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An updated didactical approach to Mathieu functions is presented as an alternative to the orthodox treatment. The matrix evaluation of
the angular Mathieu functions is not only pertinent, but long over due, after seventy five years of matrix quantum mechanics and with the

availability of computing tools. Plane waves are identified as generating functions of the Mathieu functions, showing their explicit expansions.

Some mathematical and physical applications are illustrated.
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Se presenta un enfoque actualizado yadiito para las funciones de Mathieu como una alternativa a la pregentaitidoxa. La evalua@n

matricial de las funciones de Mathieu angulares es no solamente pertinente sino retrasaet desgtenta y cincdias de megnica

cuantica matricial y con la disponibilidad de herramientas computacionales. Se identifican las ondas planas como funciones generadoras d
las funciones de Mathieu, mostrando sus desarrollosatqd. Se ilustran algunas aplicaciones mdtgoas y fsicas.

Descriptores:Funciones de Mathieu; evaluaeci matricial; funciones generadoras

PACS: 02.30.Jr; 02.30.Hqg; 02.30.Gp

1. Introduction Recent physical applications of the Mathieu functions
have been discussed by Ruby7]. His opening sentence
Mathieu functions were first investigated by that author inis “with few exceptions, notably Morse and Feshbach, and
his “Memoire sur le movement vibratoire d'une membraneMathews and Walker, most authors of textbooks on mathe-
de forme elliptique” in 18681], evaluating the lowest order matics for science and engineering choose to omit any dis-
characteristic numbers and corresponding angular functiorgussion of the Mathieu equation”. His review of the solution
in ascending powers of the intensity parameter. A decadef the Mathieu equation follows the orthodox treatmeijt [
later, Heine defined the periodic Mathieu angular functiondnvolving the evaluation of the characteristic numbers from
of integer order as Fourier cosine and sine series, withouthe continued fraction equation and then the evaluation of the
evaluating the corresponding coefficients; obtained a trancorresponding Fourier coefficients.
scendental equation for the characteristic numbers expressed The authors of the present article have become involved
in terms of an infinite continued fraction; and also demons-with Mathieu functions in connection with two recent works.
trated that one set of periodic functions of integer orderThe first one was the review of the doctoral thesis “Formal
could be expanded in a series of Bessel functi@jsHlo-  analysis of the propagation of invariant optical fields with
quet published his mathematical work “Sur les equationslliptic symmetries” [8], in which the orthodox method of
différentielles ligairesa coefficients periodiques” containing evaluating the Mathieu functions was also used. The second
the theorem named after hirg][ and Hill his memoir “Onthe  one is about the bidimensional hydrogen molecular ion con-
path of motion of the lunar perigee” introducing the determi-fined inside an ellipse, which can be solved in a matrix form
nant named after himi], both works having played relevant following the methods of quantum mechanit8]|
roles in subsequent investigations of the Mathieu functions The last two paragraphs contain the motivation to revisit
and their extensions. the Mathieu functions. Section 2 is devoted to the separation
For the purposes of the revisiting in the title of this pa- of the Helmholtz equation in elliptical coordinates leading
per, reference is made to Chap®€r on Mathieu functions to the canonical and modified forms of the Mathieu equa-
by G. Blanch in Ref. 5. The reader is also referred to someions. The orthodox method to construct the angular Mathieu
of the classical books on mathematical methads (] and  functions is briefly described as a point of comparison. Its
specific books on Mathieu function$1-16] whose authors extension for the construction of the radial Mathieu func-
made original contributions to establish mathematical protions is also mentioned. In Sec. 3, their matrix evaluation is
perties, to develop physical applications and to evaluate niformulated, recognizing that the output from the matrix dia-
merical values of such functions. Humbert's monograph congonalization provides simultaneously the values of both cha-
tains the bibliography up tt924 [11], and McLachlan’s book racteristic numbers and Fourier coefficients. In Sec. 4 another
provides a historical introduction and updated bibliographygap in the study of the Mathieu functions is also filled in. It
through1947 [15]. is well known that the majority of the special functions can
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be obtained from generating functiorig,[but the Mathieu The substitution of Eq. (6) or (7) in the differential Eq. (5)
functions have been so far an exception. We have identifietbads to three-term recurrence relations for the Fourier coeffi-

that plane waves are also their generating functions showingientsAggij( ) or ngig( ). Their explicit forms appear as

the corresponding series expansions in products of radial angys 20.2.5-20.2.11 in Ref. 5. The ratios of consecutive coef-
angular Mathieu functions. In the final section a discussion igjcients of the same parity then satisfy two types of continued
made of illustrative mathematical and physical applicationgractions, appearing as Eqg0.2.12-20.2.20 in Ref. 5. The

of some of our results.

2. Helmholtz equation in elliptical coordinates

Elliptical coordinateq0 < u < 00,0 < v < 27), are de-
fined through the transformation equations to Cartesian coo
dinates:

x = ccoshucoswv,
1)

wherec is the common semifocal distance of confocal el-
lipses with eccentricitie$/ cosh u, and confocal hyperbolas
with eccentricitiesl / cos v.

Helmholtz equation in these coordinates takes the form

& ot

6u2 Ov?
and is separable. In fact, it admits factorizable solutions

Qﬂ(% U) = 3)

y = csinhusin v,

2
cosh 2u—cos 2v)

}+4P}¢< =0, @)

Uu)V(v),

convergence of the Fourier series of Egs. (6) and (7) requires
that the coefficients!,, and B,,, vanish asn — oo, which
implies the vanishing of the respective infinite continued frac-
tions. The corresponding roots are the characteristic numbers
gy Qo 1, Doy by, from EQs.20.2.21-20.2.24 in Ref. 5.
Ince developed the numerical methods to evaluate the char-
acteristic numbers accurately, and from them the ratios of the
Fourier coefficients, and finally the coefficients themselves
taking into account the normalization of Egs. (6) and £0)[
Ince’s method became the orthodox method to evaluate Math-
ieu functions.

The orthonormalization for the Mathieu functions in
Egs. (6) and (7) is the same as that of the cosine and sine
functions, namely,

2
/c%mw%mmm:mm7 (®)
0

2
/S%m@%mwm:mm. ©)
0

This normalization convention leads to the conditions on
the respective Fourier coefficients:

where the respective factors satisfy the ordinary differential

equatlons
d2
[d 5+ 2qcosh2u} U(u) = aU(u), (4)
d2
{d 5 2q0052v} V(v) = —aV(v). (5)

Hereq = k2c?/4 is the intensity parameter andis the se-

204577 + (A2 + ...+ (A3)* +... =1, (10)
(A?’““)2+(A§T“)2+- (Aizﬂ)2+ =1, (11)
(B3")? + (BY)? +...+(B)? +... =1, (12)
(B%"“>2+(B§"“>2+- (BSLI%)2+ =1 (13)

Notice the factor o in the first term of Eq. (10), associ-

paration constant. Equation (5) is the canonical form of Ma-ated with the normalization tr of cos mv for m = 0.

thieu’s equation, and Eq. (4) is the modified form. They are

connected through the substitutioms— iu andV — U, so
that the elliptical or radial Mathieu functiori$ can be ob-

In the limit in whichq¢ — 0, Eqgs. (6) and (7) guarantee
that the Mathieu functions tend to the respective cosine and
sine functions of the same order. Mathieu made the analy-

tained by analytical continuation of the hyperbolic or angularsis of the vibrations of an elliptic membrane for small values

Mathieu functiond/.
The periodic angular Mathieu functions can be expresse
as Fourier series of four different types:

27"+P
Z A2>+z)
2r+17
Z B2s+p

whenp = 0 their period ist, and wherp = 1 their period

cos [(2s +p)v],  (6)

ST ()

sin (28 + p)v] (1)

Se?'r+p v q

of ¢ obtaining power series in this parameter for the charac-
teristic values and the periodic functions, corresponding to
Eqgs.20.2.25-20.2.26 and20.2.27-20.2.28 in Ref. 5, respec-
tively. In the context of quantum mechanics these expansions
can be understood as the result of applying perturbation the-
ory in different orders of approximation, taking the circular
membrane as the nonperturbed starting problem.

The radial Mathieu functions are obtained by analytical
continuation from those of Egs. (6) and (7):

CeQr—Q—p(Za Q) = Ce2r+p(iza Q)

is 2. The characteristic numbers for the even solutions of

Eq. (6) are represented as;. , ,,(q), and for the odd solutions
of Eq (7) ag)2r+p(q)'

27 +p

A0 (14)

_ZA

s=0

q) cosh [(25 + p)z],
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and

o0

Seg,p(2,q) = —isey, ,(i2,q) = Z B;;ig( ) sinh [(28 + p)z}, (15)
s=0

involving the same expansion coefficients.

The radial Mathieu Eq. (4) can be rewritten in terms of the alternative argur@gfifsoshu or 2,/gsinhu. Then it
can be solved as series of ordinary Bessel functions. The expansion coefficients turn out to satisfy three-term recurrence
relations closely connected with the corresponding ones appearing in the angular Mathieu functions. Here we simply borrow
EQs.20.6.3—20.6.6 in Ref. 5 to illustrate the point and as a reference for the analysis in Sec. 4:
cey,. (T ad
2;1(%2,;‘1) > (A% Ty (24/Gcosh z) = Ceﬁ# Z AZr T, (24/gsinh ), (16)

k=0

CeQr(za q) =

cehr1(5:4) & ,
Cezry1(z,q) = % Z( )M AZ Y Jop 1 (24/q cosh 2)
VaA k=0

o0

C627’+1 (07 Q)

= cothz Y (2k + 1) A3 Jop 11 (2/gsinh 2), 17)
1 k=0
Se,?r(%’ q) - k 2r 3 Sel27*(07 q) - 2r :
Sear(z,q) = — tanh z Y _(—)*2kB3} T, (24/g cosh z) = g cothz Y " 2kB3} Jp,(2y/gsinh 2),  (18)
2 k=1 2 k=0

seg,11(5, 4 =
Sear+1(2,q) = M tanh z Z(—)k(Zk: + I)BSQEJ%_H@\/& cosh 2)

2r+1
\/aBl k=0
seb,.+1(0,q) .
: Ezm& Z ngﬁ‘]ww—l 2,/qsinh z). (19)
\[ k=0

3. Matrix evaluation of angular Mathieu functions

In this section the matrix solution of Eq. (5) is formulated. The Fourier series of Egs. (6) and (7): dividéd, liry order to
have basis functions normalized to one, are the starting point. Then it is straightforward to construct the matrices of Eq. (5),
with a change of sign in its LHS and RHS, in the respective bases. The results are:

[0 Vv2¢ 0 0 ... 1 [V24,] V24,7
V2¢ 4 q 0 ... A, A,
0 qg 16 gq ... Ay A,
= Qg . ’ (20)
q (25)2 q AQs AQS
[1+q g 0 O 11 Ay T [ A ]
g 9 q O Ay Aq
0 g 25 ¢ Ag Ay
= a2r+1 s (21)
g (2s+1)° q| |Asps Agepa

Rev. Mex. 5. 48 (1) (2002) 6775



70 ENGLISHL. CHAOS-CADOR AND E. LEY-KOO

4 ¢ 0 0 B, B,
qg 16 g O B, B,
0 g 36 ¢ Bg By
=by | | (22)
q (25)2 q| |Bas B,
l—q ¢ 0 0 ... 17 B, T T B, T
q 9 ¢ 0 ... By By
0 q 25 gq ... By By
= b2r+1 . (23)
q¢ (25+1)* q| |Bas Bysia

For the sake of simplicity coefficients is not written. No-
tice the/2 factor in the first element of the eigenvector of '~ . ) ) )
Eq. (20) needed to compensate for the extra fatfar2r tion is no Io_nger valid. In fact_, our didactic and practical
in the normalization of the respective basis function. AlsoPTOPOSition is to use the matrix form of Egs. (20)~(23) to
notice the tridiagonal and symmetric character of the matriSOIVe EQ. (5). Conceptually, the eigenvalue nature of the
ces representing the Mathieu equation operator. The commdioPlem is emphasized in this approach. Practically, the asso-
and different elements in Egs. (20) and (22), and in Egs. (6 |ateq secular Qetermlnant is s!mpler and more fgr_nlhar than
and (7), are also worth noticing. .he Hill determinant. Computz?\tlor)ally, thg ayallablllty of re-

Of course, these equations are equivalent to the thrediable, fast and a_ccurate matrix dl_ag_onallzatlon programs al-
term recurrence relations behind the orthodox methocﬂows the evaluation ofV characteristic numbers and its res-
of evaluating the Mathieu functions. A quotation from PECtVEN eigenvectors, in a single run for & x N matrix.
Blanch E] is pertinent in connection with the numerical As an illustration of the matrix evaluation of the Mathieu
imp|ementation of the orthodox method: function by USing].O x 10 matrices forq =0—-5and30 x 30

« _continued fractions can be converted to determi-matrices forg = 5-25, the respective characteristic numbers
nant form. and eigenvectors are obtained, matching and improving the
_a determinant with an infinite number of rows— a &ccuracy of their corresponding values tabulated in Ref. 5.
special case of Hill's determinant. Although the deter- ~ We close this section by pointing out that Floguet solu-
minant has actually been used in computations wherd0ons

high speed computers were available the direct use of e .

thg cogtinued fra?ction seems much less laborious.” F,(2) = Z cape’ 20 (24)

After three decades and a half, the availability of comput- h=oo
ing tools is so widespread that the last sentence of the quot&f EQ. (4) can also be formulated and evaluated in matrix

form:
q (_277’ + V)2 q C_on C_on
0 ¢ (=2+v)* ¢ 0 €2 C_ g
0 q 2 q 0 o | =a| ¢ (25)
0 g (2+v)? ¢ 0 Co Cs
q (2n + V)2 q C2n ch

wherev is the characteristic exponerif |
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4. Plane waves as generating functions of These equations also mean that the plane waves are genera-
Mathieu functions ting functions for the circular waves.

The perusal of the literature on Mathieu functions shows

The plane waves that there are not explicitly recognized generating functions
Y(x,y) = otk _ ik atik,y) (26)  for them [I-16]. Since Mathieu functions are the solutions
and circular waves of the Helmholtz equation in elliptical coordinates, the exis-

, tence of such generating functions could and should be ex-

V(ps ) = Jp(kp)e™? (27) pected. Indeed, in this section plane waves are identified as

are regular solutions of the Helmholtz equation satisfyinggenerating functions of elliptical waves, showing their ex-

orthogonality and completeness properties in their complicit expansions as series of products of regular radial and

mon domain(cc < = < oo,—0c0 < y < oo) and angular Mathieu functions.

(0 < p<o00,0<p<2m). Such properties allow the ex- The starting point is Eq. (28) using the elliptical coordi-

pansions of plane waves as superpositions of circular wavesiate representation of the Cartesian coordinate, Eq. (1), with
o the result

eikm — eikpcostp _ Z nLJm(kp)eim<p7 (28) | ‘ o ‘
m——oco ezk;v _ ezkccoshucosv _ Z ’Lme(kC cosh u)ezmv. (30)

oo m=—0o0

iky _ _ikpsing __ m imep
eV =e = -1)"J,, (kp)e"™?. 29
m;m( )" I (k) (29) Next, the even and odd terms in the summation are grouped

| together to obtain

i2Vdcoshucosv — 7.9 /g coshu) + 2 Z )°J54(24/q coshu) cos(2sv)

s=1

+2i Z )* Jas11(24/q coshu) cos[(2s 4 1)v], (31)

where the replacemeht = 2, /g has been made.
Since the Fourier and angular Mathieu function bases arle ,

both complete and orthogonal in the same domain, the first o541, 1 T

ones can be written as linear superpositions of the second 2r4p(0) = T Jo ey, (g, v) cos[(2s + p)v] dv

ones:

= Ayuip(a), (34)
cos[(2s + p)v Z Agiig (q)ceq, (v, q), (32) - 1 2
BQ;’+£(q) = ;/ 8627.+p(q,1}) sin[(2s +p)’U] dv
0
sin[(2s + p)v Z B;fig (q)seg,4 (v, q). (33) Bg;i;(q) (35)

These are the inverse transformations of Egs. (6) and (7gxcept forAj, = 243", associated with the different norma-
The corresponding transformation coefficients are connectelzation of cos(2sv) for s = 0.
by a simple transposition Then the successive substitutions of Egs. (34) and (32),
| and the result in Eq. (31) leads to the result

o0
ei2vacoshucosv Z )¥J2s(24/q coshu) ZA q)ces,. (v, q)

= r=0
)

+2Z Z J2s 2\/aCOSh U)Z ASZI% (q)662r+1 (’Ua q) (36)

r=0

The exchange of the summations over the indicaads gives
o0 o0

ei2Vicoshucosv _ 9 Z cey,. (v, q Z )* A3 (q) Jas(21/q cosh u)
= s=0

+27’Zce2r+1 (v,q) Z Ag;i% (9) 22;++11(2\/‘71005h“) (37)
r=0 s=0
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The final step is to recognize that the summations over the indme the even and odd order regular radial Mathieu
functions, except for the normalization factor, according to Eq . (16) and (17), respectively, with the final result

2r+1

ei2\/§coshucos v_9 Z ( q) Cle+1(u7 Q)Ce27‘+1(v7 q) (38)
PRI

r=0

AT VAL
——Cey,.(u, q)cey, (v, q) — 2i
cey,(5,4) 2 ez ; CeYyy1
Similarly, if we start with the plane wave of Egs. (29) and (2)f§owe obtain

o0

ei2vasinhusinu _ Z (=1)™J,,(2y/gsinhu)e™ = J (2,/gsinhu) + 2 Z Jas(24/gsinh u) cos(2sv)

m=—o0 s=1
+20 ) Joey1(2/gsinhu) sin](2s + 1)v]. (39)
s=0

By writing the Fourier basis functions in terms of the Mathieu functions, Egs. (32) and (33), and using the relations between
the transformation coefficients of Egs. (34) and (35), Eq. (39) becomes

e?2Vdsinhusinv _ ZZceZF q,v ZA q)Jos(24/gsinh w) —|—2225€2,+1 q,v ZBSZLI )Jos11(2y/gsinhu). (40)

Now the sums oves are identified with the corresponding regular radial Mathieu functions of Eqgs. (16) and (19), respec-
tively, with the final expansion

27+1

) . . x AQT’ f
ezQﬁsmhusmv -9 Z )CGQT(U q)ce%(v q + 23 Z

r=0 cey, (0, ¢ )Se2r+1(“»q)sezr+1(U7Q)~ (42)

2r+1(0 q
Equations (38) and (41) represent plane waves as generating functions of the Mathieu functions. Next we analyze some of
their specific values and of their derivatives with respect to the hyperbolic coordinate for the special values ahdr/2,

in order to establish some of the other relationships and representations of the radial Mathieu functions of Egs. (16)—(19).
Equation (38) fon = 7/2 and Eq. (41) fow = 0, give the same result

1=2) " A§"(q)Cey, (u, q), (42)

r=0
analogous to 9.1.46 for Bessel functions in Ref. 5.
The first derivative of Eq. (31) with respecttas

—i2,/q cosh u sin pei2vacoshucosv — 9 Z ¥ J5s(2+/q coshu)2s sin(2sv)

—2i Z )*J2s11(2y/q coshu)(2s + 1) sin[(2s + 1)v]. (43)
Then the use of Egs. (33) and (35) allows rewriting it as

—i2,/q cosh u sin ve'2vacoshucosv — 9 Z seq,. (v, q) 2(71)325332%3(2\/6 coshu)
= s=1

_zzzsew v,q) Y (=)*(2s + 1)B3 11 Ty 1 (2/g coshu). (44)
s=0

Now the value of the exponential for= 7/2 can be rewritten as

oo

Se?r+1 2 ) q 2r41
1= ; Jacoshu ;) #(2s +1)B5. 71 Jos 1 1(2¢/qcoshu). (45)
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The first derivative of Eq. (41) with respecttds

(oo}
) ) i AZT
i2,/q sinh u cos ve'2vasinhusinv _ 9 Z ———Ce,,(u, g)ceh, (v, )
r=0 Cle(Oa Q)

o 2r+1

+2i Z L

m862r+1 (u, q)seh, 1 (v,q). (46)
—o " 2r )

Now the value of the exponential for= 0 becomes

— Bi""(q)
1= Z msezrﬂ(% q). (47)

The comparison of Eq. (45) and (47) leads to the representation of the radial Mathieu functions,

SeQrJrl r
Seg,yq(u,q) = fB2T+1 tanh U Z *(2s+1 Bgsill Jye11(2y/qcoshu), (48)

as an alternative to the one used in going from Eq. (40) and (41), and which is the other form of Eq. (19).
Similarly, the first derivative of Eq. (39) with respectdads

i2,/q sinh u cos ve'?Vasinhusinv — 9 Z Jo4(24/gqsinh u)2s sin(2sv)
s=1

+2i Z Jyer1(2¢/qsinhu)(2s 4 1) cos[(2s + 1)v], (49)
s=0
and can be rewritten in terms of angular Mathieu functions as

i2./q sinh u cos ve2vasinhusinv _ 9 Z seq,. (v, ¢q Z (25) B3t Jos(21/q sinh )

s=1

+2i Z cey,y1(v, q) Z (25 +1)B37H Jy, 1 (2y/gsinhu). (50)
r=0 s=0

Now the value of the exponential function for= 0 is represented as

o0 o0
Z Ce2r+1(0aQ) 2r+1 .
. £~ /gsinhu SZ:O(ZS +1) By {1 Jos i1 (2/gsinh u). (51)

The first derivative of Eq. (38) with respecttds

s 2r
2 cosh u sin vei2vacoshucosv _ o Z 7()”06%(% q)ceh,. (v, q)
= cez (5, 9)

o0 2r+1

. qA

—2i Z filwce%+1 (u7 q>ce/2r+1 (Ua q)' (52)
r=0 CCor41 (57 )

Now the value of the exponential function for= /2 takes the form

1= i MC@%+1(“»Q)~ (53)

coshu

r=

Then the comparison of Egs. (51) and (53) leads to the representation of the radial Mathieu function,

0, -
cear41(0,9) cothu 2(25 + 1)B3iH Joey 1 (2y/gsinhu), (54)

Cegpyr(u,q) = \/aA2r+1 2s+1
1 s=0

as an alternative of the one going from Egs. (37) and (38) corresponding to the other form of Eq. (17).
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On the other hand, the reader may notice that in Egs. (38) and (41) the Mathieu functions of even order and sine type do
not appear. Next, we establish their representations by taking their second derivatives with respériq. (44) and (50),
respectively,

[—i2,/q coshu cos v + (—i2,/q cosh usin v)?]e?2Vacoshucosv — 9 Z seb.. (v, q) 2:(—)S (25) B3t Jo4(21/q coshu)
r=1 s=1

oo

—2i ) seh, iy (v,0) D (=1)°(25 + 1) B3} Jye 11 (2y/G coshu), (55)
r=0

s=0

(25)B37 J5,(24/g sinh u)

M8

oo
[—i2y/gsinhusinv + (i2,/gsinh u cos v)?]e?Vasinhusine — 9 Z ses,. (v, q)
r=1

Il
N

S

NE

e}
+2Z Z S‘3/2T-|-1 (U> Q) (28 + 1)3521_11 J2s+1 (2\/§Sll’lh u) (56)

r=0

@
I
=)

Now the exponential of Eq. (55) far = =/2 takes the

form orthogonality properties of the angular Mathieu functions of
L seh (2,q) — . . Egs. (8) and (9), allow the evaluation of the expansion co-
1=> 20 cosh® u 255> (—1)°28B3T ]y, (2/gcoshu). (57)  efficients of the respective generating functions of Eq. (38)
3 2qcosh” u “— s
s and (41) with the results
Correspondingly the exponential of Eq. (56) for= 0 ey (%,q)
gives Cear(v,0) = T omAZ
oS (°%S) 2w
Se/ (qu) 2 . / -
1= —2 012N 25 B2 Iy, (24/gsinh w). 58 X cos[2/q cosh u cos v]ce,, (v, q) dv, (60)
;QqsinhQuS; sBas Jos 2/ sinhi ) (°8) 0
The comparison of Egs. (57) and (58) leads to theCe; 1(u,q) = M
. r+ 27T\/(jA§T+1

equivalent representations for the radial Mathieu functions
Se,, (u, q) of Eq. (18) with the conventional normalization.

27
Also both Eq. (57) and (58) can be rewritten as % /0 sin[2y/g coshu cos vjcey, (v, q) dv, (61)

CeQT(Oa Q)

oo BQT.

— sinh 2u

r=

1= Ce2r(u7q) =

Se2r (’U,, q) (59)
2m
X / cos[2,/q sinh u sin v]ce,,.(v, q) dv, (62)
0

se9,41(0, )
271'Bfr+1

To sum up this section, Egs. (38) and (41) are gener-
ating functions of the Mathieu functions. From the analy-
sis of some of their values and of their derivatives, differ- Sea, ;1 (u,q) =
ent properties of the radial Mathieu functions have been ex-
plicitly established. Specifically, their alternative represen-
tations of Egs. (16)—(19) and alternative representations of
one, Egs. (42), (47), (53) and (39). The reader can verify that g jntegrals involved are equivalent to four times the in-
Eq. (47) is analogous 16.1.47 and Eq. (53) t®.1.48 for  teqrals from O tar /2. Similar integral representations can be
Bessel functions Ref. 5. Equation (59) is the correspondinghtained starting from the derivatives of the generating func-
result forsinh 2u. The four equations can also be understoodqns, additional results follow from analytical continuation
as particular cases of Egs. (32) and (33) With= 0,p = 0)  of the variableu. The reader can check that they correspond
and(s = 0,p = 1), and(s = 0,p = 1) and(s = 0,p = 0), 19 Egs.20.7.20-20.7.24 in Ref. 5.
andv — iu, respectively. Concerning the physical applications of the Mathieu

functions, the reader is referred tol| 15, 17-19]. The faster
5. Some applications and discussion and reliable matrix method to evaluate the characteristic num-
bers and Fourier coefficients for the Mathieu functions may
The analysis of the last part of the previous section illustratebe easily implemented by those interested in developing other
some of the immediate applications of the generating funcphysical applications. The explicit identification of plane
tions of Egs. (38) and (41). Other applications lead to integralvaves as generating functions of elliptical waves has been
representations of the radial Mathieu functions. In fact, theof special interest in our group in order to investigate optical

27
X / sin[2,/gsinh usinv]se,, 1 (v, q) dv. (63)
0
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diffraction and electron transport in bidimensional structuressults of Sec. 3 and 4 in their study of the Mathieu functions.

with elliptical-hyperbolic boundaries. The revisiting in this paper does not pretend to be exhaustive,
From a didactical point of view, we recommend to teach-and we anticipate additional insights and extensions.

ers and students to incorporate some of the methods and re-
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