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In this note :Jsimplifled :Jnalysis is presenled in which the flow of Newtonian and non-Newtonian liquids under a conslant prcssure gradient
with an oscillatory motion of the ooundaries is examined Iheoretically. The departure of Ihe velocily funclion from the steady value due to the
superimposed oscillations is analyzed for a line¡lr viscoclastic constilulive equalion in the case of recti linear pipe flow and for flow bctween
parallel planes. Since the viscosity function is not shear dependent. no ¡ncrease in flow rate is possible; nevenheless. elaslic effects modify
the velocity protiles and need 10 be considcred in order lo fully explain the experimenlal increases in tlow rate reported by olher authors.

Keyu.onls: Oscillatory tlow: viscoelastic l1uids

Examinamos teóricamente el flujo de líquidos newtonianos y no.newtonianos somelidos a un gradienle de presión constante y con movimiento
oscilante en la frontera. Analizamos la desviación de la función velocidad. dehida a 13superposición de oscilaciones con respecto al flujo en
eSlado permanente. para los casos de flujo en conductos de sección transversal circular y entre plncas paralelas. para un fluido linealmente
viscoelástico.Como la viscosidad no depende de la rapidez de deformación, no puede existir aumento en el gasto; sin embargo, los efeclos
elásticos modifican el perfil de velocidades y deben ser considerados en la explicación del aumento de gasto reportado por otros autores.

De.scriplore.s: Flujo oscilante; fluidos viscoelásticos

PAes: 47.50.+d: 47.60.+;

1. Introduction

For scvcral detalJes, atlcnlioll has hccn drawn to the llow
of viscoclastic liquids under a constant prcssure gradienl
in pipes which are oscillaling longiludinally ahoul a mean
value [1-,J. This Iype of Ilow gives rise lo subslantial differ-
ences with respcct lo lhe llow 01' purcly viscous liquids undcr
similar circumst<.lnccs, such as col'lsider<.lhlc increases in lhe
Ilow rale whcn comparcd 10 purely reclilinear Ilow [4-10].

Thcorclical studies 01' lhe superposition nI' longitudinal
or transverse oscillations on steady 110w in a circular uni-
form pipe have been carried oul by Kazakia and Rivlin [41
for a Ihird order fluid, by Mena et al. [5] for a general lin-
ear viscoelastic fluid as wcll as for a power law inclaslic
fluid and by Phan-Thien [í] for a more comprehensive series
01' constilulivc equations both viscoclastic and inclaslic. The
eXlcnsive experimental rcsults presentcd hy Mena et al. ¡5}
show beyond douht that the substantial increascs in flow rate
which ;)fe possible for viscoelaslic fluids are mainly tlue lo
lhe shcar-rale dependency 01' the viscosity with a minor in-
fluence 01' the purely clastic effects. This was further corroh-
orated by Phan-Thien 17) and applied to the case 01' polymer
extrusion in oscillatory <lies by CasuJli et al. [8,91 amI later
by olber authors [10-121.

In rhis nole a simplifled analysis is prcsented in which the
inl1ucnce 01' elasticity upon the f10w is examined. The anal.
ysis is concentraled on the cases of osciJlating pipe f10w and
l10w octwcen parallel oscillating planes and for a linear vis-

coelastic constitutivc equalion. Since lhe viseosity function
is nol shear dependent. no inerease in flow rate is possible;
ncverthelcss, claslic cffccts modify the velocity profiles and
need to oe considered in ordcr lo fully explain lhe experimen-
tal increases in f10w rale.

2. Mathematical formulation and equation of
sta te, Flow between oscillating parallel plates

\Ve consider the flow oetwecn two infinitc parallel planes sep-
arated a distance :i:a from the z axis 01' a Cartesian frame of
referencc whose origin is midway bctween the planes. The
prcssure gradicnt is in the z direction and the oscillations are
imposed on the houndarics y = ::I:::awith a frequcney of os-
cillation 1l. The physical components 01' the velocity vector
are l/, = n. "y = n ami", = ,,(y, t) which satisfy the equa-
tion 01' continuity idcntically. The relevanl stress equation of
lI1otioll is in lhe z dircction and for an ineompressible, homo-
gencous liquid is given by

(1)

Here p is Ihe density 01' Ihe Iiquid, G is the generating con-
stant pressure grildienl and T~:is the rclevant component 01'
the extra slress tensor. Equation (1) is to be sol ved subject to
Ihe houndary conditions u = aeillt at y = ::l:::a. aulDy = O al
y = n forall t.
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Wc characterizc lhe viscoclastic I¡quid by equations 01'
statc of the form

(2)

For the general viscaelastic case k is given by

., -ill¡J Jk- = -- '1'(A) exp(inA) dA.
'lo

(10)

whcrc the extra stress tensor TIk is given as a function of the
rclaxation Uf memory function '1' as

(11 )

( 12)

( 13)

( 14)
O" 1 O ,

1'-0 = G + --O (rTr,).
t r r

. 1/'1.

(
-!TII') 1/2k = -- [1 + inA] .
'lo

k = (-inl') '/2.
'/0

For Ihe Oldroyd B liquid k reduces to

k = (-inl') '/2 [1+ inA'] 1/2

'lo 1+ "'A2

Finally. lhe Newtonian case is obtained when

and for the Maxwell Iluid:

3. Oscillating pipe f10w

Wc refer all physical quantities lo cylindrical polar coordi-
nates (1", e, z), where the z direction is along the axis of (he
pipe. The pipe has a circular cross scction of radius a. The
llow is generated by a constant prcssure gradient G in the
;; dircction; in addition an oscillatory motion is imposcd 011

Ihe wall]" = fl. This motian is of the form u = o€xp(eínt)
wherc n is Ihe frcquency of oscillation, the real part is obvi-
ously implied ami o reprcsents the product of Ihe amplitude
and frequency of lhe oscillations. Again, it may be shown
Ihat lhe velocity gradually becomes a pcriodic funclion of
time wilh the same frequency as the velocity.of the boundary.
We shall consider only this steady periodic statc and disre-
gard any transicnt phcnomena. The physical components of
the velocity veclor under such situation are Ur = O~V.o = O
and ", = "(1", l.) which salisfy the equation of continuity
idenlically. The relevant slress equation 01"motion is in lhe z
d¡rection ami for an incompressible, homogeneous liquid is
given hy

(3)

(6)

Ti, = 2 J '1'(t - t')e~~)(:r,t')dt',

where

'1'(t - t') = J N¿() C(l-t')/( de. (4)

Following the usual notation Tik is the stress tensor, ]J

un arhitrary isotroric prcssurc, fik is the mctric tensor of a
fixcd coordinatc systcm :ri. e~~ is the rate of simin tcnsor
and N(() is Ihe relaxation spectrum.

The liquid represented hy Eqs. (2)-(4) falls wilhin Ihe
framcwork of linear viscoeiasticity thcory and is know as
Wallers B' liquid [13J. It contains as a special case Oldroyd's
B liquid (14) hy setting

• >'2 ).1 - )'2
¡\(() = ,/()~J(() + 'lo Al J(( - A,), (5)

whcrc 1}O is the zera shcar rale viscosity, ..\1 and ..\2 are thc
rclaxation and rctardation times respectively and ó reprcscnts
a Dirac deHa function. Of course if A2 = O,lhe Maxwelllype
conslitutive cquation is recovercd, and i[ Al = A2 the purely
v¡seous case is reprcsented.

For Ihe problem in queslion, it is easily shown that Ihe re-
latioll between T;: and the vclocily componenl in the direc-
{ion of llow u . subject to the oscillalory boundary eondition
at the wall, reduces to

, Oa J () -inx 1T1JZ=-0 W:re (x.. y

Il may he shown that the velocity gradually becorncs a
pcriodic funetion of time wilh the same frequency as the ve-
locity 01' Ihe houndary. We shall consider only this steady pe-
riodic slate and disrcgard any transient phenomena.

Equalion (1) can be madc homogeneous using as depen-
denl variable the departure of the velocity [mm Ihe steady
slale valueG,,2/2'lo [1- (y/"f], ¡.e.,

(15)

( 16)Dw =1Jo (D2W + ~Dw)
01 P 01"2 " al" '

Ga
2 [1- (_a7')2],11I(7',t.) = "(1",1) - -

4'10

Following Ihe same procedure as in Ihe previous section,
we use as dependent variable the departure of the velocity
from the steady state value:

so that Eq. (14) hecomes

(7)

(8)

Ga2
[ (Y) 2]llI(y,l) = u(y, 1) - 2'/0 1 -;;: ,

which yields

DW1Jo D2W
DI - ¡;Oy2'

with boundary conditiolls w(a, t) = (teillt, 8w/8y O al
y = O. Here, " is Ihe producI of Ihe amplitude limes the fre-
quency of Ihe oscillations.

The solution lo Eq. (8) is readily found as

. ( ) _ cos ky ¡litWr,l - O'--e .
cos ka (9) with associatcd houndary Conailions w(a, t)

(0/01")11I(0, t) = o.
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fiGURE l. Parallel planes: (a) velocity departurc from the slcady sIate valuc 1'.\.. dislance and (b) phase angle of vclocity departure \'s.

dislance hctwecn lhe planes for an Oldroyd fluid with n>', = ,1, ,,>'2 = 1. The Maxwell model with n>'2 = O and the Ne\l,.(oni::mfluid are
shown for cornparison.

( 17)

The solution to Eq. (16) is the found as

() Jo(h) ;n'
IV r,t ="Jo(ka)e ,

where Jo is Besscl's funetion of order zero of the t1rst kind.
Wilh the use of Eq. (15) one readily ohtains

(ii) if /1:::; T' H' incrcascs monolonically to lhe value unity
as ,l( goes from O lo l. Note thal f3 = "Y is the Newto-
nian case.

The lirniling cases rnay also he examined in the context of
linear viscoelaslicity theory; fOI" example the complex modu-
lus 1" is

4, Rcsults and cllnc1usillns

where R = T/n. The variolls values of ~~heing the same as
in the preceeding section.

therci,)[e Eq. (20) Ill"y then he expressed as

. 1/2
k" = (a2"(I)1/2 (~)

'1'

() Jo(kr) ,;nt Ca2 (1 R2)
llT

1
t =o---e +-- - ,

Jo(ka) 4'10
(1 X) '1'

'lo

1 + in.\z
l+in.\¡'

(21 )

(22)

(i) sincc A, > O the modulus Ir is never l.ero or infinite;

where \Vehave set!/ = y/a anu y. varies hetween O ami l.
the prnducI ka is complex and may hc expresscd as

Reslriclions are imposed on {3anu "Y since Tl, p, lJo and
/\ are all real and positivc; Ihen {3 and "( are holh real ami
posilivc; lhcrcforc. it follows that:

Before compuling any results fmm lhe ahove solutions, it is
lIseful to examine the hehavior 01' the functions in Eqs. (9)
¡¡nd (17). FOI" the sake of simplicily we choose lo examine
Ihe solution for llow hetwcen parallel plates; the sollltion
rOl" pipe llow is cxpected lo have the same general form al.
Ihough slighlly more complicated in nature. If one examines
the quanlity of illterest in Eq. (9), i.e.,

while Eq. (21) can he written as 1" = TI' - Úl" where
,/",t > o.

11'lhe material is an elaslic solid we have 1( = O and Ihus
T = (l. Hcncc JI' hccomcs infinite as expected exeept for
certain nolles. The rcsults are shown in Figs. I and 2. where
comparison is maue hetween the oscillating velocity profiles
for a Ncwtonian. Maxwell and Oldroyd fluids. The velocity
dcparture amI the corresponding rhase angle has heen plotted
fordifferent vallles 01",¡.\\ and n.\2 for lhe Oldroyd fluid with
Ihe r-.laxwell and Ncwtonian !luius as special cases. It may
he ohscrvcd lhal as lhe relaxation time or as the frequency
is increased. the !vlaxwellmodel shows unrealistic behavior.
sllch as rcsonalH.:cellccts thal have misled sorne authors [15]
into assuming that an ¡ncrease in flow rate is possible. It is
intcresting to point out that the apparent resonance behav.
ior appcaring in solulions to lInsteady fiow problems when
a Maxwell type conslitutive equation is used [15], is a well
known pmhlem inherenl lo the nature of the approxirnation of
that particular cqllalion (see for cxample. Tanner [16]). This

(19)

(20)k" = ji - i-y.

co!'\ kay.
11' = ---,

cos ka
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FIGURE 2. Parallel planes: velocity departure from the steady slalc vatue \lS. distancc and (b) phase angle of velocity departure vs. dislance
hctwecn (he planes for an Oldroyd fluid with 11A¡ ;; 20, nAz ::= 2. The Maxwell model with nA2 = Oand the Newtonian fluid are shown ror
ctmlparison.
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FIGURE 3. Pipe Oow: velocity departure from the sleady slatc Poiscuillc valuc \'s. radial dislancc and (h) phasc angle of velocity departure
\'.\.. radial distancc for an Oldroyd fluid wilh nAI = 4, HA2 = 1. Thc Maxwcll model with nA2 ;; Oand the Newlonian fluid are shown for
comparison.

"resonanee elfeet" disappears as soon as the relaxalion spec-
trul11of tile fluid is represented by more than one relaxation
lime (as is lhe case for any real viscoelastic fluid); this is
clcarly demonstraled by the simple analysis of lhe oseil1ating
flow hetween parallel pIates presented aboye.

On lhe olher hand, it is readily observed that the inte-
gration of this velocity departure from the steady Poiseuille
now over the cross sectional arca is zera since the function is
pcriodic. Thercforc, the contribution lo the total flow rate is
non-existent.

Figures 3 ami 4 show similar results for the case 01" os-
cillating pipe flow. Finally. Figs. 5 and 6 show the velocity

pro files during a period of oscillalion. It may be observed that
for the same parameters, lhe influence of elasticity upon the
velocity is more noticcahle in tile case ol' flow bctween paral-
lel piates than in lhe case nf oseillatory pipe flnw.

S. Final remarks

It should he made c1ear lhal regardless of whelher lhe flow
is pulsatile (oscillalory pressure gradicnt) or in the casc 01'
oscillating walls, in the frame of linear viscoelasticity the rc-
sulting llow rate must remain unchanged from its Newtonian

Rev. Mex. Fís. 46 (6) (2000) 56&-57t
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FIGURE 5. Pipe now: velocily prolilcs al vmious times. Thc z
axis is locatcd allhc ccntcr 01'the pipe. Oldroyd l1uid wíth 1/'\1 =
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FI(,URE 6. Parallcl planes: vclocity profiles al various limes. The
,: axis is located midway bcl\veen Ihe planes. Oldroyd fluid with
n'\1 = 20, "'\2 = :2 - - - --; Maxwel1 madel ; New-
lonian -'-'.' ..

valuc. Thc only slresscs Ihal arc relevanl are Ihe viscous
slresses al Ihe walls. If Ihe !luid is linear (as in Ihe case 01"
the l\.1axwell mollel) the elfecls of clasticity cannol altcr the
viscous stress and lhercforc the !low rate mllst remaio un-
changed fmm lhe purely viscous case. For the now rate to oe
alterco. lhe viscosity 01'lhe Huid must oe a aIlO\••..ed 10 changc
as a fUllction nI' Ihe shear rate; this was demonstrated experi.
menlal1y in Ref. 5 ami discL1ssedat lenglh by Phan.Thien in

Re!".7 who sol ved Ihe prohlcm for a number ol' constitutive
equations with variahle \'iscosity. If the /low rate is caused by
a prcssurc gradient whelhcr constant or plllsating o\'er a mean
valuc. lhe main !lo\\' is a steady Poiseuille now; if oscil1alions
are supcrposed ano lhe Huid is wilhin lhe frarne of linear vis-
(oc1aslicity, lhe oseillalions may allcr the instantaneos veloe-
ity profilc due to elastic effects hUI lhey cannot change the
mean now rateo

RI'I'. Mi'X. Frs. ~6 (6) (2CKXl) 566--571
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