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Two-dimensional lattice with electromagnetic gauge field and fermions included
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In this work we deal with the inclusion of fcrmions on a 2-dimensiollallauicc with electromagnetic ficJd as the gauge field. \Ve have improved
a previous work by introducing explicitly the Dime gamma matrices in the fermionic determinant and by testing gauge invarianee of others
terms that appear in the integrals. We find that gaugc invariance is preserved. which in turo menns that no Itó terms are needed in the effective
continuum action.
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En este trabajo tratamos la inclusi6n de fcrmiones en una red de dos dimensiones COIl campo electromagnético como campo de norma. Hemos
mejorado un trabajo anterior introduciendo explícitamente las matrices gamma <.leDirac en el determinante fermiónico y comprobando la
invariancia de norma de otros términos que aparecen en las integrales. Encontramos que la invariancia de norma se preserva. lo cual a la vez
significa que no son necesarios los términos de !t6 en b acción cfe('tiva continua.

Descriptores: Teoría de redes: teoría de norma; invariancia de norma
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1. Introduction

In a previous paper [1] we have reported the invariance un-
der local gauge transformations of the partition funclion as-
sociated wilh Ihe electrornagnelic ficld in Ihe presencc of
fermions. This was done for the ti = 2 ami d = 3 cases.
d heing the lattice space-lime dimensiono This aeeomplishes
Ihe work [21 where il is shown gauge invariance for a latlice
with elcctromagnetic neld. hUI in the ahsence 01' fermions.
The raet. which is actually expected hecause lhe flatness 01'
Ihe U(1) manifold, has also lo do wi,h Ihe nonsymmctrie 110
leni" [3, 4J in Ihe effeetive aetion, whieh should be added lo
lhe aClion lo maintain gauge invariance.

The next task was supposed In he the four-dimcnsional
case, hUIthe computationaljoh tUTIlcdout very haTd. going up
lo sorne wceks of continuous work using Mathemalica pro-
gram plus olher simplifkalions in Ihe fermionic determinant.
Such extreme work is lypical whcn dealing with lattice gaugc
thcories [5, G] so il should not he surprising.

Anyway we have optcd for the casier case d = 2. huI elll-
ploying cxplicilly lhe Dirae matrices in lhe detcnninanl, ill-
stead of using some simplificalion inlroduced in Rcf. l. This
rcndcrs a rcsulling detcnninant with 8 rows ami 8 columns.
lhal ¡s. twice the size of that one if such matrices were ig-
nored. and this involves more calculalions. Of coursc. the
larger lhe dirnension d lhe largcr lhe computational work.

Wc have organized this papcr as follows: In Seco 2 wc
wrile lhe partilion function Z. expressing lhen lhe eorrc-
sponding determinan!. Section 3 is devotcd to check the
gauge invariance 01' Z. Finally. in Seco 4 the conclusions are
prescnlcd.

2. The fermionic determinant

For a rcvicw 01' laltiee thcories scc for instance [7-10]. Herc
we will COIlCcntratcin sOllle results for a lattice, just lo know
lhe sel 01' variahles that have to he managcd and which of
thclll are relevallt.

The prohlcl11of fennions inelusion on a lattice is not so
lrivial sincc it hrings renorlllalization difficultics [9]. There-
rore one has to lest efTectively gauge invariance of the cor-
responding action in the conlinuum limit a --+ O; the corre-
sponding action is written as

5= ¿;¡;{f{ ¿[(I + 'Y,,)U,:nJ~+,,,m
n,rll ¡l

+ (1 -1'~¡)U¡HIl6~_¡.I.m] + 6~,m }1J1m
(J\fa)d-.l * *

+ r¡2 ¿[I - Re (U,mUv,n+nU¡I,n+vUvn)J, (1)
¡l,lo'

wherc 1 is lhe unit rnatrix.
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We shall follow the notation of Ref. l. with Ihe correcled
expression for Eq. (4), whcrc U1ln = eiO~n.Thc associated
partition function lakes the form [7]

j7f _(Ma)2
d
-
42'E1(1_COSOP)

X -11" de} (det Allm) exp 9 P=l

Wc have chosen 10 integrate Qver the link variable (}22 =
01' Here [' i [= 1and P' represenl Ihe sel of plaquettes that
docs nol share Ihe 1 = 1 link. The figure (or lhe plaquette and
the dcflnitions of the plaquette variables Gi, i = 1, ... ,4,
changc with respect lo Rcf. I as follows (see Fig. 1):

Thc convention that we aJop! for the gamma matrices iso, = 011 + 022 - 014 - 021 = 022 + 13"

o, = 012 + 021 - 0'3 - 022 = -022 + 132,
()3 = 813 + 824 - 812 - 823,
0'4 = 814 + 823 - en - 8241

(3 )

which fulliles

(6)

wilh

and
(4)

(5)

I

"d = 1,

,i = 1.

Thc dctcfminant ohtaincd from (2) is

(7)

t.=

1
O

2K e-i012
O
O
O

O 2K e-iOll O O (J c17 C18

1 O 2K ei012 O (J C27 C"
O 1 O C35 C36 O O

2K eiOll O 1 c45 c46 O O (8)
O C53 C•• 1 O 2J( e-i013 O
O C63 cü4 O 1 O 2K ei014

cn O O 2K e-i814 O 1 O

c82 O O O 2K ei013 O 1

wherc

e17 = J\.(e-i021 + ei(24),

C35 = J\'(e-í8n + e1023),

e53 = JO; (e -1°23 + ei022 ) ,

c7l = K(e-i924 +ei021),

C18 = K (e-i021 _ ei(24), C27
= K(e-i921 _ ei(24), C28 = K(c-i921 + ei024L

C36 = K (e-i022 _ ei023) , C45 = K (e-i922 _ ei023) , C46 = K (e-i022 + ei(23), (9)

C54 = K(e-i023 - ei022), C63 = J((e-i023 _ ei022), C64 = K{e-i023 +ei022),

Cn = I«e-1024 - ei(21), C8' = K(e-i024 _ ei(21), CS2 = I«e-i024 + ei(21).

The tcrms of (det Anm) which contribute to 922 are displayed as

det Anm = 1 + 64](2 + 768](6 + a](2 + b](' + C](6 + d](' , (10)

with

a= -8cos1>o. (11 )

b = -8(cos1>, - COS1>2+ cos1>3 - cos1>, + COS1>9+ COS1>1O+ COS1>1l + C081>12)

+ 16(cos 1>5+ COS1>6+ cos 1>7+ COS1>8) + 32(c05 1>'3 + COS1>'4)'
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e = 128( - eos 1>0+ ms 1>2+ ms 1>4+ ms 1>9+ ms 1>10- eos 1>1:1+ cas 1>14)

- 32(cos1>15 + ms1>16 + ms1>17 + ros 1>18+ ros 1>1.+ eos1>20 + ros 1>21+ eos1>22)' (12)

d = -256(ms 1>1- eos 1>2+ ms 1>3- ms 1>,+ ms 1>.+ ros 1>10+ ms 1>11+ ms 1>12)+ 128(ms 1>13+ ms 1>'4)

+ 64(eos1>19 + cos1>20+ ros 1>21+ COS1>22- ms1>23 - ms1>24 - ms1>25 - ms1>26)

+ 32( ms 1>27+ ros 1>28+ eos 1>29+ cas 1>30+ cas 1>" + ms 1>32+ ms 1>33+ ms 1>34)+ 512 cos 1>35'

and

1>2= -8'2 + 8" - 821 + 822,

1>5= 811 + 812 + 822 + 823,

1>8= -0" - 8" + 823 + 822,

1>11= 811 - 8" + 822 + 824,

1>'1 = -821 + 022 + 823 - 824,

1>'6= -811 - 812 + 0" + 0" + 822 + 823,

1>18= -011 - 812 - 013 - 8"1 + 822 + 823,

1>20= -fi11 -812 +82, +8" +823 +8",

1>22= -013 - 814 + 021 + 8" + 023 + 0'"

1>'1= fi11 + 0'2 - 821 + 0" + 0" - 824,

4>26 = fJI3 + 81-1 - 821 + (}2'l. + 823 - 82.1,

ct>2H = -811 - 812 + 813 + fJl4 + 811 + 822 + 823 + eH'

1>3()= -811 - 812 - 81:1- 0" + 82¡ + 822 + 823 + 8",

1J:J2 = (Jl1 + 012 - 0I:i - 014 - en + (}Z2 + 923 - 824,

1>""= 0'1 + 01' + 8" + 0" - 0'1 + 0" + 823 - 8",

1>1= 011 + 813 - 821 + 8",

</J4 = Bu - Bu - B21 + 82'2'

1>7= 8" + 8" + 822 + 023'

1>10= -8'2 + 8'3 + 822 + 8",

<P13 = (}21 + 822 + e23 + 824,

1>0= 822 + 823,

1>3= -812 - 8'4 - 82, + 822,

1>6= -811 - 8'2 + 822 + 823,

1>9= 8" + 8" + 822 + 824,

1>'2= -812 - 8'4 + 822 + 824,

1>",= 811 + 8'2 + 813 + 8'1 + 822 + 823,

1>'7= 811 + 8'2 - 8" - 811 + 822 + 823,

1>'9= 811 + 8'2 + 821 + 822 + 823 + 824,

021 = 8,,¡ + 81.1+ 821 + 822 + 823 + 82",

1>23= -811 - 812 - 021 + 822 + 8'3 - 824,

1>25= -8" - 8" - 021 + 822 + 8'3 - 8",

1>27= 811 + 012 + 0'3 + 0" + °2, + 022 + 82:1+ 8",

1>29= 811 + 8'2 - 8" - 8" + 821 + 8" + 823 + 8",

1>" = -811 - 012 - 813 - 8" - 82, + 8" + 82:l - 824,

1>33= -811 - 0'2 + 813 + 0" - 021 + 822 + 0'" - fi",

1>35= 8'1 -812 +fi13 -0" -821 +822 -823 +8".

Although there exiSI so many lerms in Eq. (13), we shall see in neXl seelion Ihat Ihey ean he managed withoul diffieully lo
give us the invariancc that we are sccking.

3, Testing gallge invariance

Now wc procccd lo verify thc gaugc invariancc of Eq. (13),
and therefore of Ihe parlition funclion (2).

As we can scc fmm (3), (f3 ano 0<1 do nol contrihutc lo
the intcgrand ovcr (JI' sincc (Jn docs not appear lheTe. hUI nI
and 02 do contain el' Now, for el = 2. (2) hccolllcs

Rcarranging (14) and laking the continuum Hm a ---t O.
OIlC has

z, = ¡:dO;(detA"m)exp-f{'120;'+~(",W,)'I, (15)

with

whcrc we have omittcd the firsl inlcgral Ihcrc and 1\' is dc-
fIncd in Rcf. l. Furthcrmorc, wc madc Ihe approximalions

cos ()1'1 = ros nI :::: 1 - ~of,
I 2

COS(}p = COSO'} :::: 1 - -(l.,.
2 • 2 •.

( 13)

( 14)

(16)

In lhis work we furlher improve wilh respect lo Re£. I
hy tcs{ing the gaugc invariance of the remaining terms which
even if Ihey do nol contribule lo lhe integral (14) Ihey, how-
ever, arise direetly fmm (13). In fael, lel us eonsider Ihe first
lerm difICrenl fmm mnstant of(IO), whieh is Eq. (11):

('os (O" + 823) = ms (a, + 60),

60 = 8" + 82, - 8". (17)
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\Vc rcquire local gauge invariance of 8p (or o) under Procccding in the same way \I.'eohtain that the olher lerms

(1 R)

\I,'hcrc .\(11) is an arhitrary function defined on {he lattice siles
JI. Then cach filU! 01'Fig. I changcs as

cos(O" - 0'1 - 011 - 0d = ('os (ni - J3),

J3 = 011 +012, (25)

4. COIlc!lIsions

ele., are gauge invariant.
Notiec that

is not convenient lo he inlegrated directly for our purposes,
since ncilher 823 nm the remaining integral. which is pro-
portional to (/31 - ¡i:.!)2, are gauge invariant; nevertheless
the whole lerm [righl hand side 01' Eq. (1R)] has Ihe re-
t)uireJ invariance as we saw already. So we have shown that
aH the terms (13) Ihat contrihute to (2) are gauge invariant
and then the partition function satislles the same propcrty.

00 .l.=.!.L.One also realizes that sincc COS01 = L -y:! (o¡)2n and
11=0

sin III = f I~-1)1")1 (o 1 )211+ 1, these cxpressions are gauge
_11+ .

n=o
invariant in general.

(20)

( 19)

011 --+ 011 + g[A(2) - A(I)],

°1, --+ °1, + g[A(I) - A(2)J,

013 --+ 013 + g[A(4) - A(3)J,

01.1--+ 011 + g[A(3) - A(4)],

0'1 --+ 0'1 + g[A(4) - A(I)],

0" --+ 0" + g[A(3) - A(2)J,

0" --+ 0" + g[A(2) - A(3)]'

0" --+ 0'4 + g[A(I) - A(4)J.

From hcre olle conflrms easily that 60 is invariant UluJer
(19). I~'J hecomes in tum:

I~, = ex!, { [- ~ 1\'(,61 + ,6,)'][ -N(,61 + ,6,) sin Jo

1 ., }+ (2N - Al - 4(,61 + ,6,)") cosJo] ,

whcre

and

with áll = n,t - B:l:J - 82,1 invariant under (1<J), as well as

1.1 = ('XI):.![- I~' (tl¡+lh)2J[1\l-M+!N(PI+tj2)2]. (24)
Z2

We have found thal Ihe effcctivc continuum action for
fel"lnions on a lattice wilh eleclromagnctic field is gallgc in-
varian!. This result. which also Illeans Ihat the Ito tenns are
not necessary in the continllUIll action, could he expected
sincc \Ve have in lirst instance a llat manifold, hut Ihe in-
sertion al' fennions leave out such expeetations. Besides, we
have decided to perform the ealculations explicilly at least for
the 2.dimensional case. For larger dilllensions onc must in-
vest a lot al' computational work. In faet. we have intcnded to
perform the calculation 01'the 16 x 16 determinant, which is
Ihe d = 4 case following Ref. I but wilh ncgative results. The
computational time employed was ahour 2-3 weeks, contin-
uously, lIsing a work sial ion and a Mathcmatica programo
Since our purpose is simpler, just lo show the mentioned in-
variance, and hceause it was hopcd 10 conlinn jt, we prcferrcd
lo follow Ihe way outlined in Ihis paper.

(21 )

.11 = (00 dO' e-21"8;' O" = ~J 1T . (22)Jo l 1 4 (21\,)3

Since /31 + {J¿, results to be gauge invariant, as well as 1'50,

one concludes Ihat I~2 also satisfics such property.
Similarly
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