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Instituto de F́ısica de la Universidad de Guanajuato,
Apartado Postal E-143, C.P. 37150, León, Guanajuato, Mexico.

∗socorro@ifug3.ugto.mx
†octavio@ifug3.ugto.mx

Recibido el 24 de agosto de 2001; aceptado el 31 de enero de 2002

We study quantum and super quantum cosmology for a Friedman-Robertson Walker (FRW) flat universe in the presence of an inflation
exponential potential with the corresponding kinetic term for the scalar field. We exhibit exact solutions for the corresponding Wheeler-
DeWitt (WDW) equation and its square root. In both cases, solutions, as is known for the Bianchi models, of the formeiΦ exist, whereΦ is
the Hamilton-Jacobi function. For a particular factor ordering of the standard Wheeler-DeWitt equation we show a “wave packet” in which
for largex (with the radius of expansion of the universea ∼ e−x), ϕ the scalar field andx “compete” modulating the behaviour of the “wave
packet”.
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Se estudian soluciones cosmológicas cúanticas y supercúanticas exactas para un universo plano tipo Friedman-Robertson-Walker (FRW)
en presencia de un potencial exponencial de inflación con un t́ermino cińetico para el campo escalar. Se presentan soluciones exactas a la
ecuacíon de Wheeler-DeWitt (WDW) y su correspondiente raı́z cuadrada. En ambos casos, las soluciones, como es conocido de los modelos
Bianchi, son de la formaeiΦ, dondeΦ es la funcíon de Hamilton-Jacobi. Para un valor particular del parámetro de ordenamiento de factores
en la ecuacíon de Wheeler-DeWitt, se muestra un “paquete de ondas” en el cual para grandes valores dex (con el radio de expansión del
universo definidoa ∼ e−x), el campo escalarϕ “compite” conx en la modulacíon del comportamiento del “paquete de ondas”.

Descriptores: Inflación; soluciones exactas cuánticas; cosmologı́a cúantica supersiḿetrica; ordenamiento de factores; ecuación de Einstein-
Hamilton-Jacobi.
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1. Introduction

The best candidate for quantum gravity theory remains to be
superstring matrix theory [1, 2]. If it is indeed correct, it
should account for a quantum description of the universe.
However, a well understood second quantization of string
theory is not at hand. An attempt to search for quantum
models of our universe has been proposed, namely, to solve
the Wheeler-DeWitt equation for the effective action of string
theory [3, 4].

Actually, the validity of this approach remains an open
question. For example, within the context of Bianchi IX cos-
mology, in general relativity, it has been shown that imposing
additional symmetry on the model alters the physical predic-
tions [5]. It has, on the other hand, been argued that one can
find conditions that must be satisfied to justify the minisuper-
space approximation [6]. It has been claimed that the WDW
equation corresponds to the s-wave approximation [7], in the
string theory formalism. Nevertheless, the expectations seem
to be that the fundamental behaviour of the wave function
will be preserved [8], by considering a more general analy-
sis.

In principle, the wavefunction of the universe yields the
probability that a spatial hypersurface evolves from a given
initial state. However, ambiguities arise when attempting to
invoke such an interpretation due to the hyperbolic nature
of the Wheeler-DeWitt equation: a conserved current with
a positive-definite probability density is not possible. One

possible resolution of this and related difficulties is to extend
the standard quantization of the universe in a supersymmet-
ric fashion. Supersymmetry may help in the quantization of
gravity for a number of reasons.

In order to put in context the approach we present in this
work, we will briefly describe the main different formalisms
applied to supersymmetric quantum cosmology.

i) Those defined by means of the use of supersymmetry
as a square root [9–12], in which the Grassmann variables
are auxiliary variables and are not to be identified as the su-
persymmetric partners of the cosmological bosonic variables.

ii) The superfield formulation [13, 14], which permits lo-
cal supersymmetric quantum cosmological models to be con-
structed in a systematic way, getting in a direct manner the
corresponding fermionic partners and being able to incorpo-
rate matter [15]. These fermionic partners are not deduced
directly from the gravitino.

iii) Models based on supergravity. They have been stud-
ied using the Arnowitt-Deser-Misner (ADM) canonical for-
mulation and a four-component spinor formalism [16–18].
They have also been studied with ADM variables and a
two-component spinor formalism [19, 20]. Following this
scheme, matter has been also included [21, 22], taking
N = 1 as well asN = 2 supergravity. Further, Ashtekar’s
variables have been considered [23, 24]. Some of these mod-
els have already been presented in two comprehensive and
organized works, a book [25] and an extended review [26].
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The realization of these models needs a homogenization
ansatz, which is usually taken to be where the space coor-
dinates dependence of the metric is eliminated. That is, the
spatial derivatives are set to zero. In the case of supergravity,
the homogeneity ansatz should be formulated to be consistent
with supersymmetry.

It is also well known that one can transform the la-
grangian in the so called string-frame to the Einstein frame
[27]. In this work we will consider the Einstein frame to
describe a Friedman-Robertson-Walker flat universe, the la-
grangian will contain a kinetic term for the scalar field com-
ing from the dilaton field in the string frame and a potential
depending on this scalar field which we will consider an ex-
ponential function of it. It has been considered that theBµν

field could be responsable for the presence of these kind of
potentials [1]. This is one of the possible potentials which
fits with the present data and can be deduced by performing
a second order reconstruction of the COBE potential [27].

For this model, we will exhibit solutions to the WDW
equation in Sec. 2. A “Gaussian” state is also constructed for
which it is shown, for an enough large inflation scalar field,
that its approach to the singularity is slowed down by the
presence of the inflation field. The exponential of this scalar
field “compete” with the scale factor of the universe and
modifies the behaviour of the “Gaussian” state. The super-
symmetric quantum wave functions are exhibited in Sec. 3,
following the procedure in Refs. 9-12. We also observe a
tendency for supersymmetric vacua to remain close to their
semi-classical limits, because in this work and others [12],
the exact solutions found are also the lowest-order WKB ap-
proximations. Section 4 is devoted to final remarks.

2. WDW equation and its solutions

We start with the following classical hamiltonian that comes
from inflationary cosmological model:

H = e3x
(−P 2

x + P 2
ϕ + βe−µϕ

)
, (1)

wherex andϕ are the variables in the model, withβ andµ
complex parameters. In the quantum scheme, this hamilto-
nian is up to operator and we take the following representa-
tion for the operatorsPqu = −i∂/∂qu:

ĤΨ = e3x

(
∂2Ψ
∂x2

− ∂2Ψ
∂ϕ2

+ βe−µϕΨ
)

= 0. (2)

To include the factor ordering problem, we substitute the
following relation into (2):

e3x ∂2Ψ
∂x2

→ e3x

(
∂2Ψ
∂x2

− p
∂Ψ
∂x

)
, (3)

where the real parameterp measures the ambiguity in the fac-
tor ordering. So, the Wheeler-DeWitt equation, we can read
now

¤Ψ + p
∂Ψ
∂x

− βe−µϕΨ = 0, (4)

with ¤Ψ = −∂2Ψ
∂x2 + ∂2Ψ

∂ϕ2 is the d’Alambertian in two dimen-
sions with signature (-,+).

To solve (4) we use the separation of variables method,
makingΨ = X(x)Y (ϕ), thus we have

−Y
d2X

dx2
+ X

d2Y

dϕ2
+ pY

dX

dx
− βe−µϕXY = 0. (5)

We obtain the following two equations:

−d2X

dx2
+ p

dX

dx
= η2X, (6)

−d2Y

dϕ2
+ βe−µϕY = η2Y, (7)

where the parameterη is the separation constant.
Equation (6) is solved easily:

X = X0e
p
2

h
1+
q

1−( 2η
p )2

i
x + X1e

p
2

h
1−
q

1−( 2η
p )2

i
x
. (8)

We can identify (7) as a Bessel differential equation,
whose solution is

Y = Zν

(
±i

2
√

β

µ
e−

µϕ
2

)
, (9)

whereZν is a generic Bessel function with orderν = ±i 2η
µ .

Thus, the solution becomes

Ψη = XY =
[
X0e

p
2

h
1+
q

1−( 2η
p )2

i
x

+X1e
p
2

h
1−
q

1−( 2η
p )2

i
x
]

Zν

(
±i

2
√

β

µ
e−

µ
2 ϕ

)
. (10)

Since these solutions have the dependence in the parameter
η, the general solution can be put as

Ψgen =
∫

G(η)Ψηdη, (11)

whereG(η) represents a weighting function.
For the particular value in the factor orderingp = 0, the

solution is

Ψ(x, ϕ) = e±i 2η
µ xKη(±i

2
√

β

µ
e−

µ
2 ϕ). (12)

For this solution awave packetcan be constructed [28]:

Ψ(x, ϕ) = N e−
µ
2 ϕ sinh(

µ

2
x)

× exp
[
−2
√

β

µ
e−

µ
2 ϕ cosh

(µ

2
x
)]

. (13)

For largex thewave packetreduces to

Ψ(x, ϕ) =
N
2

e
µ
2 (x−ϕ) exp

[
−
√

β

µ
e

µ
2 (x−ϕ)

]
, (14)
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where the exponential functions depend onx−ϕ. We can see
that in this stadium, the scalar fieldϕ andx compitemodu-
lating the behaviour of thewave packet. So, when the singu-
larity is approached (large x), ifϕ is large enough, thewave
packetslows its approach to zero.

On the other hand, if in (1) we substitutePx = ∂Φ
∂x and

Pϕ = ∂Φ
∂ϕ (for zero factor ordering), where theΦ is known

as the superpotential function, thus we obtain the Einstein-
Hamilton-Jacobi equation

−
(

∂Φ
∂x

)2

+
(

∂Φ
∂ϕ

)2

+ βe−µϕ = 0, (15)

and using the separation of variables method, we have the
following solution for the superpotencialΦ:

Φ = Φx(x) + Φφ(φ)

= ±sx± 2s

µ


ln

√√√√√
1 +

√
1− β

s2 e−µϕ

1−
√

1− β
s2 e−µϕ

−
√

1− β

s2
e−µϕ

]
, (16)

where the parameters is the separation constant.

3. Supersymmetric quantum frame

We start giving the following super-hamiltonian:

Hsuper :=
(
H0 + K

∂2Φ(x, ϕ)
∂qν∂qµ

[
ψ̄ν , ψµ

])
, (17)

where the bosonic hamiltonianH0 corresponds to the one in
Eq. (4), K is a complex constant. Following Ref. [12], we
give the super-charges

Q=ψx

(
∂x+i

∂Φ(x, ϕ)
∂x

)
+ψϕ

(
∂ϕ+i

∂Φ(x, ϕ)
∂ϕ

)
, (18)

Q̄=ψ̄x

(
∂x−i

∂Φ(x, ϕ)
∂x

)
+ψ̄ϕ

(
∂ϕ − i

∂Φ(x, ϕ)
∂ϕ

)
. (19)

We suppose the following algebra for the variablesψµ

andψ̄ν , (µ, ν = x, ϕ) [12]:
{
ψµ, ψ̄ν

}
= ηµν , {ψµ, ψν} = 0,

{
ψ̄µ, ψ̄ν

}
= 0. (20)

Using the representation for these variables as
ψµ = ηµν∂/∂θν and ψ̄ν = θν , one finds the superspace
hamiltonian to be written in the form

HsuperΨ =
{
Q, Q̄

}
Ψ =

(
QQ̄ + Q̄Q

)
Ψ

=

(
−∂2

x + ∂2
ϕ −

(
∂Φ(x, ϕ)

∂x

)2

+
(

∂Φ(x, ϕ)
∂ϕ

)2

+ i
∂2Φ(x, ϕ)

∂x2

[
ψ̄x, ψx

]
+ i

∂2Φ(x, ϕ)
∂ϕ2

[
ψ̄ϕ, ψϕ

])
Ψ. (21)

This equation is similar to the structure in (17).
So, we obtain the following relations between superpo-

tentialΦ and the potential under study, that is not other thing
that the Einstein-Hamilton-Jacobi equation, whose solution
is given in Eq. (16):

V (x, ϕ)=−βe−µϕ=−
(

∂Φ(x, ϕ)
∂x

)2

+
(

∂Φ(x, ϕ)
∂ϕ

)2

. (22)

Also, in this scheme, any physical state must obey the
following quantum constraints

Q̄Ψ = 0, (23)

QΨ = 0. (24)

The wave function has the following decomposition in the
Grassmann variables representation:

Ψ = ψ+ + ψ0θ
0 + ψ1θ

1 + ψ−θ0θ1, (25)

where the componentsψ± are the contributions to the
bosonic sector, and,ψ0, ψ1 are the contribution functions in
the fermionic sector.

The supercharges read as

Q = − (∂x + iDxΦx)
∂

∂θ0
+ (∂ϕ + iDϕΦϕ)

∂

∂θ1
, (26)

Q̄ = θ0 (∂x − iDxΦx) + θ1 (∂ϕ − iDϕΦϕ) , (27)

whereDx = d
dx , Dϕ = d

dϕ .
When we use Eq. (23), we have the following set of par-

tial differential equations

(∂xψ+ − iDxΦxψ+) = 0, (28)

(∂ϕψ+ − iDϕΦϕψ+) = 0, (29)

∂xψ1 − iDxΦxψ1 − ∂ϕψ0 + iDϕΦϕψ0 = 0. (30)

Thus, the solutions for Eqs. (28 -29) are

ψ+ = ψ+xψ+ϕ, (31)

ψ+x = K+1e
iΦx ,

ψ+ϕ = K+2e
iΦϕ , (32)

whereK+1 andK+2 are integration constants. Finally, the
structure for the functionψ+ is

ψ+ = K+eiΦ, (33)

whereΦ is given in Eq. (16).
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Now, using Eq. (24) we have the other set equations

∂ϕψ− + iDϕΦϕψ− =0, (34)

∂xψ− + iDxΦxψ− =0, (35)

−∂xψ0 − iDxΦxψ0 + ∂ϕψ1 + iDϕΦϕψ1 =0, (36)

having the structure form forψ− as

ψ− = K2e
−iΦ. (37)

For functionsψ0, ψ1 we propose the following ansatz:

ψ0 =
∂R

∂x
eiΦ, (38)

ψ1 =
∂R

∂ϕ
eiΦ, (39)

whereR = R(x, ϕ) is a bosonic function.
Introducing (38) and (39) in (30), we find that the func-

tion R has the following structure:

R(x, ϕ) = Rx(x) + Rϕ(ϕ), (40)

and re-introducing on (36), we obtain

D2
xRx + 2iDxRxDxΦx = D2

ϕRϕ + 2iDϕRϕDϕΦϕ

= a0, (41)

that is easy to solve when we apply separation variables meth-
ods, for instance

DxFx + 2iFxVx = a0, (42)

with Fx = DxRx, Vx = DxΦx;

DϕFϕ + 2iFϕVϕ = a0, (43)

with Fϕ = DϕRϕ, Vϕ = DϕΦϕ.

The solutions forFx andFϕ are

Fx = a0e
−2iΦx

∫
e2iΦxdx + a1e

−2iΦx , (44)

Fϕ = a0e
−2iΦϕ

∫
e2iΦϕdϕ + a2e

−2iΦϕ , (45)

With that, using (38) and (39), we have

ψ0 =e−2iΦx

(
a0

∫
e2iΦx dx + a1

)
eiΦ

=e∓2isx

(
∓ ia0

2s
e±2isx + a1

)
eiΦ, (46)

ψ1 =e−2iΦϕ

(
a0

∫
e2iΦϕ dϕ + a2

)
eiΦ. (47)

In this point, we can mention that these contributions to the
wave function have a tendency to remain close to their semi-
classical limits, (see Ref. 12), and the exact solutions found
are also the lowest-order WKB approximations.

4. Final Remarks

We have exhibited exact solutions to the Wheeler-DeWitt
equation and its square root. Some of these solutions result of
the formeiΦ, whereΦ is the Hamilton-Jacobi function. The
same behaviour was found for the Bianchi models [29]. For
the standard WDW equation and a particular factor ordering
(3) we have found thewave packet(13). For large x thewave
packetreduces to (14), where the exponential functions de-
pend onx−ϕ. So, when the singularity is approached (large
x), if ϕ is large enough, thewave packetslows its approach
to zero.
Acknowledgments
This work was partially supported by CONACYT grant
E28454. We thank N. Lopez for critical reading of the
manuscript.

1. J. Polchinski,String Theory, an introduction to the bosonic
string, editors P.V. Landshoff, D.R. Nelson, D.W. Sciama and
S. Weinberg (Cambridge University Press, 1998).

2. T. Banks, W. Fischler, S.H. Shenker and L. Susskind,Phys. Rev.
D 55 (1997) 5112.

3. B.S. DeWitt,Phys. Rev.160(1967) 1113; J.A. Wheeler,Batelle
Rencontres(New York: Benjamin 1968).

4. K. Enqvist and D.V. Nanopoulos,Int. J. Mod. Phys. A4 (1989)
873 ; M.D. Pollock,Nucl. Phys. B315 (1989) 528; A. Lyons
and S.W. Hawking,Phys. Rev. D44 (1991) 3802; J. Wang,
Phys. Rev. D45 (1992) 412.

5. K.V. Kuchar and M.P. Ryan,Phys. Rev D40 (1989) 3982.

6. S. Sinha and B.L. Hu,Phys. Rev. D44 (1991) 1028; B.L. Hu,
J.P. Paz and S. Sinha,Directions in General Relativity, ed B.L.

Hu, M.P. Ryan and C.V. Vishveshwara (Cambridge, Cambridge
University Press 1993).

7. L. Susskind and J. Uglum, Talk presented at thePASCOS meet-
ing in Syracuse, New York, May 1994, hep-th/9410074.

8. J.J. Halliwell, Proc. 13th.Int. Conf. on General Relativity, ed.
R.J. Gleiser, C.N. Kozameh and O.M. Moreschi (Bristol: IOP
Publishing, 1993).

9. J. Bene and R. Graham,Phys. Rev. D49 (1994) 799; R. Gra-
ham,Phys. Rev. Lett.67 (1991) 1381.
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15. V.I. Tkach, O. Obreǵon and J.J. Rosales,Class. Quantum Grav.
14 (1997) 339.
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