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The Ermakov equalion is derived from Maxwell's equalions fOl" inhomogeneous transpnrent media in one dimensiono The general properties
uf this equation ami its associated invariants are discusscd. Numerical results are presented for refractive index changes. which take place in

lhe arder 01' fractions 01' the wavdength.

Knwon/s: Elcctromagnetism; wave propagation

La ecuación de Ermakov se ohtiene de las ecuaciones de ~lax:well para un medio inhomogéneo transparente en una dimensión, Se discuten
las propiedades generales y los invariantes asocindos de esta ecuación, Se presentnn resultados numéricos para cambios en el índice de
refrncción en el rango de la longitud de onda.

f)(',\criprore,\"." Electromagnetismo: propagación de ondas

PACS: 03.50.Dc: 41.20.Jb: 42.25.Bs

2. Derivation of lhe e<luation lo be sol ved

prom Ihe ¡¡rsl 01' Maxwcll's eqllations, DE:;/D:: .::::
-E,(OIllf/OZ) thus, the seconJ time derivative 01 E, 15

.) - E D"!.E --
v'E---=-V(EvIIlé) (1)c2 Df"!. '

Thc elcctric field cqualion arising from Maxwcll's equalions
for non magnctic inhomogencous media without free charges
is givcn by

(2)

whcrc lhe velocity 01' light in vacuum is (',2 = (/IOE"O)-I and £
is thc relative spacc depcndcnt pcrmittivity. If the permittivity
only varies in Ihe ;; dircction and lhe prohlcm is rcstricted lo
planc waves at normal incidcnce to the constant pcrmittivity
planes, then DE/Dy = O ami DE/D.r = O. The eleetrie field
equations for lhe :r or y polarizalioll in Ihis case, are

D (E OtIlE)
O'E, .,¡¡;- f O'E,
Do' + 00 = e' 01' . (3)

D"E .,
- .1:,y _ € D- E1:,!I

~-Cl~

,vhercas lhe licld in the z dircction. oheys Ihe equalion

ing these results in terms 01' two counter propagaling waves
allnw for a more uscful descriplion in terms 01' the rcflcctivity
as a function 01' the ahruptness 01' the interface.

1. inlrodnction

Thc propagation of planc electromagnetic waves in inhomo-
geneous media has heen succcssfully descrihed either when
lhe permittivity variation takes place in a much largcr or a
much shorter distance than the wavclcngth scale. In the 1'01'-
mer ¡¡mit, the amplitude derivatives are neglected on a wavc-
lcngth scalc lcading to lhe Eikonal or ray equation [1]. In the
latler, lhe usual proccdure at a discrete boundary is lo solve
t\.'1axwell"s equations in two homogeneous media wilh con-
stanl pcrmittivity say, £1 ami £;2. The wave solutions for each
case are then joined at the inlerface hy placing the appropriate
bouiH.lary and continuity conditions.

Thc purpose in this papel' is lo consider lhe inlermedi-
ale case where Ihe refractive index or the permittivity varia-
lions take place on the wavelength scale. In order lO simplify
Ihc problem, the description is restricted to one-dimensional
propagalion in a transparent l11edium whose permittivity gra-
dient is orthogonal to the polarization. The artificial sup-
pression 01' renection for perpendicular incidence on ahsorh-
ing media is a closely related problem, which has reccived
considerable interest in the past [2,3J. In the prescnl treal-
ment for purely dispersive media, the resulting nonlinear
cqualioll dcrivcd rOl' lhe flcld amplitude is recognized as Ihe
Ermakov-Pinney equalion, which appears in various flelds 01'
physics [4-G]. The general propertics 01' Ihis cquation as well
as the invariants, which arise from il, nre discussed in sotlle
dClail.

Numerical SOlllliollS are presented for a refractive indcx
thal varies spalial1y as a hyperhnlic tangent function, Recast-
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(4)

equallo zero. The field in this direclion is nol a propagating
field ami is thercfore nor involved in rhe rransmission 01' the
cleclromagnetic \Vavc. Thc cquation for thei Uf j component
with a monochromatic dependence exp( -iwt) is ¡hen

D' E(z) ,
Dz' = -e(z)koE(z),

whcre \Vehave suhstituted Ihe wave vector magniludc in vac-
uum "'o = wJe. This equation for infinite wave trains is non-
aulonomous due to lhe dependence of the permittivity on po-
silion. Allo\V for a solution ofthe fonn E = A cxp(iq) wherc
lhe amplillldc A and phase fJ arc real quanlities. Eqllalioll (4)
yielJs

;Y ..l_ (D(1)' ?DAD'1 . D''1 __ e."¿Jz' A Dz + -' Dz Dz + •.4 Dz' - ,/'".1. (5)

which lIpon subslitllrion in Eq. (4) yields again Ermakov's
equation and lhc permittivity [ must Ihen be a real quan-
tity. Tile lIse 01' a polar complex form gives a clear insighl
ahoul lhe role played hy Ihe amplilude and phase in the wave
equation. However, it is interesting lo wrilC lhe complcx tield
E in cartesian coordinales, E = En + iE]. The additive
ano mllltiplicalive representations of complex nurnhers are
relaled hy A l'xp(i'1) = (El, + En 1 /' cxp[arctau(E¡ / En )1.
Thc dcrivative 01' the expollential argumenl is 8qJD: =
Darct;¡u(E',/En)/Dz = (EíE" - E¡E'n)/(Ei, + En aud
lhe iJmplitude-phase relationship is lhen

(J - l' (D'1) - E DE¡ E DE"-.' Do - n Do -1 Do ' (\3)

Lel Ihe lllediulll he transparenr without ahsorption, [he
permillivily is lherefore a purcly real quantity and \Ve may
separate the real and imaginary parts 01'this cquation:

D'A _.¡ (D'1), = _ k'A
Dz, . Dz e o '

,) DA D'1 .¡D''1 _ O
_1 Dz Dz + •. Dz' -

The latter equation may he rewritten as

D (A,D'1)
~ (2.4 DA D'1 + A' D''1) = 1 Dz = O,
A Dz Dz Dz' A Dz

(6)

(7)

(8)

ami thus, Ihe invariant q is identical to the Wronskian formcd
by lhe real ami i.maginury parts 01'the tield. From the thcory
01'dilTcrenlial equalions. we know thal a non-null \Vron!o.kian
implies thal the functions EH and E, must be Iinearly inde-
pendcnt. Thererore, ir a sollltion !JI (z) 01'a second-order lin-
ear JilTerential equalion ,Py/dz2 + 1'(z)dy/dz +Q(z)y = O
is known, then a linear indcpendcnt solution Y2(Z) is ohlained
fram lhe fo\lowing integral [7]:

¡.,exp[- t' 1'(ZI)1IZ.)
1I,(z) = 1I'(z)II'(,,) (u(" JF 1Iz" (14)

. ¡, .lJ1 ~2

and lhus, provided that A is not zera, Ihere exisls a constanl
quantity givcn hy

(Y)

where (/ and 1Jarc arbitrary constants and Ir is lhe \\'ron-
skian. Allowing P(::.) = o Of hy direct integration of
Eq. (13) using lhe ideulily En(DE,/Dz) - E¡(DEn/iJz) =
Ei,(D/Dz)(E¡/En) yields

This cquation is Ihe carIes inn version 01'rhe invnriant Q pre\'i-
ously stalcd in polar coordinares. 11is intcresting lo note the
similitllde 01' Ihis result with lhe Kramers-Kronig relations,
which cour1e lhe real ami illlaginary parts of the pcrlllittiv-
ily in Fourier space.(/l) These rclalions are obtained hy es.
tablishing a causal connection hetween lhe polarisation anu
Ihe electric Held. which impose ;] relalionship belwecn lhe
absorptinn ami dispcrsion 01'a malerial. In the present casco
since \Ve are dealing ''v'ilh a purely transparent medium. the
real and imaginary parts of lhe ticld are nol represenling dis-
persivc allll ahsorptive processes hut Ihe in phase and out 01'
phase coherelll components of lhe neld. Substitution of a eo-
sine dcpcndcnce with constant amplilude ror the real part 01'
the f1cld in this cquation yiclds the usual sine dependence ror
lhe imaginary part. However, in an inhotllogencous transpar-
ent region. the tleld amplitude is space dependent and thus the
real anO illlaginary parts ohcy the ahove general relationship.

Q is an cxacl invariant cven ror an arbilrary permittivily spacc
dependcl1ce. Substilution ofthis rcsult in Eq. (6) yields

D'A Q' .,
Dz' - 043 = -eknA. (lO)

This equation is the Ermakov equation and has reccived con-
siderahle interest [4]. In arder to obtain a dimensionless equa-
tion, allow the invarianl to he equallo Q = koAii wilhoUlloss
01'generality. The dimensionless Ermakov equalion is thcn

1 D' A" 1
kij Dz' - A;' = -eA", (11)

whcre Al! = AJAo is now u dimensionless umplitude. The
aho\'e results may 31so he derivcd in a rather compact wa)'
hy proposing a s¿lution wilh the form of un exponenlial in-
tegral fuuetion E = A cxn[i.((Q /A2)DzJ, whcre (J is a real
constan!. The seco nOdcrivative is then

D'E 1 ('3D'A Q') . (./ QD)--=- n --- exp 1- -. ZDz2 .-\3 Dz2 ;\,

=(~D'A_q')E (12)
A Dz' A' '

j" Q
E{(z) = E,,(z) E' ("') 1Iz'.

f, H '"

( 15)

R('I'.Me.\". Fú. 46 (6) (2()()O) 530-535



5J2 t\1. FERNÁNDEZGUASTI. A. GIL VILLEGAS, ANO R. 1)IAI\1ANT

3. Sn!lItinlls nI' the Ermakov eqllatioll

Thc simplcst solution o[ Ermakov's cquation is lo considcr a
constan! :unplitudc so Ihal Ihe sccond derivative of lhe al11-
plitudc is l.cro and ...lit :::: £-1/4 ::::11.-1/2, lhe phasc is lhen
'1 = •." .((I/..1;.)D: = ",,11: where 11 is the refractive in-
dex. Thcsc are lhe wcll-known resulls ror a homogcncous
mcdiul11.

Thcrc ¡s, howcvcr, a sccond case, which is nal so oovious.
Namcly tllat lhe <Il1lplitudc is cqual lo

A" = [(,,-' +C')'/' + C'cos(2q+ f1oW/'. (16)

whcrc e ami ¡jo arc intcgration constants. Several au-
thors have cxploitcd this rcsult in arder lo construct a gen-
eral solution 01' Ihe non-linear cquation from a particular
on~ [:l, 8]. Thc undcrlying justifkatían stcms from lhe [aet
Iha! Ermakov's non-linear equation arises from a linear non-
alllollOIllOUS \\lave equ<.Ilion. Consider a particular solution of
Eq. (4) in an inhomogeneous Illedium of the form E" =
A, exl' (i'l,). wherc Ihe amplitude and phase may hoth he
spati¡¡lIy dependent. It is c1ear that Ihe general solution, due 10
Ihe Iincarily oflhe equalion. is givcn by E = Al cxp (iql) +
A2 ('XI' [- i('11 - ¡J,,)] where ..12 is proportionallo A,. Lel us
now Iranslate Ihis theorelll to the non-linear equation. To this
end, \Ve reeasl lile general solulion as a single cxponential

[ 1[ (jL) ] (A-,) )]I - --=- ('os (jo t all ql +\ - sin !Jo
,/./ ,l')' Al ./11

l;=[..l¡+ ..li+2A,A2cos(2r¡1-f1o)J/-pxp 1<1I"I"lall:
L

.'
1+ (-") (Iall (1',illf1" +cosf1o)•.1,

( 17)

<Illd Ihll~ Ihis alllplitude is also a solution to the non-linear
eqlla(ion, In Ihis case. the invariant of two counter propagat-
in,!;!wa\'cs tlhtaincd fmm Eq. (9) and (17) is given. after sOllle
IcdiollS algehra. hy

Notice lhat. in general, the invarianl of two counler prop-
agaling waves is nol eqll<ll to Ihe sum 01' Ihe invariants of each
\\'ave. This issue will he disclIssed in sorne detail in a forth-
l"<lIl1ingCOlllllltlnicalion. Lel tlS rctum to lhe restriction where
lile illllplillldes are constant, say Al = Ao and .4:2 = lio.
C\Jlnparing lhe Eqs. (16) ami (17), A~+ lJ(~= (11 -:2 +C.1) 1/:2.

2.'\oIJo = (':2 amI eliminaling C:

Consider a reginn nf Ihe medium in lhe vicinity nf the
plane =0 wherc lhe initial (.'onditions <lre def1ned. AlIow Ihis
region lO he homogencous. 1'he invarianl al Ihis plane ':0

is Ihen (2("::0) = (A~ - B¿)koll(zo) which is consistenl
witb E'I. (1 X) provided thal (,I(zo) = •.". Thus. in the par-
lindar case of a hnl1lOgeneous region. the invariant or Ihe
sum is eqllal (o Ihe SlIlIl nf lhe invariants of each \",ave.
1'he main conclusion fmm Ihese results is that if Ihe so-
IUlion of lhe Errnako\' equation oscillates as [A~ + n(~+
2..loilo nIS (2(11 _¡Jo)J'/2. 5ueh amplitude may be thought
to stelll fmm lile pmpagation of Iwo waves wilh amplitudes
.40 ami /Jo lravclling in opposite dircctions.

Thc second mder derivalivc of the arnplitude in Ihe di-
IlH.'l1sionless Ennakov equation is Illultiplicd by Ihe inverse
square of lile \vave vector magnitude, which may he recasled
as the square 01' lhe wavelenglh. Ir lhe rclative permitlivily
varialion takes place in a range Illuch larger than the wavc-

('/lllilX - Ilmill)
,,(o) = """" + ., [1 + tanh(nz)). (20)

11n)pagalion or eleetromagnetic waves Illay he lackleo analyt-
ically rOl"rcfraclive index ehanges either in the slowly vary-
ing pcnnitlivity approximatiol1 m in the other extreme rm
ahrupt interfaces. Howe\'er. the case where the refractive in-
dex varies in the range nf fractions of Ihe wavelength cannot
he tlealt \,,'ilh cilher of these Iwo mathematical approaches.
It is then l1ecessary lo allempt solving the non linear equalion
\vitholll approximalions. 1'0 Ihis end. consider a hypcrholic
langenl refraclive index varialion with an arbitrary slope. Al-
lo\\' for Ihe refraclive intlc'\ to he wrillen as

J.t. NUlIlerkal sohlliuns

where "l1lax <lmlllllliu are thc maximum and minimulll refrac-
tive indiccs ohlained in lhe limit where the rcfractive index is
cOllslanl. Thc Illa'\illllllll slope of Ihis function is cxhihilcd al
: = 11.i\ plol parameter f) = (2/n)arctanh[D/IOI eorre-
sponds toll1e Il1kkncss ove!" wl1ich the rcfractive index varies
\vilhin l)(Yk 01"ils initial and linal vatues as shown in Fig. l.

The Ennakov t1ilTerelltial equatioll to he nUlllerically
snlvel! is lhen

1

lenglh Ihe second derivative may he neglcclcd. This ap.
proximalion is equivalent lo lhe slowly varying envelope
appmximalion (SVA) oftcn invokcd in non-Iinenr or qUJn-
ILJmoptics derivalions. 1I is also uscd in order to obtain the
Eiknnat eqllalion and it limils its validity. Neglecting Ihe
secontl derivative in Ermakov\ equalion yields an ampli-
tude A,,(o) = [11(:)1-1/2 amI the phase is thus '1(:) =
I,'o.r 11('::) <1:. The retlccted wave is always zero under Ihese
approximations since lhe transmiltivily is given by [91. T =
(",/",)(I ..I,I'/I,ltl2) = l.andR +T = 1.

( IY)

R('I'. Ah,x. Fú . ..t(. (6) (2000) 530--535
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(nmax - 1Illlill)

2 {1 + tanh [~al(tanh (l~):]})2 A" (21 )
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wherc ..\, is Ihe dil11cnsjonlcss lransmitted wave amplilude
far fmm lhe inlerface. Various solulions uf El). (21), logelher
\Vith lhe L'olll!ilions irnpusel! hy (22) are plotted in Fig:. 2.
In these g:raphs, oscillations reveal Ihe exislence 01' cOllnler
propagating waves acconling lo Ihe results ohlained in Ihe
previolls sertion, The larger lhe oscillalion, the larger is lhe
n:l1L'CIl:dwave amplitmle. J( may he s('cn lhar ir Ihe rcfraClivL'
indcx changc lakcs place in the on!cr of olle nr more wavc-
lengths. lhe retleclivily is almosl Hui!. \Vhen Ihis lransilioll
occurs inless Ihan a waveleng:lh lhere is a considerahle ill-

The importanl issuc hcrc is lo cslahlish lhe approprialc (;'011-

diliolls in urde!" lo solvc t!lis cqualion. Thc ohvious choice
\\-'(luld h(: 10 consiJcr lhe incident licld ampliludc antl its
dcri\'ati\'c al a givcn planc. Howcvcr. sutil a proposal is in-
adequalc since al any planc whcrc Ihe incidcnr wave cxists
thcrc is a!so a cOlllrihution from Ihe rcllcctcd w:l\'c. which is
so far 1II1kno\\'ll. This asscnion is (rue ('ven far away fromlhc
rc~it)1l whcrc lhe rcfracti\'e indcx varies considcrahly silll'(:'
we ¡¡Te dcaling w¡lh inflnitc \vavc tra¡ns.

An altcrnalivc is lo cslahlish Ihe L'onditions fur lhe re.
fraL'led wavL', \\.'hich in Ihis one.dimensional case, is sirnply
lhe lransmitted wave. The assurnplion Ihen required is thal fa!"
frolll lhe inlerface reg:ion Ihe Iransmiued wa\'c is conslanl amI
Ihal in l!lis reg:ion Ihcrc is no rel1ectcd wave. Thus the pmh-
lel11is like working: hackwanls in lime and ohlaining: the inci-
denl and rel1ectctl waves fromlhe Iransmitted wave. Consitler
lhat lllc incident wave travcls lowarlis Ihc posilive z liircL'lioll
alld lile rcfraL'live indcx change takes place around .: = n,
The inilia! conliilions for Ihe ahove nonlinear second urde!"
dilTen:ntial equation are lhen

3././. RcffcCli,.;,r

crease in lhe rcl1ecli\'ily. Finally, when Ihe Iransilion Ihick-
ness DA reaches a ti fticth of a wavclcngth or so, lhe relIcctiv-
ity approachcs a maximlllll, which harcly incrcases rol' more
ahrupl illúcx chang:cs.

.!ILIJ
-2 -1 o 1 2 J

"[O""n : ~
11,

-2 -1 o 1 2 J

"[O",.11

'"11,
-2 -1 o 1 2 J

FIGURE 2. Numerieal results showing lhe dirnensionless amplilude
of the eleclrie tirld A,¡ as a funetion of distanee for differcnt refrae-
tive indcx lhickncss' D, Pairs of curves are prescnted depieting the
liclJ amplilLldc Sollllions with Iheir corresponding rcfractive inJex
variation. Notice Ihal (his <lmplilUdc does nol distinguish hctween
incidenl, rellcclcd and Ir<lnsmitteu waves hut rcprescnts lhe actual
ovcrallllcld ampliludc al allY poin!.

The conservalioll Eq. (llJ) lllal' he rewrittcn in more famil.
ial' (enns recal1ing: Ihal lile lransmilted alllplitllJe is Jeflned
hy Ihe initial conl!iliolls Eq. (22). Thc usual form 01' the en.
crg:y conservation cquatioll Ai'i - Da = (1l11l<lx/lllllin)Af, is
lhus oblained. Since Ihe t1clds are lransvcrse at normal in-
cidcllce, tlle cOlllinuily equalion imposes that the tangenlial
eleclric llcld l1lu~l be conlinuous al the interface plane]J, ¡.e.,
..1(/,) - IJ(I') = A, (,'). In onlello derie! this lesult, the nu-
Illerical evalllalioll 01' Ihe differential equalion is plollcd in
Fig. 3 ror a very stcep rcfraclivc index change laking place in
(lne thollsanl! 01' ¡¡ wavelenglh ami anothcr sofler one taking
place in one lhinl 01' a \vavclcnglh. It may he scen that for lhe
slecp functioll, lhe aho\'e condilion is fullllletl whcreas ror
lhe ~oner interraL'e.ll1e lIlinilllulll.--lo - Do is no long:erequal
tn lhe Iransmiued amplitude. Nonetheless, in hoth cases, the
amplitudc funClion is cOlllinuous consistenl with lhe continu-
ilyequations,

(22):, »0 .-1/'!.= (/lrn1\x) ,

DA" I = O.
D.: :=:1

..I,,(:¡) = A,

Re,', M('x. ¡:'~\',.lh (6) (2000) 530--535
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F[(;URE 3. DilllctlSIOnlcss amplilUdc \'('I"SIIS dislallcc fur a \'ery
s1CCprefraclivc imkx changc taking place in a Ihollsand of a wavc-
lcnglh and a softcr OllClaking: place in one thinl. The minimum a111-
pliludc in lhc oscillaling rcgion for z < O is cqual lo lhe constanl
amplilude al.: > l) in lhe stccp case whereas in Ihe soner interface
these quanlilies are nol cqua!. In either casco lhe amplitude curve is
conlinuotls.

rl(¡UHE 5. Rcl1ccli\'ily COCfticicll1l.l'r,m,~ thickness D), for differ.
enl refwctive index :-;ters.

TABl.E 1. InlensilY rcllectivily in perccntng:c for various rcfractivc
index SICPSWhclllhcir 907" varialioll lakcs place in a thickncss DA
frolll lero 10onc wavclcnglh.

4

;e (%) 2

o

Rcllcc.:tivityR in %

,,\D ,\/](JOO VI ,\/2 3-\/4 ,\
(~lhrupl)

1.3 1.70 0.57 0.049 0.0027 1.3 x 10-3

1.5 4.0 I 1.17 0.085 0.0039 I.G x 10-3

2.4 16.9 ',.17 0.16 OlXI62 2.3 x 10-3

lO 66.9 5.76 0.22 O.(Xl79 2.8 x 10-3

0.00 0.25 0.75 1.00

FHitHE 4. Relleclivily cocfticiCll1 versus lhe Ihíckness D>.. :=
[)I ,\ in \\'avclcllglh lInits over which lhe rdraclive indcx chang:cs
lhrough 90% ror a variation from 11 = 1 lo 11 = 1.5.

The amplitudes of the ineidcnt anu retlceteJ wavcs Ao
aml Bo may he ealclllated from the nUl11erical rcsults 01' the
lllaxima anJ lllinillla in the oscillating region, far away from
the interface, dlle lo inlcrferencc hetwccn thel11, sincc

B _ Artlllax - Adl11in
0- 2 .

The amplitllde rel1ection coefficient 1', Jellned as lhe ratio of
Illc rctlecled mnplituue over the incidenl mnplitude, has heen
ohtaincd fmm the numcrical solulions ror variolls rcfractive
indices with diffcrellt spatial variations. Thc rel1cclivity "R.is
dcfincd as the square 01' the ampliludc retleetion coefllcicnt.
Figure"¡ lkpicts a plot 01' lhe rcl1ectivity versus Ihe 90% rc-
fractive indcx varialion thickness D)" with data takcn from
lOO dillerent solutions. The ahrupt interface is ohtained as

DA tends to zcro, R. thcn tcnds to the expected value 01'
(IImax - Illllillr! /(II111(1.x + //1I1illr2 ohtaineJ for normal inci-
dence fmm the Fresncl eqllations. The rcl1ectivity remains
almost constant fOl"thicknesscs smaller than 0.05. For larger
thickness lJ,\ il decrcases l11011otonically and thc retleclivity
hecomcs negligihlc ror rcfractivc inJex variation thicknesses
over one wavclength. Thcsc reslllts suggcst tha! highly cfll-
cient, hroadhand anli rcllectioll coatings at normal incidence
may he ohtaincd with lhcsc protllcs.

In ordcr to evalllale lhe dcpendcncc of lhe rellcctivity with
(he overall index changc, plols ofthe rcfleclivity R. l'l'I:\'IlS D >.
arc shown ror diffcrelll rcfractive indices in rig. 5. lt is clem
thal even rOl"an cnonnollsly high refractivc indcx as 10, the
rellCclivity hecoll1cs vanishingly smal1 ir lhe variation takcs
place in largcr l1islances lhan the wavelength range. Tahle I
shows lhe rellcctivity rOl' dilTerent rcfractive index steps with
lhickncss variations taking place in fractions nI' wavelengths.
In aH cases, the rel1eclivily is of the order 01' a thousandlh per
cenl when the rcfraclive index 90% variatioll takes place in
(lile wavelenglh.
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4. Conc!usions

Thc Ennakov cquation govcrns lhe ampliludc spatial cvolu-
(ion 01' a Illollochrom:ltic clcctromagnclic wave propagating
in a (lne-dimensional inholl1ogcncous trallsparent Il1cdiulll.
Thc il1varianl 01' (wo c.:ounlcr-propagating waves Ihal arises
fmm Ihis cqualion is. in a highly inhomogcncous rcgioll. dif-
fcrclll fmm lhe SUIIl nf Ihe invariants of lhe t\Vo waves. r:ur-
thcrlllOl"c. in sucll a regían, lhe invariant is nol only propor-
tionallO lhe squarc 01' lhe \\'ave amplitudes hui also ti fUllclion
orlhe wave amplilutlc dcrivativcs. Thc llul1lcrical soiutiolls 01"
lhe Ermakov cqualioll allo\\' for lhe dcscription 01' propaga-
tion al normal incitlcnce in a Il1cJiut11 whcre the refractivc in-
dcx variatioll takes place in lhe ordcr 01'a small fraclioll ofthe

(n) K-K rc!aliolls do not apply in this case since we are dealing
with a lllollochromatic wnve and the pcrmittivily i~ ollly speci-
li~d as purely real at Ihat single frequency.
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2. A. SornlTl~rfeld. '.Ortics". Lt'CruH'.\' mI Theorerica/ Ph.rJic.\.
Vol. 4. (Ac;ll!cmic Press. Ncw York. 1(50) P 19.

J \\'. Kolink. Alllutll'll da Phy.ük 6 (1947) 119.

.1. 1\1.Ma;llnachc.l'hy.\'. Ret'. A 52 (1995) 936.

wavelcnglh. This situation is often cncountered in thin film
growlh ir thcre is adsorption hCL\vcCn !ayers. Thc numcrical
solutiol1s have hccll interprctcd in lcnns 01' eounter propagal-
ing waves in order to calculatc the rcl1ecLion coefficient di-
rccLly fmm the non-linear cqualion. A pOlentially intcrcsting
arca 01' application is Ihe i"ahricalion of (non.inlerferomclric)
anli rcl1cclion cO<lLings.
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