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II is ~hown Il1ntfor a given conscrvativc system in c1assical rncchan;cs. Ihere is an inlinile numbcr of Harniltonians. functions thar determine
Ihe c\'olution 01'lhe system. which may correspond lo differcnt paramclrizalions nf lhe cvoiutioll curves in rhase spacc. Furthermore. for a
givcll rcpararnctriZ<llion of lhe lime cvolution 01' thc systcm. <Ininfinitc numher 01' alternative Hamillonians can he found. Jt is also shown that
analogous results hold in the case 01' the geometrical optics of isotropic media.

A"('.nnmls: Hamiltonian mechanics; geometrical optics

Se muestra que para un sistema conservalivo en mecánica clásica dado cxiste un número infinito de hamiltonianas. funciones que determinan
la evolución del sistema. las cuales pueden corresponder a diferenles paramctriz<lciol1cs de Ius curvas de evolución en el espacio fase. Además.
para una reparamctrizaci6n dada dc la evolución temporal del sistema. puede hallarse un número infinito de hami\(onianas alternativas. Se
muestra también que en la 6ptic<l geométrica de medios isótropos se cumplen resultados análogos.

/Jescril'!ore.c Mednica hamiltoniana: óptica geométrica

I'ACS: 42.15.-;: 45.20.Jj

1. Introduclion

In the frame\vork of Harniltonian rnechanics, lhe time ev()-
IUlion 01' a cOllservative SYSICIllis dctcflnined by a sin-
gle funclion I!. lhe Hamiltonian of the syslern. t1efined
on (he corresponding phase space in such a way lhal, ir
/11, ... (In, 1'1, ... ,I)n is a sel of canonical coordinales. the
cvolUlioll curves are given hy the solulion 01' lhe differenlial
equations

The function I! is conservcd, in the sense that lhe poi nI wilh
coordinates (Ji(t). I'i(t), representing the state of lhe syslem
al time t, rcmains nn a hypersurface given hy H = E. wherc
E is a constant.

In many cases, lhe Hamiltonian can be lakcn as the to-
[al cllcrgy; hO\\'ever, as \Ve shall show. for any given value
of E. lhe Hamiltonian funclion II can he replaced by a"y
othcr (well hchavcJ) funclioll " wilh the unly condilion lhat
Ihe hypersurface ¡¡ = E coincides \vilh the hypcrsurfacc
1, = f, for sOl11eappropriale valuc of the constant E. Thc
curves determined by an alternalive Hamiltonian, h, may not
he paramelrized by lhe lime. In other words, Ihe curves Iying
on lhe hypersurface H = E givcn by Eqs. (1) coincide with
the curves on f¡ = E Jcfined by

dr¡¡

di
f)H
f)Pi •

Dh

Ol'i'

dPi f) ¡¡
di = - f)'li .

dPi
dT

( 1 )

(2)

whcrc lhe parameler r may he differcnl from t. Furthermore,
for any reparamclrizalion of Ihe curves defined by Eqs. (1)
nll lhe hypcrsurface 1I = E, une can give an infinitc nurnher
uf alternativc Hamiltonians, f¡ (which may dcpcnd pararnet-
rically 011 E), such lhal Ihe solUliolls of Eqs. (1) on H = E
coincide wilh Ihe sulutiolls on h = E of Eqs. (2). Thc pos-
sihility 01'using JilTerent Hamiltonians for a given prohlem
allows us lo relale it wilh other problems, whilc in some cascs
il is useful lo employ paramerers differcnr from the timc.

The Hamihonian formalism is also applicable lo the geo-
me trical oplics, but in this lauer case all possible stalcs lie on
just one hypersurfacc of phase space, ¡.e., only one value nI'
E is admissible (an allalogous situation is encounlered in lhe
covarianl Hamihonian formulation ror a partic1e in rclativis-
tic mechanics).

In Seco 2 \Ve eslahlish Ihe main resulls and givc several
examples. In Seco 3 we show lhat in lhe case of geomc~ri-
cal optics ano of relalivistic mechanics, whcre aH possible
sIates lie 011a single hypcrsurface of phase space, altcrnative
Hamiltonians can he found in a phase space wilh two 01'lhe
original coordinates suppresscd.

2. AlIcrnath'c Hamillonians and paramctriza-
tiOIlS

Let us considcr a curve (Ii = (/i(t).l'i = I'i(t) on lhe hypcr-
surface J/ = E. thal satisfics Eqs. (1). If this curve is also
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on l! = E (m h = é), for sorne function J, which implies
lhal Ihe solUliolls of Eqs. (1) antl (2). with lhe sal11e initial
condiliolls on Il = E, are relalcd by a changc 01' paramclcr
wilh

(11 )

(10)

!/ = ;q¡,
, ,

1'11 = ;rp y - yp ,r'

k¡ - 1/4 k':¡ - 1/4
+ .,(., .') + .'(-.' .')'.r~ .1'- + y- y. x- + y-

1" = !( ,.2 _ 1/2).. '!... , ,

1 p2 + 1,2 E1 __ ,r 11 _

1 - 2J! .1'2 + y'.! .,.'l + y2

k¡ - 1/.1 k.; - 1/4
+ .'( 2 2) + .'(-.' 2).r~;r+!J y~:r~+y

Hcnce, accnrding to Proposition l. lhe function h givcn hy
Eq. (10) is ao alternalivc Hamiltonian for the systcm de-
scrihcd hy the Hamiltonian (9).

The coordinale transformation givcn by

which is of the form h = COllstallt. wilh

Ihe condition H = E eun he rewritten as

(5 )

(4)

(3)

(6)dt = fdT.

dh = fdH

gi\'cn hy Eqs. (2). in lerms 01' a possibly different parameter
T. Ihen. lIsing the chuin rule.

dq¡ dlj¡ di DH di dPi dPi di
~ = di dT = ap, dT' dT = di dT

ami compiJring with Eqs. (2) we flnd that

ah aH dt ah aH di-=--, -=--,
ap, api dT a'Ji a'1i dT

on the hypersurf;:lcc H = E oro equivalenlly,

di
dh = -dH,dT

on H = E. Equalions (3) imply Ihal the gradient 01'H is pro-
portional lo Ihe gradient of h and thereforc Ihe hypersurfacc
IJ = E eoineioes, al leasl loeally, with a hypersorface h = [.

Conversely. if lhe hypersurfacc H = E coincides with
thc hypersurface h = E. the gradients of H antl 11 musl he
proportional to cach olher on Ihal hypersurfacc. Ihus,

Thlls. \l,.'C h;l\'I~ lhe follov.'ing resu)t:
l'mll(J\ifioll l. Let H he the Hami1tonian of a conscrvative
syslcm and ICl E be an admissible va)ue 01' H. The functioll
1/ is an altcrnative Hamiltonian for lhe syslcm lin the scnsc
Ihat lhe curves givcn by Eqs. (2) coincide with those given
hy Eqs. (1)1 if ano only if the hypersurfaec}{ = E coincioes
wilh a hypersurface h = E.

iscanonicaI.Notingthal.r'+i.'l' = 4(.1'+iy)2and]J,l'+ipy =
(e" - iy)(p', + i1""~l.one finos thatEq. (10) is equivalent to

1 , ,) , ,) E
h = 2.\1 (1' ,- + l' "-) - --,===",. 2 J.r,2 + y,l

2.1. Examplcs

which is the Hamiltol1ian ror a particlc in a pOlential of the
form (8). Thus, the Hamillonian (10), which reproduces the
e\'o[ution oetermineo hy the Hamilloni.n (9), is essentially
the Hamillonian eorresponoing to the poten!ial (8) Inote that
lhe coordinate transformation (11) is not bijectivc].

From Eqs. (9) ano (10) wc tind that

,
,,= (e,,2 +y2)-I(H - E) -~, (13)

hence, dh = (er' + y2)-1 dH + (H - E) d(x2 + y2)-1
and, on the hypersurface Jf = E, dh = (,.2 + y2)-1 dH;
comparing with Eq. (4) wc see that the parameter, r, asso-
ciated with the new IL:ulliltonian 11 is relaled lo the lime by
di = (.r' + y')-I dT. (In the case ofthe Kepler prohlem. the
parametcr T is relalcd to the ccccntric anomaly 12].)

(7)

(8)

k¡ - 1/4
V,.2 +y2(vx2 +y2 +x)

ki - 1/4+ -,==='"-,==~--v,r2 + y2( V,,,2 + y' - x)

"\;1 = - ,) ') +V."- + y-

ami

Twn of lhe mcchanical syslems in two dimcnsions that mlrnit
a soilltion hy scparation of variables in more Ihan olle COOf-

dinalc system (called supcrintegrahle systems) examined in
Ref. I corrcspond to the potentials

., '.2 / •., /'_ "'- (.. ' 2) "1 - 1 4 "2 - 1 ,\'1--.1 +y + 2 + ?2 x y-

(whi<.:h reduce to those of the isolropic harmonic oscillator
and Ihe Kcplcr prohlem in Cartesian coordinatcs, rcspcc-
ti\'ely, whcn k¡ = q = 1/4). Letting

1 '2 2 w2
'2 2

Jf = 2M (1', + I'y) + 2 (er + y )

kf-1/4 ki-l/4+ 2 + ., ' (9)x y-
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Considcring now the two-Jimensional Keplcr prohlem
wilh Hamiltonian

k

Jx' + y"

thc condition H = Ocan be wrinen as

( 14)

2.2. Choice of pltrnmetrization

Ir we wnnl lo replace the time, t, by another parameter,
7, wilh di = Idi, where f is a given function, one can
give an nIternative Hamiltonian h whose integral curves are
paramctrizcJ by T. In fnct. if we let

is canonie<ll and is such that

hcnce.

2 2 ') .).)
h=(x +Y)(I';+l'u)-' (16)

(23)" = I(H - E) + é,

1,' = g(H - E)k + I(H - E) + £, (24)

In thc geometric<ll optics approxim<ltion, the propagation af
light in an isolropic medium can be describeJ hy the Hamil-
ton equations (1), wilh

e ..
H = -2 ' g'J Pi]lj, (25)

"where 1l is the rcfraclive index 01'the mediurn, e is the speed
of light in vacuurn, (r/j) is the ¡nverse al' the matrix (gij)
formed by the componcnls 01'Ihe metric tensor in the coordi-
nate system employeJ and thcre is summation over repeated
indices (see, e.g., Ref. 4 and the references cited therein).
The speed of ligh[ in lhe medium is equal [o c/n provided
that r/JpiPj = n2, i.e., H = e/2; thus, in the present case
only onc value 01'H is admissible and all the possible states
lic on a single hypersurface of phase space. lf F is an}' (dif-
ferentiahle, rC<lI-valued) function 01' one variable such that
F'(e/2) i' O, lhen 11.= F(H), wilh H given by Eq. (25), is
an allernative Hamiltonian to H for the Iight rays. Then, on
H = e/2,

where E and [ me constanlS, then H = E if nnd only if
11.= é, a11(1dh = 1dH + (H - E) dI; henee, on Ihe hy-
persurfaee H = E, dh = 1dH, whieh leads lo Eq. (6) as
desired.

Thc nltcrnntive Hami!toninn (23) is by no means unique,
for instance,

3, Geometrical optics and reduced phase space

whcre 9 is an arhitrary function and k is an integer greater
[han 1, is slleh lhal 1,' = é if and only if H = E and
dh' = 1dH on H = E. Henee, we have;
Proposifioll 2. Let H he the Harniltonian 01' a conservative
systelll and lel f he an arhitrary function. For each adrnissi-
ble value E 01'H there cxislS an inflnite nurnberof alternative
Harniltonians for the systclll corrcsponding to a pararneter T

such that dt = f dT for the evolulion curves on H = E.
NOle lhal Eqs. (13) and (19) are of Ihe form (23) and

(24), respeelively, and lhal by comparing lhe corresponding
cxpressions one can identify the funclion f.

d" = F'(e/2)dH,

hencc, owing to Eqs, (5) and (6), (he parameter T associated
wilh" is delermined by di = F'(e/2) dr.

Thc evolution 01' the light rays can be parametrized, say,
by lhe Cartesian coordinale z; lhen, from Eqs. (1) and (25)
we have '¡z/dl = uH /up, = (e/n')1'" lherefore, laking
1 = "'/(('1',) [see Eq. (6)], from Eqs. (23) and (25), wilh
E = ('/2 and E = O,we obtain the Hamiltonian

( 15)

(22)

(20)di = SM2kJx2 + y2 dT.

which is of the form h = COllstant, wilh

henee, from Eqs. (1R) and (20) we obla;n

di = 32M4k2(u; + ,,~)dT.

On lhe olher hand, making use of Eqs. (17) one finds lhal

'1, + iy = J2M (p¡ - iP2)(,,¡ + i"2)2, (21)

thcrefore, h is an alternative Hamiltonian for the t\Vo-di-
mensional Kepler problem with zcro energy.

Thc coordinate lransformation given by

1 :! 2h=2M(PI+P,), (IR)

which is the Hamiltonian for a free partiele in two dimen-
sions.

From Eqs. (14) and (16) il follows lhal

)'/¡ = (2M)'(.r' + y') (H + k .,Jx' + y-

= (2M)' [(:r' + y')H' + 2kJ:r' + y' H + k'], (19)

lherefore, on H = O, dh = Skf'kJ:r' + y2 dH, which im-
plies that the parameters t and 7, assoeiated with H and h,
respeelively, are relaled by [see Eq. (6)]

,) ,) ') ') (? ') ')
PI + Pi = (2M)(r + y-) 1'; + I'u)-'

. 1
III +11[-, = ------,

- v2M (I'x - il',,)

PI + iP, = v2Af (x - iy)(l'x + i]l,,)', (17)

Since the Hami!tonian (18) corresponds to a free pani-
ele wilh energy (2M k)' [see Eqs. (15) and (16)], by mean s
of a rotation if neccssary, we can assume that 1t1(7) = aT,
112 (7) = V, where b is an arbitrary constant and a2 = 8M k2 .

Then p¡ = Ma, P, = O and from Eq. (21) il follows Ihal
;n;:-; ., ;n;:-; (' 2 ').1:+iy=v2Af Ala(aT+io)-, i.e., :r=v2Af Afa a 7 -o ,

11 = (2 ..:\1) 3/:!o:! b7, which are parametric equations of a
paranoIa. According to Eq. (22), the parameter T is related
10 t by t = 32M4k2(~Mh"T3 + {¡2T) (e! Ref 3, Sees. 3-R).

Re\'. Mex. Fís. 46 (6) (2(XXJ) 551-555



554 G.E TORRES DEL CASTILLO AND A. BERNAL BAUTISTA

(26)h = 2;).: (p; + p~+ p; - 1J2) = 2~.: (P: - V1l1 - pi - ]J~ ) ([Jo: + V1l1 - pi - pt ) ,

\vhich gives lhe evolution oflhe light rays, paramelrized by z. Since on lhe hypersurface II = (/2, the relation P;+TJ;+lJi = n2

holds, assuming P: :2: O, i.e •• ]Jz = vn2 -]Ji - P;. from Eqs, (2) ami (26) we ootain, l'.~"

d.T I 1 [( I 2 ., ") O ( l.'.'" )= ry.I).. ]1z - V 11. - Pi - Vii DI)'. }J: + V '1- - p; - Py
ti:: 11,=Jn~-p;-p~ ...

amI, similarly.

(27)

"1', I =
d:: 1'= =V"..-'--1-);-.--1'-;

(28)

Tlllls. in Ihe rcdllccd rhase space wilh cananieal eoordinatcs

.",.11, JI) .. J'y. lhe function - ),,2 - p;. - P~ is a Hamiltonian

Ihal givcs Ihe cvolution 01' Ihe light rays parametrized hy z
(altcrnative derivations are givcn in Refs. 5-7).

Anolhcr parametrizalion 01'Ihe ¡¡ghl rays, airead y consid.
crcd in Ref. 7. corresponds to (he use 01' Ihe are lenglh, s. In
Ibis case we have

¡_' = d"
di

(d.I")2 + ("v)' + (dZ)'
di di di

and from E'ls. (23) and (25), laking E = O,

1, =

(29)

Apart frolll lhe factor n/ JI'; + l't + 1';, which is equal
lo 1 on Ihe hypersurface H = <,/2, Ihe Hamiltonian (29)
l'oincidcs wilh one 01' Ihe lIamiltonians found in ReL 7
[E'l. (3.7)1.

Finally, in lhe case nI' ti free parlicle in nal space-limc.
a (Lorcntz-covarianl) Ilamiltonian that gives the evolution of
thc particle paramelril.ed hy its proper lime, T. is gi\'cn hy

wherc J.\I is the rest mass 01' the parlicle and (1/°0) =
diag (1, -1, -1, -1). In order I"orT lo be lhe proper lime 01"
the particle, Ihe four-momcnlUm Po must satisfy the condi-
tion '1,,;1 [Jo]JJ = jlfle'1 and, thercforc. rhe only adrnissihle
"aluc 01'11 is [ = .\1('1/'2. Ir F is any real-valued funelion of
one variahle sneh lhal F'(,\[('2/2) ¡< O, H = F(h), wilh h
given hy Eq. (30), is an altcrnative Hamiltonian to h,
Ir t denolcs the time IllcasureJ in an incrtial frame, mak.

ing IIse 01"E'ls. (2), (6) ami (30) we have

di 1 d,,'u 1 Oh JIu
f = liT = ~ -;¡;: = ~ Dpo = J.\l e'

henee. I"romE'l. (23), laking E = O. \Vefind lhal

11 = ¡-'(h - E)

Rel'. Alex. Fú. 46 (6) (2000) 551-555
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where p = (p',p2,p3) = -(P1,Pl,P3), is an alternative
Il,imiltonian for a fre~ parti¿le [el Eq. (26'>].Th~s, proeeed-
ing as in the previous examplc. assuming Po .~ O, fmm
Eqs. (1) it follows that in the reduced phase spaee with
canonical coonlinalcs Xl, ;r2• x3, ]'1, ])2, ])3. lhe functioll

-eJp:'! + j'f2('2 is a Hamillonian for a free particlc. Thc
sign 01' this Harniltonian mus! be rcversed if one employs
(¡JI. pl. p3) = - (PI, P2, P3) as Ihe canonical coordinatcs
conjugatc In (xl, T2 • .r3).

1. E.G. Kalnins. W. Miller. Jr.. and G.S. Pogosyan. 1. Math. Phys .
.17 (19%) 6439.

2. G.F. Torres del Castillo and A. Lópcz Ortega. Rev. Mex. Fú. 45
(1999) 1.

3. 1-1.Goldstcin. C/assical iWechanicJ. 2nd edition. (Addison-
\Vcsley. Reading. Mass .. 1980).

..J. C..E Torres del Castillo and Cl. Pérel Ballinas. Rel'. Mex. Fú.
4(, (2(XX)) 220.

4. Conclusions
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