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We analyze the Wigner dislribution funelion of spherical alkali-metal c1usters in the framework of the Density Functional Theory formalism
using the jcllium and the pseudopotential-jellium models. Nonlocal effects of the interaetion betwecn the ¡aoie eores and th~sel of valen~e
electrons arc discussed in comparison with the jellium prcdiction. We show that simple rnodels like the Slater approach wlth surface dlf-
fusencss give the maio realures and reproduce the firsl moments of the Wigncr distribution function and can also be used to analyze large

clusters.

KC')'words: Wigner distribution function; atomic clusters

La función de distribución de Wigner de los agregados esféricos de metales alcalinos ha sido analizada en el esquema de la teoría del
funcional de la densidad usando los modelos de jelliwn y de pseudopotencial.jelliwn. Los efectos no locales de la interacción entre los
iones y el conjunto de los electrones de valencia se discuten comparando las predicciones del pseudopotencial con las del jellium. Se pone
de manifiesto que un modelo simple como la aproximación de Slater con difusividad en la superficie da las cmacterísticas principales y
reproduce los primeros momentos de la función de distribución de Wigner y puede también ser útil para el análisis de agregados de gran
tamaño.

Descriptores: Función de dislribución de Wigner; agregados atómicos

PACS: 71.24.+q; 61.46.+w; 36.40.-c

1. Introduction

In the pasl years lhe sludy al' Ihe structure 01'the alkali-melal
c1usters within the Oensity Functional Theory (Off) has pro-
vided a reasonablc dcscription of some experimental prop-
erlies for medium c1uslers [1,2]. The simplest Off model
hased on the quantized motion of the valenee electrons in an
uniform ionic background, namely the jellium model (JM),
provides an appropriate first deseription for the ground-state
and cxeitation propcrties of sorne alkali-metal clusters. Nev-
erlheless, in sueh a seenario the plasmon resonance energy
has a bluc shift with respect to the experimental valucs, espc-
cially for lithium elusters [3,4].

Recenily, more elaboraled models Ihal account for Ihe
ionie eore slructure have been applied. Referenee is to be
made, for inslance, lo Ihe pseudopotential-jellium model
(PPJM) Ihat ineludes Ihe ionic slruclure using Ihe eleclron-
ion interaclion al' Bachelet, Hamann, and Schlüter [5]. This
model improves Ihe Iheoretical prediclions for polarizahili-
t¡es as compared to the experimental results, in particular for
lithium eluslers 16J.

Bolh in the jellium and in Ihe pseudopolenlial-jellium
models, Ihe diagonaí parl al' the electronic one body densily
matrix plays a central role, as is well known. Much less is
known concerning the non diagonal part, which is closely rc-
lated to the electronic momentum distribution [7,8] and to
the two hody correlations. In addiIion, lhe one body densily
matrix pro vides the starting point to obtain the Wigner dis-
lribution function, j(f, k) [9], which is the quanlal gener-

alization 01'the classical phase-space distribution. Although
the Wigner distribution function may contain areas of neg-
ative "probabilities", its momcnts are basic observables and
it could be the starting point for several approximations to
the many hody problem [10], such as lhe time dependent
Thornas-Fermi approach for electron dynamics in metal c1us-
ters [11]. The Wigner dislribulion funcIion has recently de-
served greal altenlion, both from the theoreIical point 01'
view [12, 13] and from Ihe experimenlal one [14-1 7J. In par-
ticular the Wigner distribution function corrcsponding to var-
ious stales 01' a trapped ion has been experimentally deler-
mined by Ihe NIST group [15]. More recently a method for
measuring the Wigncr function for a vibrational state of a
trapped ion or for a molecular vibrational state has been pro-
posed [16, 17].

11appears Ihen useful to complemenI the study al' Ihe
electronic onc-body density matrix in r-space with that of its
Wigner distribution function, and to compare the DFr pre-
diclions with sorne simple models thal can be applied to large
clusters.

Following thesc ideas, in this work we focus our auention
on lhe Wigner dislribution function for metal c1usters pre-
dicled hy the jellium and the pseudopotential-jeJlium models.
The paper is organized as follows: In Sect. 2 we present the
Wigner Iransform oblained from Off with the JM and lhe
PPJM. In Sec!. 3 we compare lhe Off results wilh Ihe pre-
dictioos of somc simple models based 00 the Slatcr approach,
and in Scct. 4 wc draw sOl1lecooclusioos.
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The \Vigner distrioutinn function is oblained from Ihe one
h"dy densily [DI

2. DFT results for lhe Wigner distrihulioll
fllllclioll

. h - (- - )/" I - - -\\'11 ,. = "1 + /''2 _ anl ,';= /'1 - 1''2.

As is well kllown, 1(i7, k) is not direclly accessible fmm
cxperiments hUI its weighted integrals in r and k space,

these prcrniscs, the \Vigncr dislrioution funclion has been 00-
taincd hy expanding Ihe sclfconsistent single particle wave
funclions nI' JM allll PPJM in an harmonic oscillator (HO)
hasis. Using Ihis expansion, J(17, k) can he computcd using
Ihe rncthod of Ref. 20 for pure HO wave functions by means
ol' Ihe Talllli transformation and the Brody-Moshinsky coef-
licients. In figure I \\'e show lhe con tour plot of f(r, k) (2)
oOlailled wilhin the Hvl and PPJM for a Un cluster.

Thc hchavior 01' Ihe inner structurc of f(17. k) as a func-
lion 01'B can he undcrstood using Ihe analytical expressions
for lhe Wigncr distrihution function 01'a harmonic oscillalOr
pOlential (:!Ol. Whcn Ihe Ilumoer 01'occupicd single particle
levels of Ihe cluster corresponds lO that 01'a harmonic oscil-
lator with elosed shclls, J(F. k) does not depcnd on lhe an-
glc H. This is Ihe case rOl'Li.10 for which Ihe 1M and PPJM
results show only ;¡ slighl dependence of the Wigner distri-
oUlioll funetion 011 (j, In Ihe case 01'Un the strong depen-
dence Oil B arises from the oehavior 01'the Wigner distribulion
function eorresponding 10 lhe open shell lh. This behavior is
qualilalively lhe s¡¡me rOl' lhe JM, PPJM and HO models as
can oc appreciateu in Fig. 1.

DilTerellces ocl\\'ccll PPJj\.1 and JM can be more c1early
seen hy looking al (he mOlllcntulll distribution (see Fig. 2).
The f1rsl 1ll0lllent in k-spaee of I(r. [) shows that finitc size
efrects are more relevanl in PPJt\1 than in the JM, becausc
n(f) given hy PPJM increases for small ¡,. values with re-
speet lo the jelliull1 prediction. This cffect can he unuerstood
frolll lhe hehavior 01"lhe density in r-space, where the differ.
ence hetwecn the I1nilealllllhe infinite systcms is larger in the
PPJM lhan in lhe JM, due 10 lhe non local efeels 01'lhe PPJM
Ihat are included in lhe etTective mass. A simple model for
f(,7. k), like lhe Slalcr approaeh 171, can explain ~he hehavior
01'Ihe corrcsponding mOl1lentulll distrihution n(k).(4)

(2)

( I )

(3)

N

I'WI.i'.,) = ¿1/'j(171)Wj(i'i).
j=l

1 !- -M",t = (2)r)3 dk k" f(r, k)

Mu .• = (2:)3! drr"fW,k),

Using the Kohn-Shal1l formalisl1l within the Local Dcn-
sily Approxil1lalion for Ihe valenee eleclrons, and the para-
Illetrizatioll 01'Ref. IK for Ihe exchange-corre)ation termo we
have calculated Ihe \Vigner distribution function and its Jlrst
momcnts for sphcricallithiull1 clusters.

Thc inlcraclion ¡'elween Ihe ionic background and the va-
lence eleetrons has oeen tre:..ueo in Ihe local approach with
the jellillm model, and aceounts for the nonlocal effects with
Ihe pseudopotential-jellium modelo

Prom the Kohn-Sham sclfconsistent wave funclions
~,'\Ulwe eonslruct Ihe one hody density matrix P(;:"I, ,-;) in
Ihe jcllilllll :Jnd in (he pscuJopotcnlial-jcllium models. For a
cluster with N v¡¡lcnec dectmns

ore ho,ie "hserv¡¡hles 11DI: 3. Comparisoll w¡lh simple models

allll

whcre 1'(0 is tile diagonal density matrix, j(il Ihe current
densitv ami r(r) the kinetic energy density defined as

( 11 )

(1 U)fsl.W, k) = 28[kc(n - k].

( )]

-1
1'- Ro

{'(I') = {lu [1 + ('XI' --0-

wilh k,..(n delermined hy lhe loeol volue of lhe densily
kr(n = prr'{I('l]I/'.

\Vc aSSllltlCIhal the diagonal electronic uensity matrix can
he approximated oy a Fcrmi-Iike density

To have a oelter 1I1lderstanding 01' the main featurcs of the
\Vigncr distrihution function and its momcnts we have used
a simple model hased on Ihe Slater approach. which is eX<let
fm a llIlifonn systelll

('1)

(7J

(5)
(6)

Mil'; = I'W)
MI,; = j(t)

1 "
M2,,~ = 2r(t) + 4\7'I'(ll,

n(k) heing LhelllolllenLum distribution. ....•
When I(f, [) is an even function 01' k, its odd 1ll0-

Illents vanish ami 1(,7, k) is eharacterized only by the even
ones (l!J], ami for a cluster with lotal spin zero the Wigner
dislrihution funclion can he determined using three indepen-
denl variahles, /', k ami B (the angle hctween i and k). \Vith

with /lo = 1'sN I(J and r.~ = 3.25 for lithium (Hartree alomic
units havc hecn used throughout the Icxt). The diffusivity pa-
ramelcr (1 is adjllsted 10 reproduce the surfaee of the Kohn-
Sham diagonal density. As is wcll known rO] the surface dif-
fuseness in I'-space is larger in the PPJl\l (a = 1.2) than in
lhe JM (o = O,D),
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FIGURE l. Contour plot oC ¡(r, k) Cm 8 = 0, 1r/4. and 1r/2 of a Li92 cluster ohlained from the selfconsistent Kohn.Sham approach using
JM and PPJM. For comparison the HO results are also shown. Hartrcc alomic unils (a.u) are lIscd.

(15)

( 16)

( 17)

/'2 = 0.26 (JM)
1'2 = 0.22 (I'PJM),

1! _T.=? ,\f2.r l/r.-.

1'1 = -l.53 x 10-2111 N +0.155 (J~l) (13)

lit = -l.O; x 10-2111 N + 0.126 (PP.lM); (14)

\Ve have lIsed an r-dependence of the diffuscness param-
etcr 11, laking Iwo values of lhe diffuseness constanl. one in
the illner region (JI = Jtl for 1" < Ro + 6) and olher in the
outer one ('J. = Jl.2 for 1" > Uf) + 6). where 6 = 1.2 is the spill
out paramctcr [2J. We have ohlained lhe two diffuseness COI1-
slants minimizing the differences octwcen by a least-squarc
tit 01' Ihe KS :Jnd DSL 1ll0lllenlulll diSlfibutions. Closed sheJl
Li c1USlcrs with 92 :S N :S 338 have heen used for Ihis lask.
The parallleler 1'1 is found lo be weJl reprodueed by Ihe I()I-
lowing expressions

112 is approximalcd hy a constant ohlained as Ihe mean value
of lhe rcsults corrcsponding lo Ihe cluster sizcs being consid-
ered.

lhe slandard devialioll heing 0.02 in Ihe firsl case and 0.01 in
Ihe secolld (lnc.

As shml,'n in Fig. 3 lhe surface ¡n¿lio featurcs of lhe
\Vigner dislrihutioll are rather well reproduccd using Ihe Dif-
fuse Slalcr approach (12). Rcproducing the surface is cnough
10 provide a re¡¡sonahle til 01" Ihe mOl11cntum dislrihulion (see
Fig. 2) rOl" hOlh lhe jelliull1 and Ihe pscudopotential-jeIliull1
ll1odcls. In addilion. Ihe OSI. approach is able lo reproduce
the integral of ¡\l2,'-' (7), lhal gives Ihe kinctic
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FIGURE 2. Momentum distribution for Li92 in a,u. The solid I¡oc
shows Ihe Kohn.Sham result (Of the JM (upper panel) and PPJM
(Iowcr panel). Thc dolleJ ¡¡oc corrcsponds lo the DSL approach for
the Wigncr distribution function.
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f"SLV k) = / fSLW,k') .'1(1k - i:'1) di:',

IVhere .'I(.r) = exp( -.r" /1,")/(,,3/2 1")'

The Slatcr approach (10) with a Fcrmi-Iikc dcnsity lacks
01' dillusivity in k-spacc fUf f(¡;", k) and gives a momelllum
dislrioUlioll lhat diverges al the origin and decrcases sharply
to zero [71. In order lO ohtain a octtcr dcscription (JI" Ihe
\Vigner dislrihution funclion ami its motnents, as in Re!". 7 we
have incorporated a surface diffuseness lo Ihe Slalcr approach
(DSL) hy convululing (10) wilh a normalized gaussian

Re\'. Me •. PÚ. 46 (4) (2(XX)) }J3-}}(,
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FIGURE 3. Conlour plOI of f(f, k) fOf a Li92 cluster using the
PPJM wjth (} = 0.7':/4. and rr/2. For comparison purposes. the
e-indepcndcnl DSL approach, obtained with the PPJM fiued pa-
ramcters. is also shown.

as il is shown in Table I where we have eompared lhe kinelie
energy ohlained wilh Ihe JM and lhe PPJM lo lhal of lhe eor-
responding DSL approaeh for several Li eluslers. Wilh Ihe
aid of expressions (13) lo (16). Ihis model can be used lo un-
dcrstand the surfacc main features of Ihe Wigner distribution
funetion amito reproduce its first moments ror large cluslers.
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TABLE l. Kinetic encrgy fOf several Li c1usters obtained with the
Kohn-Sham approílch using the JM and (he PPJM. For comparison
the corresponding results of the DSL model are al so show'1.

N JM DSl. JM PPJM DSL PPJM

92 8847 8.747 8.265 8.163

138 13.362 13.355 12.589 12.610

196 19.130 19.122 18.134 18.189

254 25.060 24.818 23.919 23.808

338 33.454 33.315 32.057 32.134

lated the Wigner distrihution function for spherical Iithium
clustcrs, and analyzed its Hrst moments. In particular, the mo-
menlum dislribulion n(k) in PPJM is enhaneed for small k
valucs with respect to JM. We have proposed a simple ap-
proximation. the Diffuse Slatcr model, which provides a rea-
sonable fit to the surfacc main features of the Wigner distribu-
tion function and reproduces with remarkable agreement its
first moments. lt can be used for the extrapolation of cluster
propertics to the large sizc Iimit, for which lhe construclion
of Ihe one-body dislribulion funclion fW, k) in lhe full six-
dimensional spacc using the quantum-mechanical mean field
requires considerable technical efforts.

4. Couclusions

Using the sclfconsistcnt Kohn-Sham formalism with the jel-
Iium amI lhe pscudopotcntial-jcllium modcls we have calcu-
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