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Wannier exciton bound states for electron and hole spatially separated in adjacent
2D quantum layers
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We analyl.c thc lowest Oound states 01' a Wannier-Mott exciton in which Ihe electron is constrained lo move freely in a 20 quantum layer
(2DL) and the hole rnoves in anothcr parallel20L. We assullle Ihal in the contlnement direction z hoth electron ano hole are in their respective
ground state of a harmonic potential which yields a general rnultipolar expansion 01' the eleclron.holc Coulomb potential in terros 01' Legendre
polynornials. Thc resulting Schródinger equation can be solved by pcrturbing 2D exciton states for which bolh electron and hole are in the
same 2DL.

K('ywurt!.\.: Quanlum layers; semiconductor heterostructure; Wannier.Mo!t exciton

Se eswdin el estado hase y los primeros estados excitados de un excitón de Wannier.MoH. para el cual el c1ectn"lnest¡Í restringido a moverse
libreflleflle en una capa cuántica bidimensional (20L) y el hueco en otra 2DL paralela. Se supone que en la dirección de confinamiento z
lamo el elcctr6n como el hueco están en el estado base correspondiente a un potencial armónico. con el cual permite realizar un desarrollo
mullipolar de la interacción coulombiana electrón-hueco en términos de polinomios de Lcgendrc. La enHlción de Schrbdinger resultante se
resuelve usando teoría de perturbaciones para los estados excitlÍnicos bidimensionales correspondientes al problema en el cual el electrón y
el hueco están en la misma 2DL.

f)('Jcril'lOrl'.f: Capas cuánticas; heteroestructuras serniconduclOras: exciton de Wannier-Moll

PAes: 71.35.-y; 73:61.-r

2. Complete multipolar expansioll of the inter-
layer electrnn-lllIle potential

heing TI/; (wilh i = f'1J.cPl/' .::,') lhe kinetic and f~(.:v) the
lrans\'crse confjnelllcnt potcnlial of each carrie!".The elcclric
intcraClion pOlential is

eleclron ¡¡eJ. On the olhcr hand, calcuialions of the ground-
state exciloll wavcfllncliolls in layered slruclures are desired
in Illodcl calculalions of cxcitons al interfaces, such as that 01"
Kachintev and Ulloa 131. wherc they invesligated lhe coIlcc-
live Illodes 01"dilutcd 2D exciton gas.

( 1)

(2)

Thc Hamiltonian in cylindrical coordinales is

where lll' (wilh 11 = 1, '2= (',h) are detlned as

f¡ = li, + li, + f~"t,

Sludics nf excitons in confincd systems are inleresting dlle
lo the possihility of growing high-quality nanostrllctures
wilh prescrihed configurations. Within lhe spirit of studying
Wannicr.Molt cxcilons in systcrns lhat exhihit spalial sepa-
ralion het\\'ccn electron and hole, we invcsligalc from a the.
oretical poinl 01"view a \Vannicr-Motl cxcilon in which lhe
c1eclron is conlincd within a bidimensional layer (2DL) and
lhe hole is confined in anolher parallel 2DL. The purpose of
this papel' is to invesligatc lhe lowcsl bound sIales of lhis
syslern. Analogous syslems were thcoretically invesligated
lIsing varialiona! approaches lo calculale groundstate prop-
cnies '1,21. Ilere we lake into accounl lhe effccls nI' linilc
widlhs nf lhe layers in contrasl lo Lozovick and Nishanov's
modcl ¡11. which assumcd particles confincd in 2DLs with
vanishing widlhs. Baslanl et nI. [2] performcd a varialional
cakulation 01"the cxcilon hinding energy 01' a type 11semi-
conductor heleroslructure consisting ol' a holc in InAs well
confill('d hctween lwo semi-infinitc GaSh layers where lhe

l. Intrnductinn

e2/,

VI'; + I'} - 21'11'2 COS(OI - 9,) + (2, - 2,)"
(3)
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and

and
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1 fJlfJ:! ~ I(O:I,O::!)\ ,.,,((1) = -- L .,.,
f iJ=O 1..).

Di+J I/?X -.-. [(1" + (z, - z,fr - I,,=o,o,=d, (10)
D::iD:::~

wherc 1(0-;;1. 0".:2) are the mornenls ofthejoinl density proh.
ability of lhe groundslale given by

It is well known thall~'(J(")I' lends to the Dirae's {¡ fone-
tion as o- z/./ ~ O. Then we can approximale lhe elcclro-
slatic potenlial as a Taylor expansion around the maximum
01" It/'o(l, 2)12 with respecl to its two lransvcrse variables to
yield

Bere ti is the distance hClween the two particles. Let LIS re-
call that Ihe grollndstatc cncrgy of a harmonic oscillator for a
particle of mass 111 is given hy

00 00

I(a,¡,a,,) =.! .! dz,dzzlli'0(1,2l1'z;(z,-d)'. (11)

-00 -00

\Ve proceed to perform a multipolar expansion of Velf re-
slricting our modello harmonic potcntials in the z.dependent
transverse conflnemenl; (':"(=11) = !.-/./;;~/2.This choice has
the following advantagcs: it could physically represenl cither
son or hard possiblc conllncl1lcnts, and as it will hc shown,
al! Ihc l1lomcnts of lhe harmonic oscillator calculated in the
groundslale can he cxpresscd in tcrms oí" lhe powcrs 01' its
standard deviation. However, our lrealmenl is vaHd for any
transverse confincmcnt potential whose mame nI integrals are
\Velldefined and known, ami for any pair of partic1es ]JI and
1'2 (in this work \Ve\ViIIapply it to the excito n problem. so PI
and P2 \ViIIrepresent thc elcctron and lhe hole). It is uscful to
wrile the groundstnte joint density probability of lhe bidimen-
sional harmonie oscillalor 1t/'o (1 ,2) l' in lerms oflhe slandard
dcvialions o-ZI" = ((z'''f)o (suhindex O indicales grollnd-
state), which are nf the ordcr of magnitude 01' Ihe widlhs of
Ihe 20L and are inversely proportional to lhe fourth powerof
the harmonic potential stiffness orthe !.-,,:

(5)

hcing J..~ lhe radial exciton wavcvector. and 1 the quantum
angular number. Also It = 1H11712/(ml + m2) is the rc-
duced mass and =:(p) is Ihe wave function part associated
with the relative radial coordinate. We calculate the bracket
(t/J?1/'~F'~IHIt/J?t/J~ nS(p» lo yield

( (')1 ti el . í _ 2D-
--1'- -,- + 'eff ~(p) = E ~(p),
l' dI' dI' 1'-

l' = vpf + p} - 21'11" eos(</JI - </J,),

(
sin <PI - sin <P2 )tP = arct.an .~---~
<:os</JI- eos </J,

JmlPÍ + m2P~ + 2ml Tn2PIP2 ('05(4>1 - <P2)
!'nn = mi +1H2

(
mI sin <PI + 1112 sin 4>2 )

Qcm = arrt an , ,
mi tOS <PI + 1H2 ros (/)2

with 1I1v heing the corrcsponding effcctive mass), 1b?(zd.
t/,~(z,), F(I'",,, </J,m) and <J'(</J)are funelions sueh lhal

[T", + Vv(z)I1/'~ = E~ot/J~,

where Ihe effective potential F('lf for lhe 20-dimensional
prohlem is deflned as .

whcrc 1', Q and Pcm, QCIll are Ihe usual relative and center of
mass cylindrical coordinates

where ( is lhe appropriate diclcctric screening of the semi-
conductor media.

Let LIS assume thal the transverse dimensions of holh
20Ls are slllall enough so that Iheir associatcd groundsrale
cnergies are lhe only relevant leveIs for the energy range we
consider. The wave function is variable separable, thus il can
he wrinen as

(Ihe index Odenoles the groundslale).

(
JO O J O') (H)'
---Pcm-O + -:¡-D""') F= -2-F
{'cm Dprm Pcm Pcm 'f'cm JI

00 00

\~'ff(Z) = J do¡ J dz,IIi'0(1ll'1Ii'0(2l1' '\n,(t¡ - '''2), (ó)

-00 -00

The calculation of I(tT:I, o::!) is slraightforward, and it
allows LIS to rewrite the Illulliple partial derivative involved in
Eq. (10) in lerms of orlhogonal polynornials as follows

whcre 17" are 30 vector, E is the cigenenergy of the whole
syslcm ami .\1 = mI + 1Hz is lhe total mass.

and

'D 1 1 (TI/,')'
E = r. - EIO - E,o - 2M (7)

( - 1 )' (i + j) '1'.+ j (d / ,¡1" + <£')
[(1' + ,['J(1+'+Jl/'

( 12)
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whcrc wc llave introduced lhe abbreviation Cn(a.:l, a ;:2) dc-
finco as

! () '11'1';¡;'" C,,(a~l,a'2)P'n(ti/VP' +"') (13)
\ ,.Ir l' = -,- L (1" + d')('n+l)/' '

n=O

where we have used the generating funetion [4J ofthe Legen-
tire polynomials Pn (n = 0,1, o •• ) and wc sel n = i + j. By
suhstituting Eq. (12) into Eq. (10) and expressing I(a d, a,,)
in tCfms of (he gamma function r,wc arr¡ve lo lhe fol1owing
general cxprcssion for Vetr(p):

and lhe corresponding hound states eigcnenergies and eigen-
functions are [5],

(16)

11=0,1 •... , (17)wit.h1

(n + ~)2
E(O) =-IE""In,2D ()

(
1 O O 1 O' /' e') (O)p O/' DI' + 1" O,p - 1" - '1' I...I (1', <1» =

£'0) I(o) ( <1»
n,2D n,l p, I

theory. The pertllrhed excitan states will lend lo the unper-
turhed slales in lhe Iimils vanishing lhicknesses (azv -+ O)
and a single 2DL (el -+ O). Thc unperturhed cigenencrgies
and eigenfunclions satisfy the same equation as (5) hut with
a scrccncd Iwo-particle Coulomh pOlenlial inslead of VE'lf(p).
The equalion for lhe unperturhed states is

(14 )

1 n (2n)'
Cn(a~l,a,,) == - L (ry _') .),(ry .)'1r j=O _11 -] .•.• ).

( 1)( 1) .,., ,.xr n-j+2 r j+2 (a~tl.n--1(a,,) '.

3. Nllll1crical rcslllts ami discllssion

By employing lhe eigenencrgies and eigcnfuncliolls 01' the
2D exciton when bolh eleclron ano hole lie in the same 2DL
(d = O) [5), we can calculale lhe groundslale 01'our systcm
hy solving Eq. (5) hy common lime-independcnl perturbation

Noticc (llar cxpansion (13) is valid for any valucs of lhe
Icnglh paramctcrs d and any a's. Howcvcr, whcn el = Oami
all lhe a's are nonvanishing, this cxpansion is jusI vaHd for
z > max{a;:I,0":;:2}. so (hat our proccdurc cannol describe
lile cigcnfunctions in lhe spcciaI case whcn el = O.

Sincc wc are intcrcsted in solving lhe exciton problem,
we sel from now on (jI (j2 = _e2 where e is lhe electro n
charge. Whenever thal el > max{£1;::I,£1;::2} we get 10 lowesl
orders in (1;::1and (1:"!.

(18)

I,\OI({),<I» = =~:'¡(p)"xp(il<l». .
- 1 ,1/1 (1")['111 (') (./"")
- .t n,IP l'XP -2 "'''+111 p exp t '+' ,

where 11,,(1') = _e' /('1') is the Coulomb interaelion for a
single 2DL. E~D = _e2 /(2w~D) is the 3D excitan ground-
state hinding energy, n~D = f¡2f./(e2JI) is lhe 3D exciton
Bohr radius. 1/ = '11/'1'/1."2/('1111 +111.2) is the reduced mass.

( ')' '.,_ 2e £1'( ') _ ,,",P-(I(_I)V+l' q. e
P - (n+I/2)fl.lb, q f' - L...,II=O q-p-v)!(p+v)!v!
are the associ;le Lagucrre polynomials [6] and An,l is a nor-
malil.ation conslant. Notice thal E~~]D= 4E~D.Obviously,
Ihe eigenenergies oí' the conlinuum 2D excilon slalcs takc
non-negative values.

Thcrcfore, 10sol ve Eq. (5) pcrturhatively, we make use of
Eqs. (5). (17) ami (18) where the perturbing operator (erm is
\~,(fJ) = lI,n (1') - 11,,(1'). In orderto explore the effeets of our
multipolar expansion of lhe Coulomb inlcraclion pOlenlial,
we procccd to prcsenl calculations for InAs layers, where for
simplieily we have used the InAs 3D excitan huik values [7].
namcly. f. = 1...•.55, m, = 0.026 11/( .• 1n2 = 0.025 me for the
eleclron and ¡¡ghl hale (111(. is lhe eleclron mass), respeclively,
yielding for lhe 3D exciton lhe values E~D = 0.819 meV and
a~D= 604 Á. Por £1zl = az2 == a we plot in Fig. I exciton
groundstate encrgics in tenns al' the 2D excito n groundslalc
E~~JDand in Pig. 2 lhe corresponding p-dependent densily
probahilily. As shown in Fig. 1, the exciton binding energy
increases as lhe scparalion between layers al so increases, as
eompared wilh the 2D exeilon. as expeeted. On lhe other
hand. Ihe change in lhe hinding energy decreases as (1 in-
creases for all values 01' d. Figure 2 shows how lhe height
of the normalil.ed wavefunction gets monotonically lowered
as a fUllclion of el duc to a weaker interlayer Coulomb inter-
aclion ror larger d. We also found Ihat for fixed values 01'el
lhe wavefullclioll does nol change much when a varies. For
these p¡uamcters. we found that lhe perturbative f1rSl-Order
conlribution is much lurger than lhe remaining conlributions,
and lhat lhe contribulion 01'lhe last term 01'lhe squarc brackel
of (15) (proportional to a~v) to hoth groundstale energy and

( 15)

., [ , ,c- 1 + ~ f1z1 + (1=2 (2(¡2 _ p2)

'VI" + ,£, .1 (1" + ti')'

(., ').' ( 1 ) ]~£1Zl+£1Z2~p (,

+4 (1"+,£,)2 4 Vp'+(£' .

Thc sign 01'lhe sccond lcnn inside the square brackel has
lhe salllc sign as 2el"2 - p2. For small p ¡his lenn is posilive
anl! contri hUles 10 increase lhe slrenglh 01' lhe "zero-wiJlh"
COlllomh potenlial e' /('V 1'2 + ([l). Physieally this can he
cxplaincd in lerms 01' Ihe charge dcnsily lhat occurs when
a grows as follows. Por fixed separalion 01' lhe electron anJ
hole charge dislribulions (constant d). lhe negative change in
cllergy caused by lhe charge densily approaching cach olher
dominatcs lhe posilive change produced by lhe density spread
lo Ihe outcr side of Ihe layers. Conversely, 2d2 - p2 is neg-
alive for large p and lhe £12 lcrms conlribule to decrease lhe
• I.cro-widlh Coulomb pOlential bccause lhese tenns represenls
lhe elcclroslalic inleraclion of Iwo charge distributions when
une 01'lhem is located almosl 011 top of Ihe other. Thcreforc
small growlh 01'a implics slighlly larger inlcraclion dislance
belween charge dislribulions.
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folGURE l. Exl'iton grounJstate cnergies £0 for InAs laycrs whcll
1T1 = (1"2 == (1 as funclion of d fm various valucs of IT/n~f). Thc
r:mgc of all curves starl at d = a. Wc use E~olD = 4E.~D =
-3.27G lIleV as rcfcrcnec ano normalization conslant in our plo!s.
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Fr(jURE 3. S;¡mc as Fig. I hul f(lr C\eilCd stales and with a differ-
en! seale in ¡he mJinatc axis. Excilon cncrgies £1,/ with 1 = O,::i: 1
are laheled analogollsly 10 2D cxciton s¡nec formcr encrgies werc
oblaincd from Ihe 2D system by lirSH)rdcr dcgener<llc pcrturbation
Iheory.
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FIGUf{L 2. i'iorrnalizcd groundslale radial prohahilily dcnsily
p (p) = l' 1=" .••(p)l:.! 01' lhe excilon wavefunclions for InAs lay-
ers for various values of d ano a = O.Ol(l~n, Intcgration over p
yielos 1/2;r sinee inlegration (lver rp is no! incllldcJ.

0.9595
O 5

.
10 diAl 15

Fl(jURE 4. Same as Fig. 3. bUI wilh £2,1 with 1 = O,:f: 1, :t:2.

wavcfunction is ncgligiblc. as comparcd with those of the
othcr tenns of Eq. (15). Pirst excited states were ealculatcd
hy IllJking use of flrst-ordcr degenerate perturbation theory
since 2D unpcrturbcd excited states are dcgenerated. Por in-
stancc f:~;) and fJ~) exhihit three. and f1ve-fold dcgencr-
'ley, respeelively. The p-dependenee of lhe unperlurhed :i:l
statcs is the same and sinec \~J depends only 011 [J. then

< f,\',? I \!~II f,~(,?,> is diagonal in both the n = 1 and 1l = :2
si ates oasis and perturhation rernoves dcgeneraey partially:
EI.l' ~ EL! = E',_I ami E2,0 ~ E2,1 = E2,_1 ~ E2,2 =
E"J.,_:! \vhcre Efl.l = (f,~~llVTJ I f,~~l>.Figures 3 and 4 show
that excited.state energies are. unlike groundstate cnergy. al-
most indcpcndent of a that is. Ihcsc slales could he ealculated
hy <Ipproximaling Eq. (15) by V('fr(P) = -e2/fJp:!' +d1.

This is more evident rOl" 1 -¡:. o states and in Fig. 4 Ihe l = :i:1
and 1 = :l:2 curves are practieally indistinguishable.

Sinec \Ve assurned that in the conlinerncnt dircction ::
hoth clcclron and hole are in thcir respective groundstate, let
LIS disclIss lwo physkal cOllsequcnccs 01"considering conflnc-

rnent exeited statcs (E:,S with .<¡ :j:. O). In lhe t1rst place. it
is wcll known that in highly confincd elcctronie systerns (as
in Ollf case), energy separation oetween adjacent Icvels of
Ihe exciton is rnueh srnaller than the corresponding energy
sepa ratio n duc to transversc conflnernent. Por instanee. for
'" = 0.025 "',. ami (7 = 100 A Eg. (9) yields a ground-
statc cllergy E:/o = 15.24 mcV and a separatiol1 bclwccn this
state and the tirsl excited state 01"3E~o.Thereforc. if elec-
tron or halc (or hoth) wcre in any excitcd state of the har-
monic eonfinernent, the total cnergy of the syst~m Eq. (9)
would inerease in :1 much larger seale than the scalc of the
cxcitonic encrgics, Sccondly. in rcgards to the continllllrn ex-
citon slalcS, it was shown in RcL g Ihal high~energy bound
sial es (t'orrespontling to largc values 01' the principal quan-
tllJ11nlllllhcr 11) have a speetrum 01"negativc vallles 01' the ex.
citonic cnergy E which approaches lCro as 1l inrrcases. This
rcsult \Vas ohlainctl assuming lhal in the confincment direc-
lion noth eleclron and hole are in thcir respective ground-
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state. Thal is, there is a diserete (although infinite) energy
spcclrum fOf E < O ano a conlinuum spcctrum ror E > O
whcn s == O in hoth E:s and Et. Thus. a confincment cx-
c¡tel! statc corrcsponds lo un unbound statc al' lhe systcl1l
illllIlcrscJ in a continuum spcctrum. in other woros, il cm-
rcsponds lo a resonant scattering state of lhe electroo and lhe
hole -nol un exciton anymore. In Ref. 8, lhe \VKB approxima-
(ion (nf Bohr-Sornmcrfcld qualltization of lhe action integral)
was cmploycd lo ealculate approximatcly lhe cigcncnergics
and cigenfunctions of lhe houm.! states of lhe exciton. This
approximation providcs convenicnt analytical cxprcssions as
wcll as an ovcrall picturc 01' Ihe exciton spcctra. hUI il appro-
prialely descrihes only high-energy states.

In summary, we devcloped un exuct Illultipolur cxpansion
of the inlerlayer clectron-hole potcntial fm arhitrary values
01 layer widths a, I ami a,2 IEq. ( 13)]. Our results go heyond
LO/,ovick ami Nishanov's calculations [1) which are varia-
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