Buenos Aires, ¢ Tucumén and
A, ¥V San Juan. A, C and E denote excitation zones. B, D, D’ and
FF denote damping zones (see Fig. 1).

Figure I displays the excitation and damping regions for
the IGW as function of parameters # and 7. At different hours
during the day, instabilities appear superimposed to the tidal
wind signal, which are identified as IGW [6, 14]. This is con-
firmed by the observational data given in Fig. 2 [6] where the
spectral power density of the background wind field versus
local time is shown.

We can see that there is a one-to-one correspondence
among the excitation zones denoted by A, C and E in Figs. |
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650 T T T

450 b ‘ : : "
0.0 02 04 06 08 1.0 1.2 1.4 1.6

Theta (rad)
(a)

—0.0009 .

0.4 0.6 08 1.0 1.2 1.4 16
Theta (rad)

(c)

T 14 T T T

0.00009

0.00004 |

—0.00001

K¢ (1/m)

—0.00006

—0.00011 | 4

00 0.2 0.4 OB 08B 1.0 1.2

Theta (rad)
(b)

0.005675

0.005674 i

0.005673

0.005672

0.005671 1

(1/m)

0.005670

Kz

00 02 04 06 08 1.0 1.2 1.4 1.
Theta (rad)
(d)

FIGURE 3. a) Separatrix line (S3) between the excitation zone C and the damping D one, in the parameter space; b) k.. values in the separatrix
line S5 vs. the colatitude; ¢) The same as in b for k,; d) The same as in b for k..

and 2. Also, the damping zones denoted in both figures by B,
D and F, show the same agreement. In Fig. 2 we can also see a
latitude dependence of the data, but as their colatitude values
(Buenos Aires # = 0.96 rad, Tucumdn # = 1.10 rad and San
Juan @ = 1.03 rad) are so close, we are unable to check the
complete latitude dependence. A dataset more widely spread
in latitude is necessary to compare our predictions and to de-
termine the existence of the excitation zone D’ of Fig. 1.

Observational data [18] in the literature report the phe-
nomenon of disappearence of the IGW for some hours and
large colatitude values. This is generally attributed to an ab-
sorption mechanism in the medium. Our results show that
|k.| and |k, | have a decreasing value as colatitude increases.
Moreover, in some cases, k, presents a change of sign for
colatitudes around 75°. As an example, in Figs. 3a-3d we
show this behavior for the values in the separatrix line be-
tween C and D regions. Therefore, these results provide an
alternative explanation to the phenomenon of disappearence

of the IGW. Either wave reflection or the increase of excited
wavelengths beyond the range of the window search can also
be associated to this phenomenon. The detection of reflected
waves or modes that have a strong change of A with latitude
could provide some support to this hypotesis. The data anal-
ysis of the latitude dependence and the derivation of the wave
amplitudes will guide our subsequent work.

5. Conclusions

The Navier-Stokes, continuity and energy balance equations
for an inviscid compressible fluid in the low atmospheric
F-region were perturbed around the tidal phenomenological
solution. We imposed adiabaticity and incompressibility to
the perturbation. We obtained characteristic k and w values.
These modes satisfy the dispersion relation of the internal
gravity waves and are in good agreement with the perturba-
tion spectrum analysis given by Georges [5].
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We derived the linear damping and excitation regions of
IGW, in the parameter space of our model. In the separatrix
lines (lines between excitation and damping zone of IGW)

we derived in a systematic way, the wave number k and fre-
quencies w. They present a functional dependence with lati-
tude 4 and the slow time evolution of the tidal modes 7. The

predicted time dependence of Fandw arein very good agree-
ment with model predictions of Giraldez er al. [6] and Can-
ciani [14] and are confirmed by experimental data given in
Fgi 2.

We report an interesting behavior of the horizontal com-
ponents of wavevector k near the equator line. This result
is in agreement with well established observational data that
report the disappearance of IGW at large colatitudes. Our
model offers an alternative explanation to this disappearance,
which is either wave reflection or the increase of wavelengths
beyond the detection window.

We can summarize the advantages of our treatment as fol-
lows:

Appendix I

The coetficients C of Eq. (7.a) are:

We obtained the IGW characteristics in a natural way
from the linear analysis of the excitation modes in the sys-
tem.

These characteristics (regions and boundary values of k
and w) are displayed in the free parameters space, allowing
a global description of the behavior of the system. As a fi-
nal remark note that a nonlinear perturbative calculation of
the coupling of these modes requires the knowledge of this
global description as a starting point.
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and the coefficients D of Eq. (7.b) are:
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