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\Ve e\amine. fmm a geomctrical [Klint 01' view, the dynamics 01' relalivistic e\lendeJ ohjecls joined at SOlllC inlerface. Using simple variational
tcchnitjlles. we ohtain Ihe etjuations 01' motion for these ohjects, together with a set 01' dynamical houndary condilions, that express the
feedhack. 01" lile motion 01' the interface un the joining memhrancs. These condilions reduce. in a particular I¡mil. lO a relativistic dynamical
gCl1l,'ralizatiollof NCllmann's Iriangle. Por simplicity. we restrict O\lf altention to Dirac-Namhu-GolO extended ohjects.

Kt'.nmnh: Relativistic extended ohjects: membranc~: variational mcthods

Consideramos. desde un punto de vist" geométrico, la dinámica dl: objetos e.xlcndido~ rel;ltivistas juntos en una interfa~e. Usando técnicas
variacionalcs sencillas. ohtenemos las ecuaciones de movimiento para estos ohjetos y tamhién UII conjunto de c()lldicione~ de fromera
dill~mica~ que expresan el efecto del movimiento de la interfase sohre las memhranas que se un~n. Estas condiciones se reducen, en un
límite particular. a una generalización relalivista del triángulo de Seumann. Por sencillez. consideramos solamente ohjetos extendidos de

Dirac-Namhu-Goto.

/)i'Jcri¡,wl'l'.\': Ohjetos extendidos relativistas: memhranas: métodos variacionalcs

I'ACS: 9H.HO.C<¡;13.70.+k; 9X.HO.Hw

1. IntroductiOll

111;¡ phenomcnological dcscription, 10 10WCSIordcr, a rela-
tivislic exlended ohject is descrihcd hy an action I'unclional
proportionallO Ihe arca 01'ils worldsheet, 111. This functional
is known as Ihe Dirac-Namhu-Golo IDNG} action. The d)'-
namics of DNG extendeu ohjects has been studied cxtCI1-
sively [1-31.

In a recent puhlicalion. we have developed a geomelrical
fralllework for Ihe description 01' Ihe dynamics 01' eXlended
OhjL'CISwith loaded eLIges 1-11. Our analysis is hased on Ihe
kcy obsefvatioll thm the worldsheel 01'cach euge can he con-
sitleretl as a hypersurface in lhe worldsheet 01'the parenl ex-
tended ohjecl, which coincides with its limelike houndary 151.
The dynamics 01' lhe systel1l is determined hy a sel nI' equa-
tiOllS01'1ll0liOllfor the parent extended objecl, the same olle
,,"'ouldohtain hy neglecling lhe houndary. and a set 01'equa-
liol1sof motion for the cdges. The description is cOlllpleted by
a sct 01'hounLlary conditions, exprcssed as conslraints on the
geolllelry of the parenl worldsheel at lhe cdges thal contain
Iht: needetl infonnalion ahoul the dynamical feedhack thallhe
eliges have 011the parent objcct spanning them.

In this paper. \Ve extend such geollletrical framework 10

a s)'slel11composed 01'an arhitrary numher 01'DNG extended
ohjecls joined at some inlerface, which we treal as a sharcd
edge (this general Iype 01' systelll was envisaged hy Carler

in Re!".6). The inlerface is considered as sOlne extended oh-
ject itself, wilh a dynamics 01' its own. embedded as a hy-
persurface in the higher dimensional eXlended ohjecls, and
il coincides with a component 01' the limelike houndary 01'
such ohjecls. For a defecl 01'cn-dimension one. when D = 2,
this could represent several slrings meeting al a point or at
a point mass. \Vhen D > 2. the interface might he lhe
physical inlerface along which two memhranes touch such
as a phase houndary. The fonner caSe has been sludied in
the conte ..•.t 01'Ihe stringy description 01'hadrons, e.g., where
the hadron is Illodeled as three open strings whose edges are
quarks. and thal meel al sOllle point. in Ihe so-ealled Y-model
for hadrons 17. :11. The dynamics 01'syslems where topolog-
ieal dcfects 01'dilTefenl dimensionality are joined togethcr is
als() relevanl in lhe cosmological context IlI. An appropriale
sequence 01' phase Iransitions C~lIl produce hyhrid topologi-
cal dcfects. such as domain walls houndcd by a string, 01'

a network al' Z¡\.-strings \vith monopoles vertices wherc the
strings join. These hyhrid topological defects have proper-
ties radically differenl fmm simple non-eomposite lopologi-
cal dcfecls.

We use simple variational lechniqucs lo derive Ihe equa-
tions 01'1ll0liOllfor this systelll. \Ve finu lhal the hulk equa-
tions of mOlioll 01' lhe joining extended ohjecls are nol ,,1'-
fccled hy Ihe prcsellce of the interface. i.i'. they are extrema!.
At Ihe inlerf<:H:e.we ohlain a set 01'couplcd equations which
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express the coupling of Lhe interface lo the joining ohjccts. In
the I¡mil of a vanishing tcnsioo for the interface, thcsc equu-
liaos reduce lo a rclativistic gcncralization of the wcll-known
Neumann tr¡angle. which features, for cxample. in the c1us-
lering 01" so,,!, huhhles 19, 10),

where we have introduccd the D - 1 tangcnt vcclors 10 iui,
fA (X) := (D\nJDuA)Dll• Also in this case, the unit normal
vector lo ini in 11I(x). 1/(Z)' is defined. up to a sign, with
')'(I)('O{II' I/(I)) = O, anti normalizeti with ')'(I)(I/(I),I/(I)) =
1. Thc surfacc vectors {fA(I)' l1(r¡} form a basis adapted to
the interface.

2, Interfacc gcol11ctry

(9)

(5 )

(6)

(3)

(7)

\'1' \'/1 . \'1'
.. (1) -+ . ('1) + Ó. (1)'

s = So + Sinl,

S [" \' 1- /' /' ,¡D-'" Ch,¡lit X('1)'" (x) - -¡lit V-fl
. IIlt

where we separale the '"bulk" and interface parts.

whcre V¡¡(r) is lhe covaríant dcrivative on 111(I)' compatible
with 1<1/1(z)' \Ve denole "",ilh 1\'IlI,i(X) the extrinsic curvalure
01' II/(r) .!long Ihe ¡lh unit normal,

3, ActioJl and Iirst variatioJl

and D,,(z) = ('::(I) D" is lile sp~cetirne gradienl along lhe
l<lngL'!ltial veetors.

whcre lhe componcnts .1'" and (T" transformo rcspectively. as
a ve:.:tor :lIld as a Illllltiplet 01'N - D scalars on m(r)' This in-
I1nitesimal displacclllcnt induces lhc variation ol' the inlrinsic
melric on each sheet accorJing lo

These displaccmcnts arc indcpcndent, hut subjccl 10 the
L'ondilion 01' agrecing on the interface. Moreover. Ihe dis-
placelllcl1(S are assllllled to vanish on two spacclike hyper-
surfaees on e~lch sheet. thal play lhe role 01' initial anO final
conligurations. Wc decolllpose the 1tll Jisplacement with re-
speCl lo (he spacctime hasis, {('o (1)' Hi(I)}' adapted to that
sheet:

The IOlal aClioll we consider is

Here "Y(1)dcnotes the determinant of lhe intrinsic metric on
lhe]th sheet (1), and /¡ lhe determinant orthe rnetric induced
011 lhe interface. (2). \Ve allow for different tensions for the
zth extended ohject. which we denote \\'ith ¡l(x). and ¡l¡nt is
the interface tcn~ion.

In order 10 dcrive lhe cquations of molion for this sys-
tcm, \Ve proceed in a standard way. and we considcr first an
arbitrary inlinitcsimal displacement of each sheet [11].

(2)

-'ull(l) = ('::(I(I.(l)!JJII.' = g(e(I(X),CII(Z»), (1)

whcre we introduce. on cach sheet, the D tangent vectors,
rn(r) :=(¿).,.:ITlJn~;lr) )D¡/' Note that we can den~e the ith unit

space~likc normal lo the worldsheel 1JI(z). n~¡~) U.j."
1", ,,\' - D), wilh, "!, lo a local O(,\' - D) rol"t;on,
!J(e(l(1) lI(r)) = 0, allllnonnalized \l,.'ith !J(Il(x)' I1(Z)) = bU.
(Wc use a signaturc for the space-timc melric with only olle
minus sign). The spacetimc \'eclors {1I(1)' ('u(x)} fonn a hasis
for spacetimc adapled to ¡I'{z)' \Ve willmake use oflhis hasis
helow. Thc inlrinsi •...geolllctry 01' lhe interface is Ihe same, in*
depcndently 01' \vhich shcct mc(ric induces it. ano lhus il will
he independel11 oflbe lahel. so ¡hat Ihe intrinsic melric on ¡lit
is giVCll by

COl1sitlcr ~V. (D - 1 )-dimcnsional, rclativistic extended oh-
jccts dccrihcd hy (D - I)-dimensional spacclikc surfaccs,
which Illcct along SOIllC interface. (Thc case of many inter-
faces follows nalurally. huI implics an additional notational
hurdcn.) Thcir Irajcctorics in spacctime. or worldshcClS, are
oricntcd til11clikc surfacc 1I1.{z) (L = 1,' .. ,N), of dimcnsioll
D. cmhcddcd in a flxcd N-dimensional hackground space-
time {,\/, !JIW}'

Thc \\'orldsheet 1H(x) can he represented in paramelric
fonn by lhe emhedding :rll = X(~/l;{'r))' where .yJJ are lo~
cal coordinates un JI. X(~) embedding functions. amil;(I)
are local coordinales on /II(z)' (JI, 1/, ... = 0,1. ... ,N - 1.
"nti 11,/1"" = 0, 1", , D - 1. For the lahels l,J"" the
suml11;llion convenlion is suspended.) The interface where
the ."r sheels mee!. inf. can be represcnted by the emhedding
as a hypcrsurface into the rh sheet, as ~(I) = .\(1)(uA

),

where /1'" are local coordinates on ini, and \(I) embcd-
ding fUllctiolls. (A. D.. = 0,1,'" .D - :1.). The elllbed-
dings of Ihe worldsheets agree on lhe interface. An alternati\'c
way to descrihe the interface is via its direct cmbedding in

, I h ' , • • (0) 'hSpaCCtllllC, t lToug map COlllposltlon,;r = .\(1) U • \\ erc
l' (D \'1' /D'" ) "\(1) = , (I) '(I) \(1)' , ,

For lhe sake 01' silllplicity, we conslder the casc of ,)Vex-
lended ohjects descrihed hy ;¡ DNG actiOll. joined at a sin-
gle interface .• 1I1eXlcnded ohject 01"aBe 10\'.'el"dilllension, uc-
scrihC'd by a DNG aelioll as wcll. Thc gcncralization 10 ar-
hitrary phC'nolllcllOlogieal actions can nonctheless he carded
through along Ihe lines illus(raled in this paper, but it is con-
siderahly more involved. The DNG action depends only on
tlle inlrinsic geome(ry 01' the worldsheet. The intrinsic Illctric
on eaeh II/(T) is delinco hy
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Lel liS considcr first the variation of the bulk part of lhe
aClion, So. Wc f1nd,

JxS" = - ¿II(X) 1 dD~(,)J-"I(x)Ki'I,j>,(x)
(x) 1II(Z)

wherc we have dclined Ihe projector from sheel JonIo Ihe

'
.nlerl',\"c .Hal, '- I¡ARiO fb Now using lhe decompo-<"', (.7)'-. -,.\(.1") H(J)' .'

sil ion (12), we have (hal

.H¡;)\7"(.7I'I'b(.71 = D.'l'. + "(.1)('I't,,)'/b(,,»), (16)

Selting lhe independenl parts 01' lhe displacements cqual to
tero we find the following equatiolls of mOlian, Each zlh

sheel is eXlrema\,

The hulk equations 01'Illotion are nol alTeclcd directly in thcir
form hy Ihe prescnce of an interface. The interface conlrihu-
tions give

(18)

( 17)X
[
.H"" }., 'l' + 1, ry ,",,](:1) \Il/¡(J) i(J) "(.1) \' 11(.1)1'(.1) ,

áXSilll::::: -¡túll /' tlD-III~
.11tl

4. Equatiolls 01' l11otioll

Tbis sel 01"couplcd cqualions cxprcss Ihe intcrchangc 01' lllO-
rnenlulll hctwcen lhe hulk degrecs 01' frccdom and the inler-
face dcgrees of frecdolll.

In Ihe degenerate case of a single sheet, (19) anu (20) re-
duce to lhe houndary condilions Hflb J\~b = O, and lO lhe
cdge equations nI' mOlinn ¡'illlk = -1'. respectively, rre-
viously derived in [4]. When \ve have more than one sheet.
however, (he dis(inction hel\\'een inlerface equations 01'mo-
tion <Ind the houndary condilions on the conjoining sheets
dissolves,

\Vhell wc havc only lwo joining shcets, and if we assulIlc
1/(1) = ¡1(2) = /1. (20) lakes the form

/"u,k(\) + 11[1 + !/(II(II' "('))] = O,

/I,u,k(2) + 11[1+ !/(11(\),1/(21)] = O,

whcrc DA denotes the covariant dcrivative on the interface.
compalihle wilh hAlJ. and \vc have dcfincd the mean cx-
Irinsic curvaturc oí' the interface as emhedded in 111(.1) with
L'(s) = vn(J)'J{,'r)' Inscrting no\\' in (15). sincc the lotal di-
vcrgence D" (1' A does not conlrihulc ir \Ve assurne that int is
a Sl1100thhoundary. \Vegel,

¡lilltHt;)l\.~b(.7)lifl' +L Jl(T).'¡(lIi(.1)' "(z))lint = 0, (19)
(x)

II,ul/"I.r) +¿ IIIX)!/('/I.r)' '/(x))I,,,, = O. (20)
Ix)

JxS"I,u' = - ¿II(X) !dU-llIN
(I) I

x ['¡'¡J)'f(II'(J)' I/(r») + ('I'1,,)'/1'I"»)!/('/(JI' IIIX))] , (13)

whefe we have denned the push-forward, "tI) := e::"(I)"
Let us lllrn now to lhe variation of the inlerface action,

Sill" llnder the disrlacements of lhe interface itself. Since
at lhe inlerface all of lhe displaccmcnts must agree. we can
choose lo elecl the displacement 01' the sheet 111(~1), as \I,'e
t1id ahoye, as lhe independent one, As a preliminary step.
considcr lhe variation al' Ihe interface illlrinsic melric under
r5"{7)' given hy 14]

J.\'!I,IH = [2J\'~b(.T)(I'i(.1) + vfl(.1)(I)¡,(.1)

+\7 (TI ]" b (14)b(,,) "(JI ''\(.r)'8(.r)'

\Ve have uscd lhe faet that, 011 cach sheet, lhe inlrinsic mct-
de varics according lO (8), \Ve have dcfinco lhe trace 01' lhe
.th .. . h }~i ah ri d
1 cxlnnslc curvature \VIl \(z) = I(I) \ab(z)' un \Ve

have uscd Slokc's theorern 10 obtain a surfacc termo Recal!
11131'1"(I) is lhe inward normal lo ini into lhe :Ith sheet In
Ihis dcrivation. \Ve have tacitly assull1cd that int is lhe only
houndary for lhe Al shccts. Ir thefe are additional houndarics,
lhe surfacc lC!"Inwill he augmcntcd by lile appropriate contri-
hUlions.

Sincc Ihe displaccments agrcc al lhe interface, witho111
105501' gcncrality. al int, we can express lhe 7th displace-
menl wilh respect to a single one, say lhe one corresponding
lo Ihe sheet ~1.Thus. at the inlerface, we have that

(1'(1) = 4{n!J(lli(.1),C(T») + (1ItT)Y(CI1(.1l,C(T))' (11)

Moreover. Ihe pan 01' lhe displacelllent tangential to m(J).

(11(:7)' evalualed al int. can he decomrosed in a part tangen-
lial to the interface, and a part perpendicular lo it,

(1,(1.1) = t1,A(A(S) + ((I'L)"III(s))l1(.1)' (12)

Note that the pan rangential lo lhe interface carries no lahel.
Inserting in the surfacc lerm in (10), one linds that lhe pan
tangential lo the interface does nol conlrihute, ami we ohtain
the interface conlrihution fmm lhe hulk action,

Tberefore. olle finds,

(~.\Silll = -¡finl /' dD-1uvQ;1-l(';)
. ¡lit

from \vhich it follo\\'s that Ihe mean eXlrinsic curvaturc of thc
interface as elllhcddcd in one parenl sheet or in lhe othcr musl
he equal:

(21 )
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Thcll (19) <tnd (20) can he casI in the form

I'(I)'I(I} + 1'(,)'/(') + 1'1")'1(3) = (j. (26)

v =L ¡¡(X)/I(I) + I/int [kC7)'1J(~7) + H(';) h";(I(J)lIi(;T)]' (22)
(r)

Thus. the lhree Ilonnals lic in a two dimensional plane, Ir,
in addition. lhe tcnsiolls coincide. (he angle hetween 110r-
ma[s is 120°, This is. in ¡¡ relalivislic contex!. the analogue
orlhe NClIlll<lnn lriangle \vhich fealures in lhe solulion orthe
Plalcau prohlellllD, 10], In general. at a minilllizingjullction,
Ihe Ilormals lo Ihe .V shcels always lie in a .\( - 1- plane,
dividing it into.)V - 1 equal regions regardless 01' lhe glohal
delails of the prohlcm, Recalt that lhe cclehrated prohlem of
lllinilllizing the tree length cOllllecting tour poinls involves
iden(ical vertices rcgardless 01' lhe positions 01' lhe points.
Note, in addition, thal Ihe angle is complelely independent
01' Ihe hackground gcollletry.

In general, when lhe lille lension is not zero, these angles
\ViII he dynmnical variahles themselves. In particular, they
will not be conserved hy (he evolulion.

The otiler ¡¡mit 01' inleresl is \I,.'hen lhe bulk lensions may
he neglected, In Ihis case, one recovers lhe extremal dynam-
ics 01' lhe interface. The easiest \Vay to sce Ihis is lo appeallo
lhe direet clllhedding of illt in spaeelime.
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5. Discussion

In this paper \Ve have analYl.ed, using a gcollletrical approach.
Ihe isslle 01" the appropriale equalions 01" Illotion for a sys-
tem 01' relalivistie ohjcets joined al sorne interface. \Ve have
rcslricted our altentiol1 lo (he case 01' simple ONG ohjecls,
II00vever the hasic variational lcchniques \Ve have employcd
gCl1cralil.e to higher onler. curvalure dependenl, extended oh-
jec(s, wilh lhe complication of more involved varialional for-
mulas. \Vork 011 this is in progrcss,

(25)

(24)l' = O.

I:1'(rl'l(r) = 0,
(r)

01". altcrnalivcly, with,

\Vhcll \Ve have three joining shects, with equal tcnsion,
fmm (20) olle ohtains in Ihe samc way lhat lhe angles
Y(l/(;T),I/(r)) can he cxprcsscd algchraically wilh rcspcct 10
1,"(1).1.-('2) ,1'.(:1). For more (han three joining shccls, thcrc are
no! cnough cquatiolls lo climinatc lhe dynamical angles hc-
tWCCIl lhe shccts in favour 01' lhe interface gcolllctric scalars.

\Ve can also cxprcss (19) and (20) in an altcrnativc way.
hy dcflning Ihe spacctimc vector f1cld along lhe interface:

Note tha! \Ve have gonc from N - D + 1 cquations lo .S
cqualiolls. Thc extra D - 1cquations vanish idenlically ami
correspond 10 reparameleril.ations 01' lhe interface,

Although the tensions are dimensionful quantities. we
can envisage approximatiolls in which one dominates. Ir the
interface (ension can he ignored, the vanishing 01' \ ..' reduces
lo

which call he interpreted as the conservatiol1 of mOlllentum
al the interface,

In particular. ir .A( = 2, we rcquire /1.(1) = 1"('2) ami
I}(1) = -I}(::n-no discontinuity is possihle, unless we lel the
inlerrace turn nul!. Ir, hO\vevcr ••V = 3, we have
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