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H~2+) molecular ion in a strong magnetic ficld: a triangular configuration
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The hOllnd stalc in the system of Ihree protons and an e1ectron (¡>}JJlc) lInder a homogeneous strollg magnetic neld where the protons are
situated al rhe verticcs of an cquilalcral Iriangle perpendicular lo the magnetic lleld lines is founo. It is shown that for magnelic fields
B = 101l~.414 X 1013 G the potenlial cnergy curves as a function of Ihe intcrnuclear dislance R have an explicit minimum. For all
magnetic nelds studied, Ihe binding energy 01'the triangular configuration is less than Ihe hinding energy of Ihe linear parallel configuralion
[A. Turhiner et a/. JETP Lett. 69 (1999) 844]. As opposed to the linear case, Ihe hinding energy decrcases wilh increasing magneric neld.
while the equilihrium intemuclear distance slowly increases.

Ke.'t'words: Slrong magnetic field; molecules; exolic systems

En esle trabajo se encontró el estado ligado en el sistema de tres protones y un electrón (l'Ppe) bajo un campo magnético homogéneo intenso
en donde los protones están situados en los vértices de un triángulo equilatero perpendicular a las líneas del campo magnético. Se demuestra
que para campos magnéticos B = 1011-4.414 x 1013 G las curvas de energía potencial como función de la distancia internuclear R tienen
un mínimo explícito. Para todos los campos magnéticos estudiados. la encfgía d~ amarre de la configuración triangular es menor que la
energía de amarre de la configuración lineal paralela [A. Turbiner el al. JETP Lell. 69 (1999) 844]. Al conlrario del caso lineal. la energía de
amarre decrece con un aumenlo del campo magnético, mientras que la distancia de equilibrio inlemuc1ear decrece lentamenle.

f)('srril'torl'S: Campos magnéticos intensos; moléculas; sistemas exóticos

PAes: 31.1O.+l; 31.15.Pf; 32.60.+;; 97.IO.Ld

1. Introduction

RccCl1lly a quanlilative sludy of tlle systcm of tllree pro-
tons anJ an electron (pppe) in a strong magnclic field gavc
theoretical cvidence of tlle cxistencc al' a hounJ state for
magnetic flclds IJ > 1011 G [1]. The exislcnce of such a
statc implies the cxistence 01' Ihe exotic molecular ion H~2+)
Many years ago Kadomtsev and Kudryavtsev [3J, and'Rud-
Crlnan f4] pointed out lhe possible existenec al' linear exotic
molecular systems in the presencc of a slrong magnetic neld.
Duc lo lhe enonnous Lorentz force acting on the electronic
doud, it shrinks in the dircclion transvcrse to thc magnctic
f¡eld tines, Icading 10 an effcctive quasi40ne-dimcnsionality
oflhe systcms studicd. This makcs the elcctron-nuclei altrae-
tioll more etTcctive in compensaling for the Coulomhic re-
plIlsion of the Illlclci. Sueh a fac! suggests lhe possihilily 01'
the existence uf exotic systems which do not exist without
¡¡ magnelic neld. It was shown sume time ago that a strong
magnetic field can lead to Ihe formation of linear hydrogenic
chains Hu,1/.> 2 situated alollg magnelic flelJ Hnes [4-71.
Morc recently lhe flrst quantilative study 01"the possihle exis-
lenee al' an exotic hound slate in the systelll 01' three protOIlS
amI an electron (pppe) in a strong magnetic fleld was carried
out 11] anu il contirmed existence ofthe H~2+) ion.

Although Ihe linear parallel conflguration (where protons
are silllated 011 a line parallello lhe magnelic lield Hne) rOl' the
system (pppe) sccms to he optimal for very slrong magnctic

(lelds, other possible conl1gurations have to be considcred in
order to have a hetler understanding of the properties 01' such
systcllls.

In lhis articlc \\'c explore the possibility 01' the
existence{n) of the molecular ion H~2+) wherc the protons
are situatcd at the vcrticcs 01' an cquilateral triangle perpen-
dicular lo a homogcneolls rnagnetic field. Our prescnt investi-
gatiol1 is lirnitcd to magnetic fields B = 1011-1.414 X 1013 G
for which a non-relalivistic approach seems to be val id (for
a general discussion 01' cffects of relativistic correclions of
molecular type systcms in a strong magnetic fic1d see Ref. 7).
An attcl11pt to make a detailed relativistic sludy of the hydro-
gen atol11 was canieu out by Goldman el al. (see for example
Ref. 8 and rcferences therein). Our sludy is restrictcd lO the
ground state in lhe Born.Oppenhcimer <lpproximalion.

2. l\Icthod

The prescnt calculations are carricd out in lhe frarnework of a
variational method. Trial funclions are chosen in accordance
with the following criterion (see Refs. 10-15); (i) the tr;al
funet;on '1' I (:r) should inelude all symmetry propert;es 01'the
problcrn in hand; (ii) 'the trial funclion for the ground state
should not vanish insidc lhe domain where lhe prohlem is de-
fined; (iii) .he potential 11,(.1') = v"~'¡Wt, for whieh .he
trinl fllllclion is an exacl eigenfunction, should reproduce lhe
original pOlcnlial behavior near singularilies as well as its
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electron position lo Ihe ..:-axis, 1'1,2,3 are lhe distances from
the electron to lhe first. second amI third centers, respectively.
R is the dislanee hetween centers (see Fig, I for notalion)
and f:; is the z-component nI' Ihe angular momentum opera-
lor. The linear Zeeman cffeel lerm in lhe pOlenl;al (E() ean
he dropped since we use real trial functions(b) (see below).
Spin Zeeman effects are neglecled. Through the paper the
Rydberg is used as the cnergy unil. For the olher quantities
standard atomic units are used.

FIGURE l. Triangular configuration for the (pppe) system in a.
magnetic ficld ii dircctcd along (he z axis. The protons are situated
in Ihe (.1",y)-planc and their positions ate markcd by black c¡reles.

ilsymptolic hchavior. This prescription has heco succcssfully
applicd Lo lhe study (Jf lhe Ht ion in strong magnctic fields,
giving lhe musl accurate results for B > O [9], as well as lO

rhe study orihe linear parallel configuration ofthe H12+) and
H.\:H) ioos in a strong magnetic ficld [1,2).

Wc consider a systcm of ooe electron and threc identical
infinitcly-hcavy ccnlcrs of unir charge situated al lhe verticcs
of an cquilateral trianglc with ¡ntemuclear dislance R (which
is lhe lenglh 01' Ihe sidc al' lhe tr¡angle) Iying in a planc per-
pendicular lo the magnetic f1eld 01' strength B directed along
lhe o axis. jj = (O. O. E).

The pOlential corresponding to the system we study is
givcn by

. G 2 2 2 E' p' .
l' = - - - - - - - + -- + De, , (1)R ,.} "'2 '1'3 4

\vhcre Ihc quanlity p = ,lr'2 + y'2 is the distance from lhe
I

3. Trial wave functions

Thc trial functions we are going lo use for Ihe present prob-
lem are similar lo Ihose that were cxploiled in Ref. I for
lhe study of (he linear paralle! conflguration. These func-
tions were eonstructed aceording lo Ihe crilerion described
in Refs. 10-15. They contain Ihe basic fealurcs of Coulomb
systems in a magnetic field. as well as the symmelry prop-
erty under pennutation of the three charged centers. In par-
ticular. this implies lhat the potentials corresponding to those
functions reproduce Coulomh-like behavior near the cenlers
and two-dimensional oscillator hchavior in the (x. y) plane at
large distances (see helow).

Thc simplesl 01" these funclions is a funetion of lhe
Heitler-London type multiplied hy lhe lowest Landau orbital:

(2)

['l Ec¡. (2) in Rel'. 11, where ni anddl are varimional param.
eters. Sinee \Ve consider Ihe distance between centers as an
extra variational paramcler. Ihe function has a total 01' Ihree
variational paramctcrs. This funerion gives an adcquate de.
scription 01' the covalent coupling nI' the system near cquilib.
riulll. As an illustration \Ve show the pOlential corresponding
lo this fUllction:

2 3 3 2 (... .) (3 2E2 2V 'li} 2 L 1 2 L L P - .l;t¡ +Ylj¡ 1 PVI = -- = 3"1 - (31E - 2"1 - + 2"1 (hi. hj) + "IPIE . + 4
~ r. _ _ l"

1 í=} I i<J 1=\ I

1
ni' ¡jj = - [(x - Xi)(.r - Xj) + (y -¡¡i)(Y -¡¡j) + (z - Zi)(Z - z])l,

"'jrj

(3)

whcre tl¡ (i = 1.~, 3) is lhe unit vector in lhe direction of
lhe vector pointing from the position ol' the i-lh center to Ihe
positioll of the eleclron.

A seeond Irial l'llnction is a Hund-Mulliken type l'unction
mllltiplied hy the lowest Landau orbital:

I(l Eq. (4) in Ref. 1]. Here a2 and {32are variational para me-
terso This function describes an ionic eoupling al' a hydrogen
atom with two charged cenlers.

Anolher suitahlc lrial funelion which descrihes an ¡unic
coupling betwcen iJn Hj ion and a proton is given hy

IVI = [e-n3(1'I+r:.d + (?-0'3(rl+r3)

+ e-03("2+1'3)]e-¡hlJp2j<1, (5)

[e¡: Ec¡. (S) in Rol'. lJ where ".1 and /3:. are varialional param.
eters. Since the Ht ion has the lowest total energy among
the one-electron systems for B ;S 101:1 G [2], an important
CUJ1lributioll coming fmm this tri al funclion is expceted.

Re\'. Mex. F¡". 46 (4) 120m) 309-313
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i) A natural inlcrpolation is given hy a non-linear surer-
pos ilion 01'the form:

In onler to induJe in a single trial 1'unction LhedilTerent
rhysieal hehavior Ilear equilihrium and at large distances. ar-
propriate interpolations of the trial functions (2). (4) and (5)
are done:

kf Eq. (6) in Ref. 1I where 0'4. 0r" 06 and (1.¡ are vari-
ational parameters. and Ihe sum is over al1 permuta-
lions of Ihe paramelers {04. n ...,. Ofi}.

11"all parameters coincide «(LI = 0'5 = 06 = (\'1).

the function (6) reduces to the Heitler-London type
function (2). Function (6) also reduces to Ihe Hund-
Mulliken Iype wave fUlletion (4) when only one paralll-
elcr is non-I.ero say 0.1 = 02 and 05 = Or. = O. Ir Iwo
paramelers are non-zcro. and equal. say. a.¡ = or, =
o:~. and (Ir. = O it reduces to the trial function (5).
When all parametcrs are differcnt arnong Ihemselves
ami different from zero, Ihe funetion (6) provides us
wilh a 3-center modilkalion 01"a Guillcmin-Zcner Iype
function. Thc function (6) has in total live variational
pararnclcrs (including the inlernuclear dislance R as
one of the parameters).

TAHLE 1. Variational results for the triangular conflguration of the
H~H)ion in a slrong: magnctic tield. The tolal cnergy Er and the
hinding cncrgy Eh = B - Er. are in Ry. The equilibrium inler-
nuclear Jistancc R"q amllhc cxpcctalion valucs of the longitudinal
and transversal localization lenglh 01' the electron Qz~) anJ (Ipl)
are in a.u .. Thc corresponding quanlilies fm (he H~-+ ion in lhe
linear parallcl configura(iull were lakcn [rom Rcf. l. Thc energy of
ti free clcctroll ami its cyclotron mdius [J-1/'2 are 31so shown.

(p)(lzl)R•.qn (Gauss)

Triangular Contiguralion
1O11 40.5591 1.9R5 0.6137 0.561 0.192
1012 -1-23.722 1.7t9 0.6414 0.595 0.061
101.1 4252.724 1.6<)0 0.6645 0.6tO 0.019

4.414 x 101."1 IR777.31 1.674 0.6757 0.622 0.009

¡.inca!" Conliguration

1011 3hA29 6.1151 O.R03 O.R64 0.IR6

1012 410.296 15.144 0.346 0.438 0.060

1013 -t220.09 34.324 0.165 0.242 0.019
.1. 114 x IOn I872.lRR 55.103 (U 10 0.16R 0.009

Free e1eclron

lOll 42.5441 0.153
101'2 425441 O.04R

1013 4254.41 0.015
.1.414 x lOu I8778.9K 0.007

(6)'1' - [ "-""'-""'-""'] .-O,lJp';1.1-II/s- Le (.
{(L¡ .Os .0:6}

ii) Anolhcr more immcdiate interpolation is given hy a
linear superposition ofthe functions (2). (4) and (5):

(7)
4. Results

where Al. A,! . ...13 are taken as extra variational paralll-
elers. Sinee 11/1,:2,3are not orthogonal. the paramelcrs
A I,l.:~do not have Ihe usual meaning of wcight f:1clors.

For Ihe present calculations we use a linear superposilion
of the ahove intcrpolations (6). (7) givcn hy

whcre .41. Al' .4::1,.-l.l are again considered as extra varia-
(ional parametcrs with no mcaning of weight factors. The
!"unclionnn comhincs in a single functional fonn a suilahl~
descriplion of the system for Ihe different physical regirncs
(ncar cquilihrium and large intcrnuclear dislanccs for strong
and vcry slrong Illagnetic licltls). Thercfore, we fceI thal it
should provide a relevant approximation for the ground slale
of the system. This was indccd the case for the linear parallcl
configuration of H\:2+l (see Ref. 1). This function has in IOt<ll
fourtecll varialional pararnelcrs.

Thc variational procedure is carricd out using the stan-
danl lllinimization package MINUIT from CERN-LIB. Wc
use Ihe inlegration routinc 001 FCr from NAG-LIB. AlI in-
Icgrals are ealculated with rclalive accuracy > 10-8.

The resuIts of our calclllations are presented in Table 1. For
all magnetic tields cOllsidered (lJ = 1011_4.414 x 1013 G)
\Vefound a lllinimlll1l in the pOlential energy curvc as a fune-
tion of the internuclear distance R (see Fig. 2) indicaLing Ihe
formation of;¡ hound sta(c. For such magnetic lields the total
energy 01' the triangular eonfiguralion is aIways larger than
(he lotal encrgy of the corresponding linear parallel configu-
ralion. Indeed Ihis shows that for very strong rnagnetic fields
the linear conliguralion is the 11l0stfavorcd. However, a new.
slriking unexpecteJ phenomenon appears when one consid-
ers a Iriangular cont¡guration. While for the linear configura-
lion Ihe hinding energy(c) increases ami the internuclear dis-
lance decreases as the magnetic field grows, the opposiLe is
Irue for Ihe triangular eonfiguration. Namely, the hinding cn-
crgy slowly decreases anu the internuclear distance slowly in-
creases (!), hOlh being almost cOllstant. Similar behavior oc-
curs with Ihe longitudinal localizalion lenglh of Ihe electron
(I-=-I) which also slowly increases in lhe Iriangular conflgura-
tion with lllagnetic ¡¡cid increase, orposile to what happens in
Ihe linear cllnfiguration where it dccreases rather sharply. The
transvcrse size of thc clectronic c10ud (p) is very close to the
corresponding eyclotron radius n-1/2 (tI.u.) for hoth cases.
We do nol llave a clear physical picLurc of this phenomcnon
anl! it needs furthcr consideration.

R('l'. Me.\". Fú ...U. (4) (2000) 309-3 [3
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TABLE 11.Comparison 01'the tolal energy ET for (he triangular contlgurarion of the systcm (pppe) ror two arbitrary inlcmuclear distances
R = 0.45 and R = 2.527 obtained with trial functions 'h,2,3,4. and wilh thcir linear superposition given by Irial fUlleríon 1j.I6.

B (Gauss) R w¡ \{'2 '1'3 W. w.
1011 0.45 41.10121 41.12298 41.09077 41.09591 41.08986

2.527 41.58129 41.58405 41.58146 41.58131 41.58122

1012 0.45 423.9111 423.9195 423.9115 423.9111 423.9110

2.527 424.4875 424.4877 424.4876 424.4876 424.4865

1013 OA5 4252.956 4252.956 4252.956 4252.956 4252.956

2.527 4253.461 4253.461 4253.461 4253A61 4253.460

4.414 x 1013 OA5 18777.53 18777.53 18777.53 18777.53 18777.53

2.527 18778.03 18778'()3 18778.03 18778.03 18778.03

42.54

"
E (Ry)

415

"
<OS .s

s

A surprising fcaturc is rcvcalcd if we study diffcrcnt trial
functions. In Table 11the variational results for the total en-
crgy ET for two quite arbitrarily choseo valucs ofthc internu.
dear distance, R = DAS and R = 2.527 are shown. For mag-
nelic I¡clds lO" ;S R ;S 1012 G an adequate description of
the systcl11 ror inlcrnuclcardistanccs R :::::::0.45 is givcn by the
trial function (5), Illodclling an ionic coupling, Hi +prolon.
ln (his case, the single function (5) gives the lowcst total en-
crgy among the trial functions \1'¡,2,3,4. On lhc other hand,
the trial function (2), modelling a covalent coupling giyes the
lowest lotal cllcrgy for R ::::::2.527. giying a hint that a co-
valent coupling dominales when the intcrnuclcar distance is
large compared to lhe equilibrium dislance. Amazingly, for
B 2: 1013 G the yariational energy seems to be inscnsitivc to
lhe spccific form of Ihe trial funclion (!).

The cleclronic densily distrihution ['1'12 in the plane z = O
is shown in Fig. 3. Por all magnetic lields B = 1011_
4.-114 x 1013 G the cleclronic density dislrihution 1'1'[2 ex-
hibits a single maxirnum localed at lhe center of thc lrianglc
(.17 = O, Y = O). As Ihe magnelic lield grows the electronic
cloud hccomes more conccnlraled around;f = O, Y = O,
while its dislance fromlhe protons slowly ¡ncreascs.

s. Conc1usinns

i
i5

FIGURE 2. Potcntial cncrgy curves as function of the internuclcar
Jislancc n for (he H~2+) molecular ion in the triangular conl1gu-
ralion fOl" rnagnctic I¡cld: (a) 11 = 1011 G. (h) D = 1{)12 G, (c)
n = 1013 G. Tlle top of the energy scalc corrcsponds to lhe value
01' lhe cncrgy of n free clcc(ron El! = D.

From our results we can draw thc conclusion thal the exolic
molecular ion H;:'H) can exist in Ihe presence of a strong
magnelic ficld in a triangular contlguration of lhe chargcd
ccnlers and is stahlc relative lo a ground state hydrogen atom
and lwo protons for Ihe same magnetic tick!' In particular,
in lhc present artic1c wc have shown lhat lhe molecular ion
H~2+) can also exist in lhe equilateral (fixcd nuc1ei) Iriangu-
lar conflguralion perpendicular to Ihe magnelic neJo which is
ut1slahlc with respect to a decay mode to the linear configura-
lion. Furthcrmore. sincc lhe tolal cnergy of H~2+) Iies aboye
lile corresponding tOlal encrgy for lhe Hi molecular ion for

Rc.'. M£'X. Fú. 46 (4) (2(XXI)309-313
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<a)

"1"

all magnctic flclds studicd, there exists a dissociation chan-
nel H\2+) -+ Hi + ¡J. A slUdy 01' lhe Iifetime 01' H\2+) is
beyond the scope of the prcsent anide and will be cxplored
elsewherc.

Thc rcsulls ol' OUT variational study for the ground state
show that. contrary to the case of the linear paTallel config-
uration, lhe binding encrgy of the systcm decreascs, and the
internuc1ear distance increases as the magnctic field grows
from B = 1011 G lo 4.414 X 1013 G. A more extended slUdy
of this. as well as olhcr conflgurations, is needed in order lo
gain a bCltcr understanding ofthe propcrtics ofthe exotic sys-
lem H~2+). (11panicular, a proper conlribution coming from
Ihe linear Zeeman effect lerm in (1) has lo be laken inlO ac-
count. Howcvcr. the faet that the linear Zccman effect contri-
bution vanishes in our consideration (which occurs when real
trial fUl1clions are eonsidcred) Jooks relevant in the region of
very sIrong magnelic l¡elds n = 101l_.J.414x 1013 G where
this term can be neglected in any case.

Although in general it is not clear so I'ar (see discussion in
Ref. 7) how an adiahatic scparation 01' the clcctronic antl the
nuclear motion can be performed in the presence of a strong
external magnetic f1eld, our fixed-nuclei llpprollCh is II good
starting point lo study the exotic molecular ion H~2+).
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FIGURE 3. Electronic probability density 1'*'12 for the H;2+) molec-
ular ion in the triangular configuration al z = Oami its corresponJ-
ing conlours (Of (a) n = 1O1l G. (h) B = 1012 G. (e) n = }OI3

G. The position of Ihe charged ccolers is indicatcd by crosscs. Nor-
malizalion of I'JlI2 is nOI fixed.
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(u) In lhis conlext, (he word 'existence' has the rncaning of appcnr-
,lIlce of a minimum in the potcntial encrgy curves and thus lhe
existence of bollnd sIates.

(") For a real Irial function (he expectation value of Ihe 2-

componcnt of lhe angular momcntum {iz.) is cqllaJ to zero ami
lcads to a vanishing contrihution to the varialional energy of the
linear Zeeman cffect termo

(e) Thc binding cnergy is defined as the affinily to keep lhe elec-
lron bound. Eb = n - Er. D is given in Hy and thus has (he
mcaning of the cnergy of a free electron in a magnctic field.
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