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\Ve proposc and approximatcly solvc the problem of an cxisting Coopcr pair syslem undcr Ihe prcscllcc 01' ¡¡n external pcriodic polcnlia1.
b:prcssions for Ihe energy gap nnd the critical supcrconducting Icmpewturc for a superconductor lll1Jer these conditions are cnlculalcd. both

quantitics bcing affeclcd by the external potcmial, although Ihcir ratio rcmains ullchanged.

KCrll'Ord,\": BeS modcl: cncrgy ~wp; weak coupling

Se propone y resuelve aproximadamente el problema de los pares de Cooper ante la presencia de un potelli.:i:ll periódico externo. Se ohtienen
expresiones explícitas para la energía de ligadura del par de Cooper, así como de la hrecha y 1:1 tcmpcratllr:l crítica superconductora hajo
las condiciones propuestas, Se encuentra que los pnr:1.metros mClli.:ionados se ven afectados por la presencia del potencial externo, pero el
cociente entre la brecha superconductora y la temperatura crítica permanece inalterado.

1){'scri¡J!ol"{,s: rv1odelo BeS: hrecha superconductora: acoplamielllo débil

PACS: 74.20.Fg:

1. Introdllction

Tillo' central ingredicnt in lhe Rardcen, Cooper and Schri-
erre!" (BCS) thcory 01' superconduclivity is Ihe exisrence of
so-callcd Cooper pairs [1]. Spccilically, the ground sta te
(1'=0 K) 01"<.Inelectron gas becoll1es unstable under an aUrac-
live interaclíon belween eleclron pairs. Since lhe Coulomb
inleraelion hctween cic<.:rrons is always rcpulsive, another
rncehanism is needed in oruer lO have a nel effective attrac-
líve inlcraclion. In Ihe tradilional BCS Iheory, this attraclivc
inleraction hetween electrons is an electmn-phonon coupling.
In clfcel. then, the pail" of clectrons are attracted to each other
via a latlice defonnation. This altraclion must overwht:l11l the
Coulomh rcpulsíon so thal Cooper pairs míghl be fOfrncd.

The idea followed here is nol to lind lhe l11echanislll hy
\Vhich elc<.:trons hind inlo pairs. hut ralher lo consider intro-
ducing a periodic external polel1lial which affects the existing
eleclron pail".

A pcriodic externa! pOlenlial can mise as follows. A su-
pcr<.:ondu<.:(ing thin Illm dcposited on a ionic sUbSlra(e where
a square lallice 01' alrernaling posilive and ncgative ions \ViII
produce an external periodic potenliaI affccting the vicinily
of lhe superconductor interface. This potential will penetrare
inlo the superconductor by jusI a few layers, hut we Ill<lYidc-
alize lhe prohlem by assull1ing an inflnitc superconducting
sYSlCIl1in a periodic eXlerna! polenlial.

Anolher approach is to considcr superlattices 01' super-
condu<':ling and normal I11ctals in alternating layers. Ir lhe
Ihickncss of the normal melal is small cnough comparcd lo
Ih;H 01' lhe superconductor layer, we can consider the whole
syslem as the superconduclor emhedded into a quasi-one-
dimcnsional pcriodic polenlial, such as has heen trealcd hy
other aulhors [2].

Fina!ly, one inlercsting systell1 which has a superlattice-
like structure is lhe super<.:onducting ceramic YBa2Cu30T_.r.
In Ibis case, Cu-O planes are sandwichcd between Ba-O ami

y pkllles staked along lhe e direction 01' Ihe unir cel! r31. To
dale, il is generally thoughl that (he supcrconducting proper-
tics 01' this material are dominated by the Cu-O planes 13, .1J.
\Ve propose Ihat 011I"Illodcl may he an idealized approa<.:h lo
lhis system, in which the sllpercondlletivíty !ies in the Cu.O
planes separated by 1l01l-suplo'n,:'onducting Ba-O ¡¡nd Y layers.
lIere lhe pcriodic pOlential is provided by the ntoms form-
ing lhe non-supcrconducling spacers, but logelhcr forming
Ihe wholc systcm.

In suecessivc scctions \Ve adopl lhe BeS problem nf su-
perconductivity in lhe lraditional approach, namely hy as-
stlming a conslanl atlractive polcnlial between pairs of clec-
lrons in reciprocal spaee, hui also adding an external pntenlial
lo lhe pnírs.

2. Tite hindin~ el1er~ynI' lite Cooper pair

A simple way 01" lllodlo'lIing the periodic external potential
\1(1') acting on the Cooper pair is hy wriling, for iln electron
at 1',

F(r) = A ms(G. r).

wl1ere G is the wavcveclor rcprcsenting the spalial pcriodic-
ity 01"lhe porcntial. Ir 1'1 and 1'2 ;¡re Ihe posilions 01"the two
e[eelrnns in Ihe paír, Ihe potential cnergy 01"Ihe pair is then

\~')(l = Aco~(G '1'1) + Acos(G. 1'2)

= 2.4 lOS [G . (', ; r, ) ] lOS [G . (', ; r, ) ]
If \vc now consider slalcs wilh centcr-of -grnvily 01" Ihe

pair:lI rcst [5J, Ihc qU:1Il1ity (1'1+1'2)/2 is constanl and the po-
lcnlial depends solely on lile rclative coordinatcs nI" the pairo
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Conscqucntly. wc take lhe following idealized potential cn-
crgy of lhe paír Jue lo lhe externa! pcriodic potcntial

tl,21.:2
-g(k) +L g(k)\'kk' = (E + 2Ep)g(k), (2)

111 k'

whcrc Ep is lhe Fcrmi cnergy associalcJ wilh Ihe back-
ground clcctrons, and g(k) is Ihe prohability amplitudc rOl'

finding one e1ectron in statc k and (he othcr in statc - k.
whilc Fkk, is the interaction matrix clclllcnl bctwccn thcsc
eleclrons. As usual in lhe BeS lheory, g(k) is zero oul of lhe
interval in cncrgy from Ep lo Ep + hwD• whcrc hw[) is Ihe
Debye energy. Specifically,

(3)

\'kk' = O othcrwise.

Hcrc. - \'0 is lhe usual BeS moJel attractivc interaction
which produces pairing 01'lhe cleclrons. The sccond lerrn in
Eq. (4) arises lromlhe exlernal pOlenlial Eq. (1). In Eq. (4) we
aSSUIl1Cthal Ihe eXlernal pOlenliai is IlOllzero only in encrgy
slales within lhe Dehye cnergy t¡WD aboye the Fcrmi energy
Ep, sincc we consitlcr only on an cxisting pair already hound
hy lhe inlrinsic constant attractive pair potenlial term - Vo.

Thc prohlcm is now lo sol ve Eq. (2) givcn the intCfl.1C-
lion model Eq. (4). To solve lhis prohlem exaclly is a dilficult
task, hut use an approximatc procedure in order to ohlain an
explicit fOl"mfOl"the pair hinding cncrgy under the pcriodic
extcrnal potcntial added.

and

Vkk' = -1,,- 2\1" [J(k' - k + G) + ó(k' - k - G)]. (4)

ror

whcrc F( •.) is Ihe lotal intcraction hctwccn elcctrons in lhe
pair ami L3 is the systclll volulT1c. Rcwriting Eq. (1) in com-
plcx form, il is no! difflcult lo show lhat Eq. (3) bccolllcs

(I)\',-.xt == - \11 cos(G . rL

whcrc \Ve rcdcfincd lhe amplitudc \/1 of lhe intcrnction as a
positivc paramclcr, lhe ocw wavcvcclor G has l<1kcnlhe place
01"G/2. anJ r == 1"1 - 1'2 is lhe relative position 01' lhe clcc-
trons in lhe pairo From Eg. (1) lhe inlcraction hctwccn elec.
trons 01' lhe pair will be attractive or repulsivc dcpcnding on
thcir rclativc positions.

The usual proccJurc lo solvc lhe Schrodingcr-likc cqua-
lion in 1ll0lllcntUtn spacc associated with Ihe Cooper pair can
he followcd. in reciprocal spacc [6} onc has for lhe hinding
cncrgy cigcnvaluc E

lnscrting Eq. (4) ¡nto Eq. (2) anu arranging Icrms one gcts

"o'" g(k') + ~ '" g(k')[J(k' - k + G) + <I(k' - k - G)j = (h"k" - E - 2Er) y(k).
~ 2L3~ 1/1
k' k'

Replacing sums (}ver k' hy inlegrals in Ihe form (7)

L -3L -+ (2~)" j dk',
k'

(5)

and noting that

~ j'(k')dk' = C
(2,,)" 9

(6)

is a constant, we can lhen write:
C L' 1', (2,,)-' J g(k')[ó(k' - k + G) + ó(k' - k - G)j dk'

g(k) = 2€(k) _ E _ 2Er + 2 2E(k) - E - 2Er

where t(k) '" ,,2k' (2m. Evaluating lhe inlegral in Eq. (7) and usiog lOq.(6). we linally ohlain

_ CL"Vo j dk' + Vo", f [y(k' - G) + g(k' + G)] dk'.
C - (2,,)" 2E(k') _ E - 2E¡., 2(2,,)". 2é(k') - E - 2EF

(7)

(8)

Using lhis lo evaluale g(k' - G) and g(k' + G) which are

NOle lrom Eq. (8) lhal if lhe exlernal pOleolial ampli-
tude VI is zero, one rccovers the cxpression for lhe familiar
Coopcr pair hinding cnergy equation.

To solve Eq. (8), we !leed 10 know an exprcssion for
q(k), as a f1rstapproximalion suppose the amplitlldc VI sl1lall
~nollgh such lhat from Eq. (7) g(k) can he taken as the l1rst

I . h . h'd Ilenn ot 1 e ng t SI e, name y,

CL"
!J(k) '" 2E(k) - E - 2Ep

(9)
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The explicit form (JI'e(k - G) and c(k + G) are

and assuming [or simplicity that k-G = O, \Ve then have that

!t2 . 11
2

. 2E(k'FG)=-(k'FG)2=_, (k2'F2k'G+e),
o 2m 2nl

r,'e2
E(k-G)=c(k+G)=é(k)+ 2m' (\1)

( 12)
(?")3

dk =-=---3 N(e) de,
L

To further simplify solving Eq. (10) one can integrate
over energy e instead 01' over wavevector k by introducing
lhe density of electronic states ¡V(e) for one spin in the form

noling thal since Ep < e < EF + TI,WD, N(e) can be taken
as a constant equal to N (E p) provided that N (c) does not
vary appreciably within this small interval of energy because
hwv« Ep. Using Eq. (11), Eq. (10) reduces to

then inscrtcd ¡nto Eg. (8) leads lo (he self-consistcnt cquation:

L"Vo ! dk
1= (2,,)". 20(k) - E - 2Ep

L
3
V VI / [ 1

+ 2(2:)(; 20(k - G) - E - 2Ep

+ 1 ] dk . (10)
20(k+ G) - E - 2EF 2c(k) - E - 2Ep

In principie, Eq. (10) might he sol ved for the hinding pair
cncrgy E, givcn specific values of Va, VI, EF. and G. How-
cver. \Ve makc furthcr simplifications in arder to scck an cx-
plicit solution for E. Thc following supposition might he an
approximation lo a superlatticc (scc introduction) whcrc the
vector G is perpendicular lO the laycrs ami the movClllcnt oI'
¡he clcctrons is mainly confincd lO run parallcl lo the supcr-
conducting laycrs. As a first approximation lo this situation
\Ve can supposc Ihat vcctors k and G are mutually perpen-
dicular. I

dE
(20 - E - 2Ep) (2E - E - 2Ep + h'e'/m)'

(\3)

which can integralcd exactly. After sorne algenra, one obtains

where Vkk, is given hy Eq. (4) ami Ek, '" J ilt, +~¿"with
(k' == é{kl

) - Ep. COllvcrting Eg. (17) lo integral form gives,

3. The energy gap and Ihe critical supercon-
ducting Iransition lemperalure

Two important parameters rhat characterize lhe BCS super-
conducting slatc are lhe energy gap ~ (which is relatcd lo
the cnergy necessary to hreak lhe Cooper pair) and the crit-
ical tcmperature T,: below which the normal stale hecomes
supercondllcting.

To detcrmine the energy gap al T = O K, we start from
the sclf-consislcnl gap cqualion19] givcn hy:

( 16)

( 17)

2E = -2;lwDe~ ),(1+<».

1I: ilk,~k = -;- --Vkk"
2 Ek'k'

From Eq. (16) the energy E being negalive corresponds
10 a hound slale ami is similar lo Ihal of the familiar Cooper
pair prohlem save for ,he additional factor (1 + n) multiply-
ing lhe coupling constant \~IN(EF). We have Ihen arrived at
the following important result: Ihe hinding cnergy 01' the pair
of Cooper electrons is ¡1Icreosed Uf decreosed according lO
\vhClher VI is POSilivc or Ilegative respectively, by the pres-
ence of an periodic eXlernal potcntial.

( l 5)

2hwDE~-----1 - e"2/,\(I+c<)'

whcre A == FoN(EF) is Ihe BeS supcrconducting cOllpling
constanl and Ct' is detlned as

'+a ( '2/) n

(
E-2rlwv) E-rle,m =ef,(14)

E E - 2r,wv - rl. e'/m

Note that n conlains essential informal ion about the ex-
ternal pOlential such as the amplitude VI and Ihe spatial peri-
odicity G.

To make evcn furthcr simplifications in Eq. (14), let liS
estimate lhe order of magnitude of Ihe quantity h2C2/m.
Sincc G ....• 210 Id, where d rcpresents the spatiul period-
icity 01' lhe external potential, taking d ....•(1-10) A givcs
e ~ 2"(1-10-') A-I, and finally rl'e2j,,, -(300-3) ev'
011 lhe olher hand, in elemental superconductors T'WD ,.....,(6-
.36) x 10-3 ev' [8J. Thus, in Eq. (14) Ihe second factor
nI' the len hand side can be approximated hy unity since
T,2C"2/'III » 2T/wD• Hence the binding energy 01' the pair be-
comes

Ihis reduces lo the familiar solutions when VI = 0, which im-
plies (l := D. In the limit 01' weak coupling, inleraction, raken
as when VoN(Ep)(l + n)« 1, this finally leads to:

Rel'. Mex. Púo 46 (3) (2000) 304-30X
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_ ~ J t.(k') k' _1'1_ [t.(k - G) t.(k + G)]
t.(k) - 2(2rr)3 E(k') d + -1(2rr)' E(k - G) + E(k + G) -

( 18)

wherc the integral on the right hand side of Eq. (18) is indepcndenl 01'lhe wave vector amlll1us a constant, say 60• given hy

t.o = ~ J t.(k') dk'.
2(2rr)3 E(k')

( 19)

Substituting t.(k') from Eq. (18) intn Eq. (19) \caos to

, _ ~ {t. J ~ _1'1_ J [ t.(k' - G) t.(k' + G) ] dk'}
t.o - 2(2rr)' o E(k') + 4(2rr)3 E(k')E(k' - G) + E(k')E(k' + G) .

(20)

Assull1ing as a t1rsl approximation that lhe encrgy gap is indcpendcnt of lhe wnve vector and given hy ~o, Eq. (20) hecomes

-~{J~ ~J[ 1 1 ]dk'}1 - 2(2rr)' E(k') + 4(2rr)' E(k')E(k' - G) + E(k')E(k' + G) .
(21 )

As hefore. assuming G perpendicular lo wave veclor k'. and integrating over cnergy ( instead 01'over wavevectors, this

reduces 10:

1 = _l'o_N_(_E_F_){J ~=d=~= + _1'1_ J ~=d=~=====}.
2 J t.6+ e 2(2rr)3 J-t.-6-+-~-"J t.~+ (~+ T,2c" /2/11)"

(22)

To furthcr sill1plify evalualion of Eq. (22) suppose that
r,"2C2/2m » ~o or (, which is reasonable since.ó.o is ol' lhe
order of a rew meY 1101 and ( varies hy at 1l10str,wp. Under
tbese conditions Eq. (22) simplilies to

1", 1'0N(EF)(1 +n)Jh~D
2 -f,wv

I
T = O K (.~~o)and Ihe critical temperature Te are affected hy
the presence 01"the periodic external potentiallhrough the pn-
rameler (l. Howcver. although hoth .ó.o anJ Te are moditlcd
hy the external poten tial. their ratio is unchanged. al least in
Ihe limit of wcak coupling.

I (T''::OD) ,= l'oN(EF)(1 + o)sinh- '-' (23)
4, DisCllssiull

where o is again givcn by Eq. (15). In the wcak coupling limit
Eq. (23) linally leads to

Note thar Eqs. (24) and (26) are similar 10 lhe familiar
BeS expressions save for the coupling constant ..\ hecoming
\~IS (E F )( 1 + 0'). Here we see thal bOlh lhe cnergy gap at

011 the other hand, lo find a exprcssion for Te. we need
Ihe tell1perature-depcndent self consistcnt gap equalion [111
givcn by

The usual intuitivc piclure of the formation 01'the Cooper pair
is thal onc eleclron, travclling trough the background 01'posi-
t¡ve ions. pulls positive iOlls01'Ihe lattice forming mOI11Cntaf-
ily an excess of positive dwrge in some spalial region 01'the
Intticc. This excess 01"positive charge. due to the deformation
of the latticc. is seen hy Ihe second electron which is atlracted
to lhat region. Thc whole event is that the two electrons are
attracled logcthcr via the del'ormation of the latticc.

The picture ror our model may he viewed as follow5.
Imagine Ihat the external perioJic potcnlial produces in the
lattice fringes of attraclive and rcpulsive regions l'or the c1ec-
lrons. Illodulated hy the wavevector 01' the external poten-
tial. In sotlle evenl, an attractivc fringe may spatially coin-
cide with the dcforrnalioll ()f the lauice produced by Ihe firsl
electron, reinforcing in (his way the attractivc action for the
second cleclron. In t!lis case. the magnitude of Ihe hinding
encrgy 01"rhe Coopcr pair will ¡ncrease (see lasl paragraph of
Sect. 2). The opposite sitllation is expccted whcn the accu-
mulatioll of positive ions produccd by the first electron ¡¡es in
a rcpulsive fringc 01'Ihe external pOlential.

(25)

(24 )

t.k = - ~L t.k' I'kk' tanh ({JEk,) ,

2 k' Ek, 2

\Vhere ¡3 = !/ktiT, kll the !lo\tzmann constant, and T the
ahsolute tempcrature. Starting from Eq. (25) and lIsing tlle
same proccdllres as those to find .ó.o. it is not difticlIlt lo flnd
,l!l expression for Te as a Solulion 01'oÓ.(Tc) = O, which is

Rc,'. Mc.' Fí.<. 4(, (3) (2(XXl) 3U4--30S



JOS D, MENDOZA

Ohviollsly. this piClurC is a vcry crudc vicw 01' a !llOfe
complic¡¡lcd phcnol11cna. in which SOIllCkind 01' coupling hc-
(wcen Ihe pcriodicity 01' lhe external potcntial anJ somc char-
actcriSlic Icngth (rclatccl lo a spatial exlcnt of lhe Coopcr pair)
could cxisl.

5. COllclusion

\Ve llave sludicd Ihe prohlcm 01' lile hincling cncrgy 01' a
Coopcr pajr in lhe prcscncc of a pcriodic external potcntial.
\Ve ¡¡Iso slllclicd lhe clTcct of lhe pcriodic external potcntial
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