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A lhin slice of melt travels through a long zone which is cooled from hclow. Disturbances of Ihis process are characlerized by three disparale
Icngths: thc soliditicalion Iength L •. the wavc lcngth .>.. and the depth of the slab J":x,. Experimcntal observntions show small-amplitude long
wavcs with Icngths ratios {¡~/L « .>.. / L. « 1. This means thm (he wavcs are too long 10 "pcrccivc" the vertical varimions ill Ihe melt.
Thlls \VC use a lincar ;]pproach 10 sludy lhc stability 01"long one-dimcnsional shallow w;ller W;]vcs. We found onc mode lhat grows slightly
unJcr Ihe inllucnce ol' the <.lecrensing <.lepthof the mell. lis wavelenglh is nbour one order less than the c(K)ling length. These theorelical
pn:dictioflS arc in qualitative agreement with experimental observations.

Ke.nl'()rd.~: Hydrodynamic stahility; two-phase now; soliditication

Una handa delgada de material fundido sc mucve en una 7.ona larga refrigerada en su parte inferior. Las perturhaciones de este proceso son
caraclerinldas por tres longitudes difcrentes: la de la solidificación (L.). la longitud de onda ,\. yel ancho de la handa J"~.Los experimentos
indicnn ondas lar~as con amplitudes pequeñas y proporciones fJ:x,/ L' « ,\./L' « l. Esto significa quc las ondas son demasiado largas
para "percihir" las vari:lciones verticales en el matcrinl fundido. Por esto uS<J,mosuna lcorín lineal parJ e.studiJr la eSIJbilidad de ondas largas
en ag:un.spoco profundas. Encontramos un modo que crece débilmente hajo la inlluencia Jc la profundidad decreciente del mJterial fundido.
Esta onda tiellc una longitud de onda cerca de L. /10. Estas predirülIlcs teóricas cstan cualitativamente en acuerdo con onservaciones
l'\pcrimcntall's.

/J('scri¡llon'.\': Estahilidad hi<.lrodin;\mica; flujo de dos fases: soliditical'iún

P'\CS: .H.20.-k; ..J7.20.H\ ••.

l. Intro<!uction

Thc c\'olution of dislurnanccs in IiIms on horizontal and on
inclined \\:alls was suhject 01' inlcnsive invcstigalion during
Ihe Iast dccadcs. Horizontal lilms. opcn channel llow. falling
Iilms, the elfecl of moving hountlarics in coastal waters wcre
invcstigated II-G]. Our study concerns a t1ilTerent class 01'
llows whcre the variation of the noundaries is hrought ahout
hy rhase changcs. \Ve consider in particular the cvolution 01'
hytlrodynamic dislurhances in continuous solidifkation. The
lalter is of cxtraordinary importance in modcrn metallurgi-
cal engineering (see Schneider 17J). To simplify the proh-
!elll \VC aSSlltlle lhal lhere cxiSls a solidifkation front instead
()f a "Illllshy" t\\'o-phasc rcgion. As lhe solidilication layer
gro\\'s lhe dislurhances hccoll1e inlluenced hy the deneasing
deplh of lhe lI1elt. This sllldy is strongly motivatetl hy results
fOllnd in experimental work performed hy the Voest Alpine
Indllstrianlagenhau (VAl). which is lhe industrial partner 01'
the Christian Dopplcr Lahoratory (see al so the acknO\\'ledge-
111('111).In Fig. I wc give a sketch of the pilot plant installed
in lhe lahoratories of the VAl. Preliminary tests indicalcd
long low~alllplillldc waves \'v'hich form harmonically varying
grooves in Ihe solidilicd steal aOlllherehy reduce the quality
(Ir Ihe slrip (Digruhcr el (/1. [8)). It should he kept in mind.
howe\'L'r. lhallhc experimental investigalion 01' lhe strip cast.
ing process associated with lempcratures of ahout lOOooK is
extremel)' dillicul! .md thcorctical predictions are particularly
\'alllahlc 10 llllderstand and control the strip casting process.
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Fl<iURE l. A sketch of the now in the strip casting: process.

The following analysis is hased on the study of Ihe linear
stahility of exact solutions 10 the Navier.Stokes equations. A
particular featme of lhese solutions is Ihat the mean now is
uniformo Thus "'e expect that lhe stahilily of the disturhanccs
is mainly govcrned hy gcolllclrical ctlecls Iike the growth of
lhe solidilled layer.

The illvcstigation of Johnson ID] concenlrates on the
propagation 01' surface wavcs in irrotational flows Qver vari-
ahle dcpth. By conlraSl, we have to consider here in addition
lo the variations oí" the depth the etTccts of the viscosity and
01"lhe convectinn 01' lhe material hy the unil"orm speed.
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The cqualions governing Ihe dynamics of Ihe solidifico
matcrial arc givcn hy

NOle Ihat the viseous term 011 Ihe right-hand side of (4a)
is IIlJde up exclusi\'cly hy normal stress terms. There are by
dcl1nilioll no shear strcsses in ID flows. The energy equation
has t he fOfm

NOle thal in our 10 approach there is no convective
I'D/Dy tcrm in the cnergy cquation. Pel,::! labels the Péclet
nurnhers, F, ne are Froudc and Reynolds number. respec-
lively. They are defined hy

lOJ DJ-- + - -111.=0,[ D/ O.r

(5)

(4e)

(6a)

O:Sr:S1.

U'L"Re= --o
v'

O'
= ~(}l;

vy-

U'
F = (J;,.'I') 1/' ;

It = 1:

Pt'l (~.Q.+,,-'2..)OI
E Of 0.1'

2o Analysis

This study conccrns lhe invcstigalion of a horizontal strip
c,Jsting proccss which takcs place hctwccn a cooling tahle
(Icnglh L.) ami a free surfacc. lile Illclt is hrought lo lhe
lahlc via a convcyor roll (scc Fig. 1). Tile roll is lTIoulltcd
sucll tha! its top dctlncs lhe hcginning 01' lhe cooling: tahlc
ano íls vclocity givcs the uniform casting spccd U •. To pro-
duce a complctcly solidifico I1lclt Ihe ¡alter is cooled 011 lhe
tahle fmm below. 11 is assulTlcd lhal lhe constitution 01' lhe
material cxcludcs lhe fonnation of "mushy zones" and tha!
scgregalion effccls are ncgligibly. The solidification proccss
takes place in lhe rcgime O ::; .r* ::; L. ami O :s y. ::;ó~.
\Ve use variahles with ( ",ilhout) an astcrix lo denote dimcn.
sional (non-dimensional) quantitics. A slah 01'malerialmovcs
al unifonn spccd (U.). The mcllllows in the uppennost laycr
and il ami solidilies along the interface y' = JO(.r' ./') and
Ihe solid is located in the lower regime O :s y' :s J'(r'. f').
\Ve hase the analysis on the assumption

J~« AO« LO. ( I ) and
Notc that ( 1) rcprcsenls a gcomelry which is typical for

strip casting processes. The maximal thickncss of the strip
á~ is assurned 10 he small rclativc lo Ihe wa\'e length"\ a. This
rneans Ihat Ihe waves are too long to "teel" Ihe lrans\'crse
slru<.:turc of the layer. HCllce we can apply one.dimensional
(1 D) 110\\' equations. NOle that ID llow equations wcrc also
employed in [8]. The outer par! of the inequality (1) implies
(hal \ve rnay use a shallow waler approach. Furlhermore, we
assume that the densily of Ihe malerial remains unchangcd
during the solidilicalion process (p. = constan!).

The fol1owing hasic cqualions are oerived in lhe study 01'
Kluwick and Schcichl (la]. Thcy consist 01' ID llow cqua.
lions ano 20 heal cOllduction cqualions

Thc rate 01' solidification In is detlned hy (.4.1,2 are the
charactcristic constanls 01' mass transfer)

The six equaliol1s (4) and (6) ami (7) govera Ihe six variahles
/l, 1/, r), (11,'1.,111. A(;corl1ing to ISI and to Morwald and Schnei-
del' 111]. Ihe cxacl steady solulions have Ihe form (we refrain
from Iisting the Icmpcrature profiles)

r'
;r=[;';

y.
!I = -¡-;-;

"=
f'

f = U'_.A' '

(
10 D) D'

pp') -- + - R.) = -. e.).
- [Of O.r - Dy'-

001 ( _)' DO, ( ')11I=.41-0 J:.!J=O -."12-0 :r,y=ó;
!I !I

A 1.2 = (,()Il~t.

"o = 1; Jo = IX al"l "o = 1 - IX.

(6h)

(7)

(8)

where /l,OJ. Ithe suhscripls I (2) lahelupper (Iower) layerl
ami 111 dcnote the vclocily, tcmpcratures ami rale of solidifi-
cation, respectiveIy. 1~:,Tl~ rcprescnllhe tempcralurcs 01' the
so lid and Ihe ofthe wall. The hydrostalic pressure is given hy
(y. is the gravity constant)

Thus wc ohtain Ihe ID llow equalions for the mcll (mo-
mentum, continuity equalion):

(~~+u-'2..),,+ 1 D("+J)=2D'" (4a)
E: D/ D.1' F' D,r /le D.r' '

~ Dh + D(",,) + 111 = O.
E: Df D.r (4h)

(9)

Oj = const. j = 1,2;

J = Jo(;r) = IX;
1

111= 1110= r;"2vx

Equation (H) mcans that Ihe steady llow vclocity is unifonn
and equal to Ihe casting spced. There arise problems [rom
the panicular fonn al' !lo in (8). The height beeomcs small
as Ihe end of Ihe cooling tahle is reaehed. This causes non-
unifonnities ami ¡hc cxpansions hreak down (see second pan
01' (1 1) and nole Ihal Ihis non-uniformity is 110tprescnl in lhe
expansion (14». This is relaled lo the fact that ha does nol
rC<lch its lil1lils fOl"J' -t O and x -t 1 asymplotically. Hence
we restricl the variation of the horizontal evolution lo lhe in-
lerval 0.1 :s .r :s o.a.

In lhe foIlowing we will focus on disturbances 01' thc
steady slate. First we no le Ihat in lhe absence 01' temperature
lluclualions we have

O)

(2)

1I1,.¿.
11/.=---

I¡.U.¡)~ '

, '+" (/ ' J' ')l' = Po p!J I + - y .

¡"
h =-'J' '=

J'J=_.
J' '=
,,0

1/=-'Uo'
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( 10)
( 15)

Now \Ve see Ilwl the lwo remaining quantitics H and J¡ are
governcd hy (4al ami (4h) with 111 given hy Ihe lasl part 01"(9).

11 \Ve \••'ish 10 inclllde lhe C<L~enf temperaturc llllctllalions
\Ve can use, howevcr. a set of similar cqualinns. We eliminate
m from (4h) and (6a) ano \Ve ohlain

1 D(I, + 15) D(J5 + h1l)-----+ - ---= O.
E DI D."

Equalions (ola) ano (10) contain now the Ihree quantities //, J¡
and d. Thcrc seellls lo he a lack of one aodilional equation.
\Ve will seco ho\\'ever, in a moment that \Ve can derive wilh
Ihe use oí" an as)'mrlOtic expansion a hierarchy 01' c()upled
cquations where only 1/ and ;:,= " + 6 are in\'olvcd.

\Vc introouce now an asymptotic exransion

11(.•.,1) = 1 + ,",,11, + '"""" + 0('""',,",,,'),

h(.r./) = ho + ,""h, + ,"",h, + ()(,""2,",,,'). (11)

15(.•.. /) = Jo + ,",,15, + ,"",03 + ()(,",,'.,""f'). '"" <t: ,.

\Ve sllhstitllte (11)-(14) ioto (4a) and (lO) and wc have
also lo sc¡¡[e the Rcynolds numher. A consiSlent scaling.
which allo\\ls for viscous ellects in the leading arder is (R
is the scaled Keynolds nurnher)

2RR,. = -. R = 0(1).
The faclor "2" in (15) \Vas introduccd for convenience.

\Ve derive no\\' an hicrarchy 01' equations and we ohlain in
lcading order

1 1,
LII¡ + pDo¡ - RD-II¡ = O.

L.:¡ + "o( .•.,)DII¡ = O,

D D
[)=-. L D+ (16)O.", = al'

Note lhallhe \'ariahle 1'2 is in (16) only a pararne[cr. Thus
we can eliminalc =1 and lhis yields

~ is a formal paramcler ano lhe reasol1 ror lIsing a douhlc
limil cXIKmsion will hecome clear in a mOlllcnl. \Ve lISl' the
cocnicienls

, '_[' lio(.1'2)D' lD'L-£II¡ = o: L - - - -p -R .
The f1rst corrcclion is governcd hy

( 17)

and

1 l.)
L", + F' D:" - RD-1I3 = RHS¡;

L:" + ho(.I',)D,,:< = RHS2 (18 )

ami introduce tWD scaled variahles (.i. is a reference posilion)

.1' -;l'
J'I = --, :172 =:1:.

lO
( 13)

\Vilh the inholllogenities

D [2 ( 1)]HSII¡ =.,,- -DII¡ - 111 + -.,2, ;
(J.!"'.! R F-

D
HSII, = -.,,-[o¡ + "oCr,)II¡J.

(J.l':!
( 19)

If we anticipale lhe wave forms (22) and (23) we scc that
RHSI,'.! represenl secular (erms. Tu avoid resonance we scl

(21 )

(20)HSI!, = nSH2 = O.

No(e (hal (20) is the 1D-Icftovcr 01' the Frcdholm's ultcr-
native. 1\. simple integratioll yiclds the two equations

2 1
RDII¡ - (111+ pOI) = .'1,( .•.,.1);

0' + 110(.1',)111 = .'11(.1'1,1),

The exransion (1 1)-( 13) is chosen slIch lhe slow vari.
atiolls in Ihe lluids deplh enler (he rrohkm in lhe shallow
wMcr equntions hefo(e the nonlinearitics come in, Nole Ihal
hecause 01' 110(1) = () Ihe domain 01' validity 01' lhe ex pan-
sion (13) is limiled lo O < ;1' < l. Note also Ihallhe variahles
J¡ and 15 enler (ola) and (10) only in form 01' lhe comhinations
= = 11+á and ull +15. Thus we sec ohlain with the use (lf (11)

o = 1 + ,""o¡ + '""':3 + ... ,
111,+.1 = 1+ ,",,(o¡ + "oll¡) + ,""e(:3 + h01l3) + _.. (14)

whcrc the functions !JI,'.! are undetermined ror Ihe moment.
To sol ve ( 17) \Ve use lhe forms

The funclions .-\ antl D in (22) rcprcsent amplitudes
which are yel unknown. The complex rhase funclion. how-
ever. is given by

Equation (14) shows thal only Ihe pair 01' quanlities Uj and ::)
enlers the equalions. The sel 01' the two original Eqs. (4a) ami
(10) is Ihcrcfore suflicient lo descrihe the prohlcm up 10 order
~E. Thus we sec Ihal the Ilo\\' equalions decouplc from lhe
energy cquations also in the case (JI' temperature l1uctualiolls.

In Ihe sludy of inviscid wave propagation 1101 expan-
SiOHS corrcsponding 10 (7) failcd hecause Ilcar.1' = 1 [where
ho( 1) = (J holdsJ. lcading ordcr and corrcClion Icrms are
('qual 01' Illagnitude ho :::::["1 for.r = 1 - O(e). Equa-
rion (1--1-) indicalcs. ho\\'ever. that in (lur rrohlcl1l no such fail-
me nI' Ihe e.\pansion ..•arisl's hccause near.1' = 1 \Ve have
,,1, + á = 1+ ,",,(o, + II¡) + ,"",(0:/ + 11:/) +

II¡ = ..1(.1',) pxp[i'~(.r" I)J:

O, = n('''2) l'xp[i<l'(,r¡. t)J.

1 1;+'"~ = -; _ k(s)ds,
" .

1'22)

(23)

Rt'\~Ak\". FiJ. 4() (6) (2(X)0) 560-565
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wherc w lahels a I"requency (or Slrollhal nllmher) ami 1,'de-
notes the wave number. Note thal forms 01'the type (22) amI
(23) have heen used frequently in recenl studics of spalial
stab;lity 01"weakly non-parallell1ows (e! Plaschko 1121l. Be-
cause 01'!he appearance 01'the fast variahle ~ in (23) \I,/eIllay
also consider (22) with (23) lo be Ihe leading ordcr tcrm 01'¡¡
\VKB-cxpons;on (see. O.g., Bender and Orszog 113]).

The inlrodllction 01'(22) inlo (17) yields now Ihc eigen-
valllc equation

Note that lhe PDE (17) is of sccond oruer w. r. l. lhe lime-
varioble on" 01"Ihird or"er w. r. l. Ihe spat;ol var;oblc J'. (24) is
hence an equalion quadralic in lhe freqllecy w and cuhic in lhe
wavc numher. Because 01'{he .r-dependencc 01'lhe solulions
lo (24) we may consider Ihis cqualion as Ihe une uf Im:ally
parnllcl disturhances. Thc disturhances grow (or decay) in
Ihe horizontal direction and we considcr in Ihe followillg (111)'

spaliallycxciled(ordampcd)waveswith1.: = k,.+iJ,¡:u.-' E B
Because 01'Ihe cuhic nature of (24) \Veexpecllhree dilTcrenl
Illodes as solution 01' (24). \\'e can also conclude from (24)
thal lhe F -dependencc 01'lhe cigenvalues Jecrease gradually
as .1: inereases. In Ihe appendix we will jux{apose the 501u-
lions 01'(24) with the ones 01'a 2D characteristic value equa-
tion derived in a forthcoming g papero

To sludy Ihe inviscid limil 01'the characlerislic valucs \vc
use lhe exp~lI1sion

The substilUI;OIl 01'(25) ;nto (24) leads lo

k) _.)
k = k" + Ti + O(n -l.

(30)

(31 )

.1' ::; J' ::; 1;

d
d.r=

w
/l/U _ l/U' l

J,.,.+E----
112+/12

. 1
'11+11'=-;

a

C,.,,(.I') =

c:", (.1-.;.) = 1

G (. )_C:",(.I' . .rJ
J 111 .1,1 - (_.

GII1 l,.r)

The second part 01"(30) is uscful if we want to change the
rcfercllce roint. Thc rhase speed is given oy

inlO (21) ¡¡mi soive Ihe corresronding systcl1l hy consislenlly
lIsing the fmms

_ Ia(.i') I [1 r ]G", (.1' .. 1') = a(.I') ('Xl' -,.I
i
"¡(5)d" .

This leads lo

y, (.r" t) = Cl'xp[i<l>(.I',. t)],

y,(.r" t) = E exp[i'I>(.I'" t)J; C. E = const. (28)

Nole rhal we have now renched the final phasc 01'the cal-
culalions and we usc Ihe physical coordinatc;i' again. \Ve de-
fine Ihc g¡lin (or loss) GII¡ for lhe vclocity lluctuations. This
is given hy the 1111ctllalingamplitudc referred 10 the initial
point

_ a (.1- )
.-I(.r) = ,1(.1')-(-);

i1 ;r

[
2ik(.I') .] .,

a(.I') = "o(.r) + -n- - 1 F-;

ll(.I') = ll(.i') + ",,(.i')A(.i') - "o(.I')A(i) a(i). (29)
a(.l')

(25)

(24)

W

'/2ho
Ll:-

F

1.'0 =

., [ /,;2].,
i(k - w)F- i(" - w) + Ti + k-ho(.r2) = O

amI 3. -NlIlI1erical reslIlts amI disclIssion

and we obtain wilh (23) 11' = consl., (':.~)= w / kr-
To complele Ihe analysis we llave 10delermine Ihe ampli-

tudes.-\ ami n in (22). To accolllplish this we substitule (22)

O.2!j ::; 11 ::; S: 05::; F ::; 4; w = 0(10-'). (32)

As Illetltioncd carlier, we fOllnd lhree differcnt modes.
Tv.'o 01"the disturoances Iravel oownstrcam, one runs up-
slrc<lm and all threc modes are damped. Figures 2a and 2b
rcveal a graph of lhe eigenvalucs of these three modes. Thc
dowllstream traveling modc numher one is the least damped
(or allnosl neutral) disturhance. its parallel growlh rate is
multiplicd hy a faclOr 100 in Fig. 2h. This shows c1early that
lhe two olller modes (nlltlloer Iwo runs downstrcam, mode
nUlllocr thrcc travels upslream) are \'ery strongly damped and
they are nol observahle in experirnents. Hencc we coneenlratc
in the following exclusively on lhe evolution ofmode numbcr
ol1e.

In technical realizations 01'lhe strip casting process R ami [<"

are onler-one paramctcrs. Our numcrical evaluation was done
ror

(27)

(26)
1 iF'Jw'l

2 (F:l: h~/2r"

Note that h(~/'lI F = hñu- IU" = 1I Flm' where Flo(" is
Ihe local Frollde Ilumher. Note also one solUlioll nI' lhe cu-
bic equalion (24) is losl oecause 01'the singular nalure of lhe
e.xpansiol1 (25). The solution with Ihe Illinus sigll in (26) rep-
resenls a solution with a hydraulic jump al F = hA1'l \vhich
occurs for F < 1. \Ve will compare the solulioll wilh lhe plus
sign wilh one 01'the numerical solutions in Pig. 4.

\Ve define the phase spced 01'parallel lTlodeshy

(,,) 1 dr' 1 dr
e ------
1,/0 - U- lit- - é dt .

Re'l'. Me'x. Fís . .t6 (6) (2()(X)) 560-565
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FIGURE 2. a) Parallel phasc vclocities uf [he threc modes (mode
ulle ano ¡wn Irnvcl downstrcam. mode three runs upslrcam). F ;::;
0.75. w :::::fU. R = 1; b) Like Fig. 2a) huI parallcl growlh mtes of
¡he thrcc modes. Thc growth rale of mode numhcr une is multiplicd
hy a f:lCtor 100.
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The imaginary parts of lhe eigcnvalues (or Ihe parallel
growth rates) 01' mode number one are rcvealed in Figs. 3
ami 4. This quantity ¡ncreases slighlly during its horizon.
la1 evolulion and hecomes gradually F -¡ndependent as ;f in-
creases. Figure 4 indicates the asymptotic tcndeney towards
¡¡-¡ndependence given by (25) and (26). The asympololie
growlh rates (easlculaled wilh (26)] agree well al high values
01' lhe Reynolds number paramelr R wÍlh growlh rales eal-
eulaled wilh (24). An inerease 01' Ihe Slrouhal number (nol
shown in Ihesc flgures) leads 10 an cnhaneed damping of the
dislurhances.

In Fig. 5 we present Ihe numerical predictions of lhe gain
anJ the local wave length Ao of the dislurbances. Thc lattcr
quantily is wilh (29) and (31) given by

x

FIGURE 4. Likc Fig. 3. DUlupper curve: R = 3. middlc curve:
i.lsymplotic growlh rate (26): lowcr curve: 1{ = /.5 w = 0.1.
F = 0.75.
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wilh epI> given hy (31). Thus wc see Ihal thc disturbanecs are
prcdictcd ro grow slightly in a flrsl phase of the horizonlal
cvolulion and lo decay latcr. The local wave Icngth exhihits
a rnaximum ncar the loemion of maximal gaio and tcnds
10 a constant value für further downstrcam positions. Thcsc
hchavior-and the strollg damping of lhc upslrcam travel-
ing modcs---can hc uhdcrstood in terms of lhc wavc encrgy.
Downstrcam (upstrcam) '-'aveling waves run inlo a ¡ayer of

FIGURE 5. G~itl (u['lper curve) and local wave lcngth (lowcr curve)
01"molle Ilumhcr ol1e. R = 1. w = 0.1. F = 0.75. é = 0.004.

dccreasing (increasing) depth and the conscrvation of wavc
energy leads Ihus lo growlh (deeay). The final deeay 01' lhe
further is duc to vicous damping.

Re!'. Mex. Fís. 4(, (6) (2000) 560-565
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FIGURE 6. A comparison of 10 (conlinuous line) and 2D (dotted
line) parallel growth rates. R = 5, W = 0.1, F = 0.75.
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These predictions are in agreement with ohservations al'
hanTIonieally varying small-amplitude graoves in lhc solidi-
fied material. Thc observed wave length has, however, a value
of ahout 0.2 ~ >'ól L' ~ 0.3. In eonlrast lo Ihe predietion of
ahoul >'ól L' = 0.075. Thc latter small value is neverlheless
consistent with the assumption (1).
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wilh

r=
ikRF

(1-~D
>.' = iR(w - k); Jo = VI. (A.2)

Appendix

In a forthcoming paper [14] we will he publish a 2D appraaeh
lOlacklc the study al' instabilitics 01'the strip casting proccss.
Thc corresponding cigenvaluc equation is givcn by

exp(>'Jo)[>'(>" - 1') + r>'Jo - 1'] + exp[>'(2 - Jo)1

x [>.(>.' -1') + r>.Jo + 1') = O, (A.l)
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