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\Ve ~lmly the solutioll 01'the inverse speclral problem 01'a polenlial well (PW). This problcrn nmstitlltes a good cxercise for lhe understand-
Ill~ 01' lhe Schrodinger cquatinn. espccially if wc take into account that oftcn Ihis topie is nol ullllcrtaken in regular courses 01'Quantum
\lechanics. This cxercise also propiliatcs the training 01'the studenls in the solution 01'this kind 01'prohlems. which frequently appcars in
rese;lh:h experimental work. \Ve think that the exercises that are del110nstrated in this paper could.he included in Quantum Mechanics regular
courses. Thc inverse problem presenled here consists in the reconstruction 01'a P\V, ;.l' .. find the height 01"the barrier and the width 01'Ihe
well. provided the values 01'the discretc energy Icvels or the transition encrgies bctween them are known. \Ve show three different cases 01'
this prohlem referred to rectangular PWs. In all cases. the equations are dcduced and the dcvelopcd mcthod is illustrated graphically.

A.('vlI"onl.\: Elcclron states in quantum wells

En el presclltl." trahajo se estudia la solución del prohlema inverso especlral de un pozo potencial (PP). Este problema es un buen ejen;icio
par:l la l'omprcnsión de la ecuación de Schrüdinger. sobre todo si se tielle en cuenla que por lo general no es ahordado en los cursos regulares
de lllcc:ínil'a cuántica. Asimismo. este ejercicio propicia el entrenamiento de los estudiantes en cste tipo de problemas. que aparecen con
frecuencia en la invcstigación experimental. Nosotros somos de la idea que los ejercicios que se desarrollan en este trabajo podrían ser
incluidos en los cursos regulares de mecánica cuántica. El prohlema inverso consisle en hallar la forma de un PP. o sea encontrar la altura
de la harrera y el ancho del pOlO. partiendo del conocimiento de los valores de los niveles discretos de energía ° los valores de las energías
de las transiciones entre estos niveles. Se estudian tres casos diferentes de este problema aplicado a los PP rectangulares. En lodos los casos
estudiados se deducen las ecuaciones y el mélodo seguido se ilustra grallcamente con ejemplos concretos.

Ik,w'ripl0r('s: Estados electrónicos en pozos cuánticos

I'ACS: (JIAl!: 03.65: 1!3.65.G: 73.21!Dx

1. Illtrnductioll

Thc slLH..Iy01' poten ti al wclls (PWs) is an csscntial topic in lhe
undcrgraJuatc course 01' quantulll mcchanics. and it consli-
tutcs an indispensahle excrcise to understand the Schrodingcr
cqualion relaleJ to the stalionary stales ofthe particle lllotiol1.
Although Ihis is an idcalil.ed prohlcm. it permits Ihe compre-
hcnsion (lf lhe methods 01' qU::lntum mechanics. This lopic ap-
pears in all tcxlhooks; sec for examplc Rcfs. 1-4. The proh-
h.'IllS prcsentcd Ihere are guidcd 10 ohlain Ihe discreteo con-
t1ned cnergy spectrum (En) and lhe particle wave function
(~\), pro\'ided the potential wcll (\') is known {F -+ E".
I.\J.r)}. This is referecJ to as Ihe <.Iirect problem. Ho\Ve\'cr.
whcn pcrl"onning cxpcrirncnls one ohserves Ihe cnergy spcc-
lrllm {En} or Ihe scattcred parlicles hy a PWs. The for-
Iller silualion appears. for example in layereJ semiconduclor
slrllclures. The widely uscd Iypc I heterostructurc quantum
v.'cH (Q\V) are formeJ with a narrow handgap semiconduc-
tor sandwiched hy a wider handgap semiconductor. In t!lis
case. Ihc hanJ discontinuilics are such Ihat hoth hanJ eJges 01'

lhe smaller gap malerial lie helmv those of the widc-handgap
material. As a rcslIll, \Ve ohtain two PWs, lhe conJuction
hand PW anJ Ihe valence hano P\V. Optical spectroscopy ex-
pcrirnents on this scmiconductor P\Vs manifest the clectron-
photon interaction. which leads to transitions 01' elcclrons hc-
tween the oiscrelc energy levels 01' the two wells accompa-
nied hy Ihe ahsorplion or clllission of photons 15-8]. Anolher
example is the "pholonic potelltial weH" or dicleclric waveg-
uidc. This is a slructure where lhe rholons are contlned in a
Jielectric slab 01"highcr rcfractivc inJex sanJwiched hy lowcr
refraclivc index materials. the profilc 01' Ihe wholc structure
forms Ihe refractive indcx pOlential n(x). Here. we mea-
sure the cfTcClivc index nI"refraclion {Xm} of Ihe waveguiJc
molles which conslitulc lhe discrcte confincd levcls (01.

Sornetimes, it is requireJ 10 restOfe lhe form of the wel!.
This is rcferred to as Ihe invcrse spectral prohlem (lSP). ¡.e.,
{E" --+ V(.r)), {N", --+ n(.r)} 19,10].

The "inverse spcctral problem" is not considercJ in rcg~
ular courscs 01' quanlulll lIlechanics' allhough vcry onen thc
experimental rescarch work Icads lo it. For these reason \vc
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FIGURE l. Seheme of an asymmclric potcnlial well.

2.1. Symmetric potential well

2, Theory

(I)

x

v,

Qo

(I~ . fE: . fE:
h = 1l7r - arcslIl V V; - arcslll V ~,

\Ve begin with a convcnlional problem in quanlum mcchan-
ics, namely to find the encrgy Icvels and lhe wave function
01' a parlicle in an asymlllelric PW (see Fig. 1) and investi-
gale the case VI = V.>. [11. The dispersion law of lhe discrele
ellcrgy levels in lhe wcll is given by

v,

a = ~ (rr - 2 aresi" re;). (2)
~,EI V~

{E" -t V} prohlem in this case is redueed to the Solulion of
a system of transcendental cqllations.

This papcr disclIsses a Illcthod to fine! lhe shape nI' a rect-
angular PW; V(l:) using the energy speetrum {E,,} as the
input. The approach diffcrs fmm the traditional direct prob-
lem Illcthod, whcre we scek for the values 01'the discrele en-
ergy Ic\"els varying lhc paramelers al' lhe PW, i.e., lhe width
ane! the barrier heighl, until one f1nds a well whose discrele
energy levels match with the experimentally measured.

We present the soluli"n of the (SP for Ihree different situ-
alions. In the first two exercises, we reconslruct a symmelric
and ao asymmetric PWs. The third exercise is lhe reconstruc-
!ion 01' a symmctric PWs starting from the transition ener-
gies helwecn the discrele levcls. In aH cases, we illuslrate the
I11cthodwith a particular example.

where a ami VI' \12 sland for the thickness and lhe harricr
heights ,,1' Ihe PW respeclively, E" is the energy of the" dis-
crete level, n is the quantum number of lhe level, JL denoles
the mass of the paniele, and h (h = h/2rr) is the Planek's
constant.

First, we show the rnethod in the simplesl case 01'a symmet-
ric pOlenlial well, (VI = \12 = \1). Por a syrnmetric PW, it is
enough 10know lhe cnergy 01'two levels. Let us consider thal
we have "measurcd" the firsl anO the second levels, dcnoted
by El and E2 ' respeclivcly, then from (1) one gets

consider that [he ISP must be ¡ncluded in regular coueses 01'
quantum mcchanics. within [he practicc of the Schrodingcr
cquation.

It is important lo mention the ¡nverse scattering proh-
¡cm (lSP) cOllllTIonly treated, in regular courscs of quantul11
IlIcchanics. Hcrc, the potcnlial is obtaincd [mm the dala 01'
the amplitude (S) of Ihe seattered particles hy the potential,
{S -+ F}. Wc wanl lo stress that thcsc two ¡nverse prohlcrns
are vcry rclalcd lo each othCf. The rclation is so closcd lhal
Borg r 11] dcmonstrated [hal in general, the knowlcdgc of the
single spcctrum En is nol sufficicnl lo determine F(x) [12].
This Illcans, that in the traditional formularion ol' the ¡nverse
prohlcll1, roc a purely discrelc spectrum ol' houlld slalcs il
is rcquired 10 know two sets 01' parameters; hesides lhe en-
ergy eigcnv'llucs En' one must also know the normaliza-
tion ampliludes 01' the wavefunction {en} [13]. However,
for symmetrie pOlentia!s V(x) = F( -:r) the knowledge 01'
E'I is sufficienl and no addilional dala is required [12,14].
Bascd on lhis slatemcnt the authors in Rcf. 15 have dcvcl-
npcd ami lestcd an algebraic lechnique for ane-dimensional
rcflcclionless P\Vs. h was found that the reconstruction 01'an
infinitc paraholic P\V becomes bctler wirh increasing num-
bcr of bound slales N. On the olher hand, lhe recanslruc-
lion of 'ln infinitc reclangular PW turned oul to be signifi-
cantly worsc than for the parabolic 'lnd linear ones. Using
the formalisms of Kay and Moses [1GJand thal of Thaeker el

"/.1151, P. Asthana and A.N. Kamal [1íl have studied the ap-
proximate reeonstruction 01'diffcrenl types ol' symmclric re-
llcctionlcss P\Vs from their bound-slale encrgies. They l'ound
Ihat cven if lhe retlection coeffkicnl is not idenlically zcro hUl
a rapidly diminishing function 01'lhe particle wavcnumbcr J..:,
lhe procedurc willlead lOa recollstructcd potential which \ViII
be rcasoTlahly close lo lhe actual pOlential. The tinite rectan-
gular ami lhe secanl square P\Vs have rellection coefficienls
dcc<lying extrcmely slowly with k and hence, the agrcemcnl
bctween the actual pOlcntial and the rellcctionless reconslruc-
tion is pomo

Another nice and inleresting treatmenl 01' the ISP is re-
poned in ReL 10 for the case, when the potential V(x) is a
gradual varying function for which the semi-c1assical \VKB
approximation can be applied. In that work the author shows
the inversion of lhe \VKB formula for lhe Bohr-Sommerfeld
l(uantisatioTl rule lo determine V(x). Unforlunaleiy, lhis ap~
proach has exnct nnnlytical solution for a very reduce class nI'
PWs. Ohviously, lhis technique C<lnnol he applied to rectan-
gular PWs.

As we can see, lhere is not a suilahle forrnalism for
lhe rccnllstruclion of rectangular PWs. However, in (he
tleld 01'semiconduclor and photonic PWs lhe techniques of
preparation of these systems are vcry sophislicaled and the
Q\V/harricr interface are very ahrupt. The extcnsion of lhe
interface can he less lhan lhe Inttice paramelcrs or few ol'
Ihcm. Thus, one can (real these abrupt helerostructurcs as
rectangular PWs whose lhickness and the harrier height are
no! known. This fact leads to a lremendous simplificalion 01'
the prohlel11. Indeed, as will he demonstrated hellow, the
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2.2. AS~'ll1Inetricpotential wel!

This funclional oepenoence has Ihe formll = f E¡ (F). \\!here
E"! is a paramcter. It is evidenl lhal I"orlhe P\V with the 1\\'0

lirsl 1t:velcquals lo El ami E:1' lile equation

This cquation oefines lhe wiOlh a as a funclion of lhe oarrier
height \l, given Ihe encrgy ofllle f¡rst level El as a paramelcr.
;n other words a = f ", (Fj. Thus. alllhe wells wilh w;dths
(j ami harrier heights V lllal verify lhe rclalion (2) will havc
(he lirsl cncrgy level equal lo El'

In a similar way, the dcpenoel1ce 01' the wioth (1 011 the
harricr heighl V of all the wells that have lhe secano energy
le\'el eqllallo £1 is

11= ~ (2r. - 2 aresi" (E.;,;) (:1)
2/,E, V-v

(6)

16

a" /5nm15
-.,
¡;
¿

14

"
'\ V"O,J/ eV

13
a =fc/VJ

120.1 02 03 0.4 05
V {eV]

Fl(jURE 2. Graphic solutíOllof E4. (4). Thc curves h;1 (V) and
f¡.;2(F) rerresent allthe wclls wilh cnergics El and £2 rcspcc-
livcly.The inlerscction poinI h:

l
= IE

2
(\') corresponds to a well

wilh the harricr heighl \' = 0.33 cV and widlh a = 15 nm.

Lel Ihe rool of Eq. (6) he \;(sot), we complele lhe solulion
01'Ihe syslem cvalllating lhe value F2(~01) in one of lhc fune-. . '1 - f (\,). \' - f . (L'). "e \1'01 -llOIlS ,- E E 'J 01 ,- E E y?, .•• t -l' 2 _ l' 3 -

f (\"o1) ') '1'0' - f ' (\/,o1)EI'!;;'):1 r 1 - l-;¡.l~~ :1 .
The solution of Ihe inverse prohlem is compleleo whcn

we suhstitUlC lhe oarricr heighls Vtsol ano \12<;01 in ol1e of lhe
Eqs. (5) lo lino Ihe wcll witllh (lsol.

\Vc can eliminale the wiolh a in Eqs. (5) and get the following
syslcm of cqualions:

2" - aresill Ifi: - ares;n {f!; I!fi
" _ ares;n ~ _ ares;n ~ = ~~' (5a)

\ 1 2

3r. - ares;n ~' - ares;" /fi; fifi
" _ ares;n ~ _ allsill /t; - ~~. (5h)

\', \ ,
Equation (5a) represenls all the wells lhat have lhe firsl and
sceond discrele energy levels cqual lo El and E2 respeclively
wilh the same well width. On the olher hand. equalion (5h)
rcprcsenls the same situalion. huI for the f1rst ano lhird dis-
crete energy levels (El' E,,). i.e., Eqs. (5a) and (50) eSlao-
Iish lhe oepenoencies for the harrier hcights Fl ami V"! of lhe
wells lhat contain thc levels El ano E2• as well as E) and
E3, respeclivcly. In other words, Eq. (5a) dcfines \'1 as un
implicit function of F:l: ¡.l' .. \'1 = fE

I
.E2(V2) so thal El ano

8, arc in the wcll. In a similar way. Eq. (50) dcflnes V) as
an-implieil funclioll nf V:l; VI = f¡~'1,E3 (V2). so Ihal El ano
£;1 are in lile wcll. The sollllion 01"Ihe system (5a)-(5h) is
rcduccd to lile solution 01'thc transcenoental equalion

(4 )h,(1') = h,(I')

Now, we consider an asymmetrie rectangular PW. This sitll.
alion is more complieated lhan lhe previous one. bul Ihe idea
rOl"the solulion remains lhe sallle; il consisls in expressing
lhe \I.:idlh(l or Ihe well as a runelion 01'Ihe harricr heighls VI
ami \:" laking the diserele energy levels as pararnelcrs. The
prohl;m has Ihree unknown variahles (VI' Vz and lhe \vell
width, (J), so \VC need lo kllow Ihrcc discre(c energy levels.

If we suhstirutc Ihe values 01"the llrst three discrele en.
crgy levels En' wherc Il = 1. 2 or 3 in Eq. (1) lhe widlll 01'
Ihe ",-"elI as a function of tlle harrier heights can oc wriuen as:

(/ = ~ ("" - aresi" fE¡: - ares;" fE::,;,), (5)
2'IEn V v;- V V;

ror Ihe harrier height F is salistied. Lel us denote Ihe root of
this Iranscendental equalion hy \";;01. The Solulion of the ISP
is completco when lhe \vidlh of Ihe P\V is calculalcd: it is
()hlainl~llfmm (1"01 = f El (\ ~ol) or (lsol = f E2 (\~ol).

Nexl. \Ve ¡lIustrate lile ll1elhod with lhe following ex-
amplc: Supposc it is gi\'cll an hypOlhelical rw wilh
ti = 1;) 11m. V = 0.31 eV and JI = 0.0665 7110 (?no denoles
lhe lIlass nI" Ihe free eleclron). This is lhe conouelion hano
P\V al lhe r point of a AlrGal_rAs/GaAs/AI.rGal_rAs
(.r = O.:~-15)heterostruClure. Such a PW conlains four energy
h:wls wilh energies: El = 0.01796 eV. £:1 = 0.07110.) eV,
E" =1l.l:'GG:' eV and E, =0.2G517 ev' Suppose thal we
only know Ihe vallles of Ihe llrsl two energy levcls El
;¡nd E.). Figure 2 shows lhe oependencies 01' Ihe width
(/ 011 lile oarrier heighl F for all the P\Vs conlaining
El = ().{)170G cV ano E2 = 0.071105 ev' The crossover poinl
01"Ihese curves, corresponds In Ihe wcll that has Ihe energy
levels E, = O.0179G eV ami E, = 0.071105 eV s;mul\ane-
ollslv. The aoscissa 01' lhis poinl is the root V~ol= 0.31 eV
,,1' tile transcendental equat;on !J.:, (F) = f£,(1'). ami ils
ordinale 0"01 = 15 nm is oelermineo oy asol = f F:¡ (V) or
(/",' = h)\ ').See thal the well has oeen reconstructed ex-
aClly.
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V=.f.(I' )
I e,t, ~

Suhsliluting on into El). (7) ami after some algehra we ohlain:

(9)

(8)
E, = El + fiEl",

El = E, +fiE',3

. ').' / El + fiEl.'PF'E. 1,;r-_aIcsmv F1 + __ '_'1. = _
E, fE;

n - :2 arcsin V V

wilh 1/ = 1. :2 or 3. The energy le\-'els E2 and £3 can he ex-
prcssed as a functioll of lhe cnergy level El and the transition
energies ~EI.2 and ~El,:l' hy

0270.26

"\:.~.
"'-

024 0.25

V, [eV]

022 0.23

v = 0,353 eV,

045
044
043
042
0.41

~ 0.40
~ 0.39

0.36
::.- 037

0.36
035
0.34
033
0.32
031
030

0.21

The trans(:cndenla! Eqs. (9) can he expressed in Ihe form

whcre 1.. = :2or :3. The !lrs( el)uation in (7) can be writlen as

(l = " (n - 2 arcsill [E";). (10)
V2/iEl V V

( 1 1)

and

In (hese cl)ualions lhe transition ellcrgics .6.E1,J.- cnler as pa-
rallleters. This mcans that solving Eqs. (11) with V as the
independcllt variahle one gets all lile cnergy le veIs El COll-

pled wilh lhe energy levels E2 or £3 lhrough .6.Ei..k. Ne.xt.
we pUl inlo Eq. (10) lhe values nI' El Ihal salisfy Eqs. (11)
for lhc corresponding F. By doing Ihis. une finds all lhe PWs
thal (:ontain lhe Iransition encrgy .6.£1.2 and all lhe PWs con-
taining the Iransition ~El,3' Ohviously. these P\Vs would he
lIifferenl. This can he expressed as:

\Ve illuslrate the method with a particular example. Let us
consider an asymmetric P\V (see fig, 1) with (1 = 13.5 nm,
1', = 0.353 eV, 1', = 0.235 eV and 1' = O.OGG5 100' This
P\V has lhe following energy levels: E, = 0.0211027 eV,
£., = O.0830D12eVand E3 = O.17D%3~eV.
• Figure 3 illustrates the interscction 01' the curves which

rcprcsenls lhe dcpcndcncc hctwecn V2 and VI for all wells
that have lhe same width ami the encrgy Icvels (El =
Oll2111l27 eV, E, = 0.0830D12 eV) and (El = 0.02872 eV,
E, = 1J.17D%3,1 eV), respeclively. The abscissa 01' Ibis poinl
is Ihe rool 11"01= 0.235 eV of f¡'"I'Ez(\'2) = fE1,£j(l':!).
and their ordinate is l'Iso1 = 0.353 eV dClermined hy Vtul =
f .•.• (Ié"") or 1"0' = fE' E (1"0'). The final slep in lhel. l'!.'}. l 1 l' '3 2

rccnnstruclion is to determine lhe well widlh. From any 01'
lhe Eqs. (4) we ohtain (1 = 13,5 nm, Then.lhe well has heen
reconslnU:lcd exactly.

FrcallH: 3. Graphic solution 01' Eq. (6). The intcrscction poi nI

f/~'l ,E'}. (\'",!) = f ¡.; l' F:3 (V:¿) givcs thc hcights 01' thc barriers VI ano
\ ':!. Knowing already VI and \'2 thc wcll width is found from nny
of Eq (5).

2.J. S)'mmctric potential weH wirh known transition
t.'11t.'rgies " = h" (F, El)'1,3

(11 a)

To reconslruct a P\V knowing Ihe transition energies betwcen
(he discrelc encrgy levels is \'ery importanl from [he prac-
lical point of vie\' •.' because (hcse Iransilion cncrgies are lhe
olles experimcntally mcasurcd [18, 19]. \Ve show the case 01'
a sYllllnetric well, since this is the situalion oflen met in prac-
lice, I.el LIS considcr [he transition cllergies .ó.E¡,'l = E2 - El
ami .ó.E'l,:~= E:~- E2. Note that lhe cnergy £:1 - E'l can
he wriuell as: E" - E, = (E" - El) - (E, - El)' This
permils lo wrile the transition E'l H E3 in Icrms of the tran-
sitioll energies El f-4 E2 and El H £:1' \Vc cxprcss the well
widlh as a funClion of the barricr hcight and lake the transi-
(ion energy hel\-\"ccn Iwo discrctc Icvels as a parameler. for
l\-vo dillcrcnt transitiuns. Arter, we seek for the v.'ell that has
simultaneottsly the two transition energies. For El' E:z anJ
E:{ frorn ( 1 ) one gets

"V2/IE" " J E"h = Iln - 2:lITSlII V' (7 )

Thc solution 01' the invcrse prohlem wilI he completeu whcn
bOlh Eqs. (11 a) equal,

The rool \';0' 01' Eq. (12) is lhe barrier height 01' lhe PW,
the well width a is ohlaincd hy evaluating any of the func.
lions (1 la).

Finally we show Ihe Illel!loll wilh a nUlllcrical exalllplc:
Let llS l"onsidcr a PW with the transitions 6£1,2 = 0.053 cV
and ~EI 3 = 0.139 eV corresponding to a PW with
(f = 1[, nll1'~lI1d \-"= 0,31 eV, and suppose that we only know
the values 01' the transitions ~EI ,'l anu /1£1,3' Figure 4 il-
lustrates lhe siluation. There. lhe transition energy .6.£1,2 as
a funclioll of lhe \-vell widlh (/ for diffcrent Vare plotted.
The value of ~EI,2 is also shown. sec the horizontal line.
The insel shows Ihe graphic 01' Eq. (11 a): (/ = f tJ.E, , (V, E,).
This curve represcnts lhe inlerscclion 01' the famlJy curves
~EI,".!((J) \-vilh lhe experimenlal value 01' the lransilion en-

Rel'. Mex. Fú . .J(, (6) (2()(X») 602-606
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FIGURE -l. Ocpcndcnce of (he transition cncrgy hclwccn uE1,2

n'r.\//.\ wel! widlh (J for differenl valucs of Ihe bmrier hcight \'. The
ill~Clrcprc~cnts the locus of alllhc wells conlaining (hc lransilion
cncrgy LiEJ."J;::: 0.056 eV

ergy t1EI,:1 = 0,053 cv. A similar family curves can he oh-
l¡¡incd l"or lhe Iransilion encrgy .6.El ,3 =0.139 eV and lhe
t:orrcsponding curve (f = ft::.E (V, El)' The graphical solu-

1,3
lion 01" the inverse prohlclll is delllonstralcd in Fig. 5 whcre
\'0;01 =0.:31 cV ami n~ol == 15 nm represent the intersection
rointofEq. (12).

3. Cnnc!usinns
In this papel', we have ueveloped a rnethou for the reconslruc-
lion (lf reclangular P\V (syrnmetric and aSYllll1lelric)provided
lhe v;¡lues (11' lhe energy levels are known, \Ve also have
shown Ilo\\' 10 restare a symmetric P\V when Ihe transition
cncrgies hcl\\'ecn the discretc encrgy ¡evels are kllown from
lhe experimenL This constitutes the case 01' major practical
inlerest.
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