
INVESTIGACIÓN REVISTA MEXICANA DE FíSICA 46 (5) 44(>-452 OCTUBRE 2000

Excitation of gravity modes in the parameter space of the tidal wind system (11):
magnetic effects

S. Blanco,' M.V. Canullo,' A. Costa.' and O.A. Rosso'
l/nstituto de Cálculo, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires

Pabellón 1I. Ciudad Universitaria, 1428 Buenos Aires, Argemina
2/nstituto de Astronomía y F':'licadel Espacio
e.e. 67 SuCo28, 1428 Buenos Aires, Argemina

Recibido el 16 de fehrero de 2(XXl; aceptado el 30 de junio de 2()(X)

The Navier.Stokcs. continuity and energy balance equations including magnetic effects for an inviscid compressible fluid in the ionospheric
F-region were pcrturbed around the tidal phenomenological solution. We imposed adiabaticity ami incompressibility to the pcrturhation. Our
results satisfy the internal gravity wave (lGW) dispersion relation. The stahle and unstahle regions of these modes were derived as a function
of two control parameters. the colatitude 8 and the slow time evolution for lidal modes T. These regions were obtained for different values
of the magnetic field intensity, showing good agreement with observational data for the South Atlantic anomaly. Our model predictions for
other magnetic field intensities corresponding lo other latitude dependenccs need to he contrasted with new observational data. In addition
we show for sorne hours and latitudes thal. resonant inleraction occurs between low frequency tidal waves and two high frequency gravity
waves. In these regions. where tidal modes are linearly unstable. the gravity group velocity is modulated by a function of the tidal phase
velocity.
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Hemos pcrturhado -alrededor de la solución de mareas fenomenológica-las ecuaciones de continuidad y balance de energía que represen.
tan la región F de In ionósfera (fluído ideal y compresible). Se han incluido efectos magnéticos e impuesto adiabaticidad e incompresibilidad
n las perturbaciones de modo que nuestras soluciones satisfagan la relación de dispersión de las ondas de gravedad internas. Las regiones
e."lahles e inestables de estos modos se han representado en términos de dos parámetros de control: la colatitud 8 y el tiempo de evolución
dc los modos de marea T. Estas regiones fueron obtenidas para diferentes valores de la intensidad de campo magnético mostrando un buen
acucrdo pam los datos ohservacionales que representan la armonía del Atlántico Sud. Mostramos también que para ciertas horas y ciertas
latitudes se ohserva interacción resonante entre las ondas de marca de baja frecuencia y dos frecuencias altas de los modos de gravedad. En
estas regiones. donde los modos de mareas son linealmente inestables. la velocidad de grupo de las ondas de gravedad se ve modulada por la
velocidad de fase de las ondas de marea.

DeJcripl0res: Ondas de gravedad; mareas; región F de la ionósfera: efectos magnéticos

PACS: 47.20: 47.35

1. Introduction

In lhe previous work (from now on Paper J) [JI wc oh-
tained the linear stable and unstable regions of a basic quasi.
stationary tidal system (perturbative gravitational time of in-
terest t « T characteristic lidaI time). In that model the grav-
ity moJes were obtained as a perturbation 01' a phenomeno-
logical solUlion uf the TWS. The stability regions were de-
r¡ved as a function oí" twu control paramelers, the colatitude e
ano lhe 510w time evolution of lhe tidal modes T (day time).

01' various cffects which have not been considered in Pa-
per 1, the hydromagnetic furce would be most complicated for
rigorous treatment. This is so as it requircs additiunal electro-
magnctic equations along with the fluid dynamic ones includ-
ing lhe hydromagnetic force. A simple way lo deal with this
problelll is lo follow Kalo and Matsushita's [2] approach. As
an application of the procedure developed in Paper 1, we in-
cJuded the hyllromagnetic force with the express ion given by
Kato and Malsushila, to study its influence on lhe stability
regions.

In addilion we examined the hypothesis about when grav-
ity modes in the F atmospheric region can be deseribed by
stable and independent resonant triad. This is. lhe linear tidal
mode is unstable. giving rise, by a weakly nonlinear interac-
tion, lo two stable gravily waves of finite amplitudes.

The paper is organized in the following way: the model,
is presenled in Seco 2. In See. 3 lhe procedure ano the approx-
imations for solving the equalions including magnetic effecls
are given. Section 4, is llcvoted to the resonant interaelion
analysis. Finally, in Seco 5 we summarize our conclusions.

2. The model

There is an extensive lilerature devoted to the deseriplion of
¡:¡tlllosphcric tillal winds produced hy gravitational and ther-
mal effects [2

1
31. TiJal fields are dcscribed by linearizations

around the stcady slate 01' the Navier-Stokes, conlinuity and
energy balance equations of a compressible non-adiabatic
fluid, taking into account Coriolis effeels. the gravitational
pOlen ti al due to lhe earth, lhe sun and lhe moon, and lhermal
cffccts as wel!.
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"= [U(x, y, z, T), V(x, y, z, T), W(z, T)J, (5a)

p = p(z, T), (5b)

l' = P(z, T), (5c)

laking inlo aceounllhal for the IGW the almosphere behaves
as an adiabatic and incompressiblc stratified medium, de-
scrihcd as a largc-scale quasi-horizontal vclocily field. For
Ihe lidal ficlds we take an average phenomenological solu-
tion whose [unctional dependen ce is thc same as in Paper I.

The resulting .perturhed equations are

where Ihe horizontal dependenee of W, p and P has been ne-
gleeled (Paper 1).We ehoose a local coordinale syslem where
x is parallcl lO ÍJ, fj is paraJlel lo <jJ and i is perpendicular lo
Ihe carth surfacc. O is the colatilude.

Our aim is to ohlain Ihe IGW through lhe perturbation 01'
Eqs. (1) lo (3) around Ihe sleady lidal Solulions, laking inlo
account Ihat for lhe IGW lhe atmosphere behaves as an adj-
ahatic and incompressihlc stralified medium. Thus, we im-
pose adiahaticjty and incompressjbilily to the perturbation.
For Ihe tidal fields we take an average phcnomenological 50-

lution whose funclional dependen ce will be given below.
The expressions 01'thc pcrturhation amplitudes Á¡ al' lhe

vc)ocity V, Ihe density p and the pressure P can be written as

respcctively, wherc W = Wn + iWI and k are funcrions of the
paramClcrs () and T. Wc considcr lhal, up 10 zera order, lhe
amplitudes A¡ are nol time dependent.

(2)

(1)

(4)

(3)

:Frl\<\g = O:V.l. = (085/ p)V.1

Assuming Ihe eanh gravity as eonstanl (9) and neglecting
viscous cffccts wc can write

Dti \7P 21' - . F F,Dt = -p - x v - gz + + mag,

Dp -DI + V' . (pV) = O,

DI' -s,Dp=h-l)Qp
DI DI '

whcrc:F is the force associated lo the (idal gravitational po-
lenlial (sun and moon) and Fm•g = (i x rJo)/ p ineludes Ihe
magnetohydrodynamic effeCls. i = (7' (E + ti x rJo), E is
the elcctric lield. L~o is the earth magnctic ficld and a is the
clcctrical conductivity. º are the hcat sourccs. $ is the earth's
rotal;onal velocily, 'Y= Cp/Cv," is the sound veloeily and
D/ DI is lhe lolal derivalive.

As wc ITlcntioned befare, [or (he trcalment of the mag-
nClic contrinution wc adopted KalO, and Matsushita's ap-
proach 121. This simple approximalion is lO replace (i x
[lo) / p hy lhe lerm proporlional lo ti, neglecling lhe eleClrie
field which is only important in the upper dynamo regioo.
Then, in lhis approach Ihe magnel;c force resuhs

whcrc V.L is the velocity component perpendicular lo the
magnctic lIeld.

NOlicc tha! in this simple approximation for the region of
¡oteresl, .Fmag does nol depend on O and T. As we said, the
ncglccled lcrm in (i x 60)/ pis proved lo he negligihle in
¡he region 01' interesl and .Fmag « .FCoriolis. Then the over-
aJl assumplions and hYPolhesis of Paper 1hold in lhe presenl
calculation. Again, we can obtain the IGW through the per-
lurhalion of Eqs. (1) lO (3) around lhe sleady lidal solulions,

____________________ ~I

Following the same hypothcsis made in Papcr 1, the resulting pcrturhcd cqualions are

p [i (ti. k - w) + ~~ - a] Al + p (~~ - 21>,) A, + p (~~ + 21>,,) A3

[
au _ ]+ a¡ + (ti. V'U) + 2 (1)yIV -1>,v) - (tU A, + ik,A5 = O,

P (~~ +21>,) Al + p Hti k -w) + ~~ - a] A,+ p (~~ - 21>,) A3

[
av _ ]+ a¡ + (ti. V'V) + 2 (1),U -1>, IV) - "V A, + ikyA5 = O,

[. (_ - ) DW] [DIV DIV ]- 2p1>yAI + 2p1>,A, + P 1 v. k - w + Dz A3 + 7)( + IV Dz + 2 (1), V -1>yU) +!J A, + ik,A5 = 0,

(7a)

(7h)

(7e)

~~A3 + (i(ti. k - w) + (\7. ti)JA, = O, (8)

,"(i;.k-w)A,- (ti'k-w)A5 =0. (9)

Thc [unclional dependencc 01' lhe tidal vclocity licld vare
givcn in Papcr 1.

The ampliludes 11(ri),('), as well as lhe phases and periods
01'Ihe diurnal and semidiurnal tides respcctively are shown in
Tahle 1uf Paper 1 and [Uf a we look thc value lO-16emu (2].
Note that due lO lhe proportionality nf [¡ lo T, the y depen-
dencc nf thcsc cxpressions has heen ahsorhed in the T de-
pendenee. The densily I'(z), the ampliludes B(z), and Iheir
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the explicit cxprcssions of which are given in Appcndix n.
[n Eqs. (\\) amI (12) the lerm with parameter ~ is propor-

lional lo lhe slratification of the medium. The parametcr ( is
related to the Brunt-Viiisalii frequeney N [4]. In our model,
for the referenee height z '" 300 km, ~ '" -2.9lO-3 min'lm
corresponding to a Brunt- V5isi:i1a frcquency 01' ahout N ==
1.2 min-l The terms proportionallo ~ can he lhought ofas
eorreetions, whieh are proved to he negligihle. Note that ir
ü = o Ihe eqllations in Paper I are rccovered.

The solution ofEq. (11) gives the houndary values (Ob, Tb)
in the pararneter space where WI(eb, T¡,) == O and they are
shown in Fig. 1a for the case (l' = O. As il was already men-
tioncd Ihese separatrix ¡¡nes, sCJ'arale the damping and ex-
citalion regions. The values of k out of these curves are un-
known hut close lO Ihe houndaries they musl coincide \Vilh
the valucs J)reviously ohtained. Morcover, near lhe separatrix
¡¡nes, lhe k values must he continuous and cannot be too dif-
ferent from lhe set ohtained before. Then, [01' the parameter
values O'" O"and T '" T, we can assume k(O, T) '" k(O", Tb)
and wn(e, T) ::::::w(8¡" TI!) and solve the original equations
(ohtained throllgh the eomplex determinant) so as lO obtain
W¡ near the hordcrs, outside the scparatrix lines. Thc sign
01' Wt(+1-) indicatcs respcctivcly the growth or damping or
the perturhation in each region. The corresponding results are
symholizcd with plus and minus signs in Fig. l.

The earlh magnetie fleld is ¡alitude and longitude depen-
dent and its intensity ranges from 0.25 lo 0.40 Gauss around
300 km [5]. This dependenee is not taken into aeeount by the
iOIl-{!ragforce in Kalo and Malsushila's approach; then in 01'-

del' lo study Ihe magnetic inf1uencc, we considered different
values 01' Do for different colatitudes (see Tahle [J.

In Figs. Ih and le we show the damping and cxcilation
zones eorresponding lo high and low colatitude intensilies of
Ha, respectively. Figure Id represents the zones correspond-
ing lo the carth magnetic ¡¡cid intensity of the South Allantic
anomaly (Bo=O.25 Gauss, colalitude ranging from 40°_80°).

derivalives DplDz, DB¡¡ IDz, aBv IDz and aBw IDz were
cstimatcd fram taoJes aod graphics as lhe ooes givcn in Ta-
hles [ and Il of Paper 1 for a height z '" 300 km.

3, Magnetic effects

The system given hy Eqs. (7) lo (9), has nonlrivial solutions
in lhe amplitudes A if its complcx determinant is equal lo
lera. Aftcr a long OUl straightforward calculation we obtained
Ihe determinanl Ihal givcs 1wo cquations in Wfj aod W¡. Thc
modes that can oc cxcited are those with WI > O.Wc obtain
thesc cxcitation regioos aod lhe damping anes (WI < O) look-
ing ror lhe boundary curves w¡ = O. Thcse curves are lhe
separatrixes octwccn damping aod excitation zones.

Setting Wt = Owe ohtain that WR must satisry the follow-
ing equations:

Coo + ClOWn + C:.ww;¡ + C30W~ + C40W~ = 0, (IDa)

000 + DlOwn + D20W~ + D:lOW~{ = O, (IOb)

where Ihe coefficicnts e and 1>depend on the component
01' lhe wave vector k and the control parameters (e, r). their
expressiolls are given in Appendix I. For the resolution 01'
Eq. (10) we followed the proeedure deserihed in Paper L That
is, since lhe dispcrsion relation is unique cither Eq. (lOa) and
Eq. (IOh) are the same (if C40W~ is negligihle) or the set 01.
roots of Eq. (1Oh) is included in lhe set 01.roots nf Eq. (lOa).

1l'we estimale from literature WR and k characteristic val-
ues of lhe IG\V and using the TWS parameters [lJ, we no-
tice thal, for Ihe extreme values of WR '" 10-2 min-l aod
4i1. k '" 10-2 l11il,-1 Ihere is ao arder of magnilude 01'dif-
fcrcnce hetwecn C40W~ and C3ow:r In the average case Ihis
relation gives a difference of two or three orders of magni-
lude. Then we can say that C.1aW~ « C:mw~.Ir we repeat
Ihe same proccdure 1'01' the othe!" terms, we found that again,
as in Papel L C,o/(w"C:w) < lO'. This allows us to negleet
the telm GlOW~ in Eq. (lOa) and eonsider that Eq. (lOa) and
Eq. (1Oh) are the same term hy term.

From Ihis assumptioll we were ahle to determine a func-
tional form (denoted hy f) for the sel 01.points (O", Tb) in the
rarameter srace (f). r) that satisfy the conditioll WI = O and
Ihe associated wave vector 17(8, r) in sclfconsistent \Vay.Note
lhat Ihe consislency 01' the method wil1 he proved if the re-
sulting valucs satisfy the hypothesis of the model (aboul the
autollomous condition and the local wave numher) and the
incqllality estimated previously from phenomcnological val-
ues. Fromlhc predictcd values ofthe model given in Tahle III
01'Papel' 1, we have: WH '" 510-3min-l; 11 '" )"/T '" 10-2

m/min; k: '" 10-3 m-l then C,tow:i is lcss lhan two order uf
magnilude Ihan C:Wl.v':f'

Then

¡IO)(o", TI,) + ¡(1)(0", T,,)n + ¡(2)(O" Tb)n2

+U~¡(O"TI"n) =0 (11)

iJmllhercfore vector k in Ihe separatrix is given hy

kx = k~O)(O", Tb) + k~I)(Ob, Tb)a + k~2)(Ob, T,,)a2

+ ~D,kx(Oh, T" a),

ky = k~O)(Ob, Tb) + k~II(OI" T,,),,+~D,ky(Ob, Tb,a),

k, = k~O)(OI"T,,) +~D,k,(Ob,Tb,O),

where

~= 1+2~~r = (- ;2) J~2'
¡lO) = (pO) .11) + (9; ü),
¡II) = U. kili + V. kll) - ~

x y 2'

¡(2) = U. k~21,

D,¡ = D,kxU + D,ky V + D,k, W,

( 12a)

(12h)

(12e)

(\3)

(14a)

([4h)

( 14e)

(15)

Re\'. Me.>. Fú. 46 (5) 12(00) 446-452
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FIGURE l. Excilalion and damping regions for the IGW as a funclion of 8 and T for (a) o = 0, sign + denotes cxcitalion zones and sign _
denotes damping zones. The separatrix lines between each zonc are denoled by Si: (h) O: = 8 X 10-4 scc-I: (e) O: = 4.5 X 10-4 scc-I:
and (d) O: = 3.125 X 10-4 sec-I (South Atlantic anomaly). The separatrix lines between cach zone are denOled by S~.

TABLE 1. Magnetic field intensity and coefficicnt O: for low ano
high colatiludcs 31ld the South Atlantic anomaly.

o !lo (Gauss) o (scc-I)

10°_30° 0.40 8,000 x 10-4

300-íO° 0,30 4.500 x 10-4

40° -80° 0.25 3,125 x 10-'

As we mcntioned the magnetic CIclo is latituoe and longi-
lude dependent (hen, in Fig, 1h-I d we only show Ihe lalilude
zunes whcre the magnetic intensities used occur.

Comparing Figs. Ih and le with Fig. la we notice that
the damping ano excitation regiuns havc varieo as a function
01' ¡he magnetic Cleld intcnsity. However, comparing Fig. la
(o. =- O) with Fig. Id, we note that the differences are not

so pronouneed for Ihe Soulh Allantie anomaly ease, In Fig, 2
we contrast the experimental results obtained hy Giraldez el

al, [6J ror Argenlina (Buenos Aires 8 = 0,96 rad, Tucumán
8 = 1.10 rad and San Juan 8 = 1.03 md) wilh ¡he pre-
dicted damping and excitation zones calculated hoth with and
without considcring magnetic fleld (Pig. Id and la, respec-
tively). Si corresponds 10 separatrix lines between ex.citation
and damping zones with O: =- O ami S' i denotes separatrix
lines with Q: =- 3.125 X 10-4 sec-l• The agrecment with
thc experimental data is highly satisfactory. A data set more
widely spread in latitude is necessary to compare with the
prediclions 01' Figs. 1h antl le,

4. Resonant interaction

As it is wcll known nonlinearitics in the cquations and hound~
ary conditions governing any wavc motion. leao lo wave in-

Rel'. Mex. Fís. 46 (5) (2000) 446-452
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FIGURE 2. Experimental values of spectral power density in the
range 10-90 minutes obtained al: O Buenos Aires, O Tucumán
and .u, V' San Juan. Si denotes the separatrix lines between cx-
c¡tatioo and damping zoncs with n = O. S' ¡denotes the sep-
aratrix tines bctwccn excitation and damping zones with O: =
3.125 X 10-4 sec-l (South Atlantic anomaly).

teraction. Nonlincar tcrms can be thought 01' as forcing the
linear oscillations. hcing the response of thc same arder as
the foreing termo An exeeption takes place when any of the
forcing tcrms has the same pcriod and wavenumber as ane
ofthe normal modes. This is called resonant interaction. Two
waves may intemet at seeond order to excite a third wavc by
resonance if not only are their frequencies added to that of
the third wave hUItheir wavenumhers are also added [7].

A resonant triad occurs only if the dispersion relation is
sueh that

0.0000
0,0 0.2 0.4 0.6 08 1.0 1.2 1.4 1.6

Thete ( red)

0.0004

B

0.0003
b

7
E

0.0002."
'"
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F(kT) = f(kT) - Df I (1' = O (21)
Z -z Dk _ Z

Z kG

FIGURE 3. lídal wavcnumber kz as a function of the latitude {}for
separatrix 53.

For the tidal waves the rnode identitication is normally based
on the observation of the vertical strueture and the tide tern-
perature. The horizontal components are usually neglected
(k; '" k~ '" O ) [21. Typical values in Iiterature are k; -
10-4 m-1 for diurnal tides and k[ '" 10~fim-1 for semidi-
urnal tides.

Equation (20) can he thought of as un' cquation from
which the tidal kT modes can he obtained for each pair of
(H, r) values. Impnsing a relative error IF(k;)j f(k;J1 ~
10-2 with

S, S, $3 S, 86 87
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.% o o ~,o~ o
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x

",
o

and

f(E) = f(;;I) - f(;;,) '" 9kf .E. (20)

we can oblain the k; values solving numerieally Eg. (21).

For simplieity we solve Eg. (21) for the simplified model
without magnetie effeets. In that model the predieted grav-
ity modes are k~ '" Iq-5 m-1, kf '" 10-4 m-l and
k? '" 10-:J m-l for the separatrix Hnes hetween excitation
and damping zones, denoted by 5,,53 and 56 in Fig, la.
Wc can assumc collincarity between gravity und tidal waves
which generally implies independence between triad if Eq.
(21) is satisfied. For this group lhe numerical ca1culation gave
us kT valucs betwecn 10-6 m-1 and 10-4 m-l. A typical
sitUalion is displayed in Fig. 3 for the separatrix 53. Curve a
corresponds to frequency Wl and curve b to W2. These values
are in very good agreement with the observational data men-
tioned above and with the phcnomenological tidaI solution
used in Paper J (u linear combination of diurnal and semidi-
urnal tides).

Por the scparatrix 52. Sr, and S7 the prcdicted k~ values
are of the same ordcr of thc ke¡ '" 10-3 m-1 valucs and
k~; '" 10-5 m-l. For thcm we could not find the triad which
satisfies Eg. (21). Then, for these separatrixes the eollinearity
condition (k'[ = k~ = O), can he a strong hypothesis or an
approximation of highcr order must be rcquircd. Work in this
direction is in progrcss.

( 18)

(19)

(17)

( 16)

with k, = k, + k3,
with k, = k2 - k3.

This dispersion relation may he such that no triad of
wavcs can satisfy allthe resonance conditions. There arc two
kinds of resonant conditions

In order to obtain finite and stable tidal and gravity ampli-
tude disturbanees, eonditions given by Eg. (19) must hold.
If eondition of Eg. (18) holds, the amplitude of a wave with
fregueney w, is nonlinearly unstable [7, 8J . Independent res-
onant triad are usually associatcd wilh prohlcms with one
space variable and therefore only a scalar wavenumber [8].

Cnnsider the following triad (k" k" E) where Ik'¡ -
Ik,l - Ikl and 1£1« Ikl. Then k1 = k + E and ;;2 = k
forrn a resonant stable triad if

Rev. Mex. FiJ. 46 (5) (2000) 446-452
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5. Conclusions

The Navicr-Stokcs, continuity and cncrgy balance cquations
including magnctic effeets for an inviscid cornprcssihlc fluid
in lhe low atmosphcric F-rcgion werc pcrturbcd around lhe
lidal phcnomcnological solution. Wc imposcd adiahaticity
and incomprcssibility 10 Ihe pcrturhation.

Wc dcrivcd lhe linear damping and cxcitation regioos 01'
IGW for diffcrcnt vallles 01' lhe magnctic field inlcnsily. in
lhe pararnctcr spacc of OUTmodel (Figs. 1-5). The scparatrix
¡¡nes (Iines bctwccn cxcitation and damping zooc 01' IGW)
prcscnt a [unclianal dependence with latitudc B and lhe slow
time cvalulion of lhe tidal moJes T.

\Ve cxamincd lhe case of lhe Soulh Atlantic anomaly
(l'ig. 4) and l(lUnd that Ihe predicled time dependence 01"k
and w is in very good agrccrncnt with moJel prediclions 01'
Giraldez el al. [6J and Canciani [al, and are conlirmed hy
experimental data givcn in Fig. 5. Thesc values do nol dif-
fcr Illuch from the calculations without taking into account
magnetic ficlds (Fig. 1) and are also indicatcd in Fig. 5.

Howcver. grcat diffcrcnccs of the general pattcrn ofrc-
____________ ~I

gions are ohservcd for low and high latitudes magnetic in-
tensities (Figs. 2 and 3). These model predictions need to he
contrastcd with data more widcly sprcad in latitudc.

\Vc also show huw lo calculatc the tidal and gravity
moJes as a function 01' latitude and time. for those hours tha!
it is possible. assuming thcy form a resollan! ¡ndependen! and
stablc triad. In thcsc regions, whcrc tidal moJes are linearly
unstahle. thc gravity group vclocity is modulatcd by a func-
tion 01"the tidal phase velocily.
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Appendix I

The coeflicients C 01"Eq. (1 Ia) are:

Coo= D('{"I(V. k)' + 8'(17. k) (k,'I' - 2ky<Pr) + o,(i + 2J<Pr -.ja:<<p, +2a"II<P, - 2(21', +1<Pr) 11'
170

+ o [2k'8'(;1. k) + n,'l, - 2<Pr(~)11V + a;~)] - ,,2"2}

{ - - [ aw ]+ (' (,7 k)' - (v . v) (¡3 + 2'/1<p,) az - 2 (21', + 1<P,)

_ - 2 [ - _, alV (DV ) ,]- (v. k) (v. v)- + Eh '1' - 2 170<Pr+ '11<P, - (J + 4'1>

+ n [{f1. k)' (D;~ + 3(9 . ,7)) + 2<px0, (9 . 17)_ '1'a;:' (," + D;~) ] n' [a;~ (9 . v) _ (v. k)'] },

CIO = ~~ { - 2n1(,7. k) - 8' (k,112- 2ky<px) + 20k,8'}

{

- [- ? _ -, aw av .,]+ (' 2(v. k) (v. ;1)- - 2(1'. k) + az '12- 2 az <Pr- 2'11<P,- ¡3+ 4<\'-

- 2n(,7 k) [a;~ + 3(9. v)] + 2a2(v k)},

ap { - 2 - 2 DW av 2 [DW - ] 2}C20=nlaz +(' 6(v.k) -(v.v) - az '12+2
az
<Px+2"1<px+¡3-4<\, +n az +3(v.ii) -2a ,

C30 = -4('(,7. k),

The coeflicienls II 01"Eq. (11 h) are:

_ ap{ .. 2 au " (aV ry) , ,'[(-. ~)' ry(', 3)Doo - az 2ky'< <PxD.¡; - 2k,8 <Px Dl: + -<P, + kx" v k + - '11- -<p,) <Px+ (

+ (v. k) [+2<p, (/' + 2'1')- "1 /I,J + ,,[k, 8"1' - 2ky<pr + 2(V . k) (al - V <Px)] - k,8' 02 }

- {- [ - 2 aw DV ,] DW+('(,7. k) (v.,7) -2(v.k) + az '12-2Dz<p,-2'11<P,-(3+4'1> -(2/ll<P,+¡3) az +41'2

+2-f<Px"(V k) [2(v k)' + 2D;~ (D;~ - 2(9 17))+ 2~}1<Px- 11/] + n'(v k) (~~ + (9 v») },
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Dp { 2-
DIO = Dz -2k,s (ii.k)+a"/2-21>x(I,+2<p)+2a(al-V1>x)}

{
- [ - DW DV ] DW+ p (V'. ii) G(ii. k)2 - {JZ '12 + 2 Dz <Px+ 2'1,<P, + {3 - 4'1>2 + Dz [{3 + 2 (11' - 2<p,) <P,J

( [ _ - 2 DW (DW -) 2] 2 ({JW - )}- 2 1 + 2v¡) 1>x+ a G(v. k) - Dz Dz - 2('1. ii) - 21/;I1>x+ 112 - a {Jz + (V'. ii) ,

2 {Jp - { - -D,o=k,s Dz -Gp(ii.k) ('1.ii)+a), D30=2p{('1.ii)-2a},

wherc

DW {JW
01 = Y + 2<pxV + 75t + {Jz 11',

{3 _ {JU DV _ DU {JV
- Dy D.r {J.r {Jy'
DU {JVry, - - --- {Jy {J.r '
{JU {JU

v, = -D 1>x+ -{J 1>".r z
- {JV

l' = (ii. '1V) + ¡j¡'

DW DW
a2 = 9 + 75t + {Jz 11',

{JU {JV {JU {JV
1------
- Dz D.r D.7: Dz'
{JU {JV

1]2 = - +-,
D.r Dy
{JU 2 DU {JW 2

V2 = -{J. <Px + -D 1>x1>,+ -D 1>"
.C z z

lO = 1>,U - <PxIV,

DU ( DW)
a3 = {JI 1>x+ 9 + 75t 1>"

DU DV DU DV
<5=-----

D.r DI {JI D.r'

Appendix 11

k~O)= {1>x ({3V - <5)+ <P,(2Q3 - 2a,<p, + 2111<PxV)+ ~~ [a,112 - <Px(1' + 2<p)J+ (211, + 1<Px) IV}

{, (DV ) }-'x 8 1>x D.r + 2 <P,

k~') = {~~ (1!1>x - 2a¡) Hx (~~ + 112V +¡¡J, 11' + l' + 2<p)}{ s'<px (~~ + 2 <p,)r
k~2) = 2 (a, _ V 1>x) { 8'1>x (~~ + 2 <P,) } -1 k~O)= {a "/2 - 1>x(1' + 210)}{ ,,2<Px } -1

k~l) = -(2a,-V1>x){s21>x)-' k;O) =a,8-2
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