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Multipole expansion of electrostatic and magnetostatic fields
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The multipole moments of an electrostatic or magnetostatic field and the components of the field itself are expressed in terms of two-
component spinor and of spin-weighted spherical harmonics, obtaining the correspondence between the Cartesian and spherical components.
It is shown that the2'-pole moment of a charge or current distribution defifyesot necessarily distinct, directions which determine the

angular dependence of the multipole field.
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Los momentos multipolares de un campo elechiisd o magnetoético y las componentes del campo mismo se expresagrennos de
espinores de dos componentes y dedritos eséricos con peso de €sp obtenéndose la correspondencia entre las componentes cartesianas
y eskricas. Se muestra que el momegitgolar de una distribudin de carga o de corriente defihgirecciones, no necesariamente distintas,
las cuales determinan la dependencia angular del campo multipolar.

Descriptores: Desarrollo multipolar; campo electrésico; campo magnetdstico; espinores de dos componentes;@ritos esricos.
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1. Introduction of a (one-index) spinor will be denoted by symbols like

In the standard treatment of the multipole expansion of théAj B,...= 1_’ 2) and the spinor indices will be lowered or
electrostatic or the magnetostatic field two alternative ap!@iSed according to the rules
proaches are followed, expanding the inverse of the distance _ B A_ __AB
between the source point and the field point either in terms of V4 =easy and V= ()
their Cartesian coordinates [1-4] or of the spherical harmonwhere
ics evaluated at the directions of these points [1,2,5]. The _ 0 1\ _ _aB
_ _ _ e =( 3 o )= @
first procedure is more elementary, but the expressions for 10
the terms in the multipole expansion after the dipole or theHere and in what follows there is implicit sum over repeated
quadrupole term become very involved and even the countinfdices. The mate of the spingr, is defined by
of the independent components of the multipole moments is R _ R e
somewhat complicated (see,g, Refs. 1, 4). On the other Ya =4 or Pt = =1y, ()
hand, the use of the spherical harmonics allows one to write ) )
down easily all the terms of the multipole expansion. where the bar denotes complex conjugation; thus,

The aim of this paper is to show explicitly the equivalence A 9 9
of these two approaches making use of the two-component ViPa = [Y1]” + [¢ho]” > 0.
spinor formalism, obtaining the correspondence between th& symmetric two-index spinowy 45 = vg4, corresponds to
Cartesian and the spherical components of the multipole maa (possibly complex) vector with Cartesian components

ments. In Sec. 2 we give the basic notions about the twog, j,... = 1, 2, 3) given by

component spinor formalism and the spin-weighted spherical 1

harmonics. In Sec. 3 the multipole expansion of the magne- v; = ——=0;"Buapg, 4)
tostatic field is considered, expressing the field and the multi- V2

pole moments in terms of spin-weighted spherical harmonicsyhere the connection symbals,z are complex constants
It is shown that th@!-pole moment of a bounded current dis- such that

tribution defined (not necessarily distinct) directions in the OiAB = OiBA (5)
three-dimensional space. In Sec. 4 a similar treatment for thgnd

electrostatic field is given.
J oiapo; P = —25;;. (6)

2. The spinor equivalent of a tensor and the Choosing the connection symbols as

spherical harmonics ( ) = 10 ( ) = i 0
01AB) = 0o -1 /) 02AB) = 0 i )
The two-component spinor formalism in Euclidean three-
dimensional space appears in the study of the spin of the elec- (034B) = < 0 -1 > 7 (7)
tron in non-relativistic guantum mechanics. The components -10
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one finds that satisfieso0, = 1 and the three mutually orthogonal vec-
Giag = —0 B, (8) tors defined by form the orthonormal basige,, eg, €4},

therefore, a symmetric two-index spinog g corresponds to induced by the spherical coordinate#, ¢, i.e.,

areal vector if and only itz = —v45.
From Eqg. (6) it follows that

(er)j = —UjABOAaB, (eg+ie¢)j = ojABvoB. (16)

, Since the spherical harmonics of ordeare of the form
0'apoicp = —(€aceBD + €ADEBC) ©)  cijom(@i/r) (@i )r)- - (z™/r), where thec,..,, are con-
stants with! indices, symmetric and tracefree, thé are
Cartesian coordinates amd = (2!)? + (22)? + (23)2
(see, e.g, Ref. 8), from Eqg. (16) it follows that
i the spherical harmonics of orddr can be written as
VA = 150 ABUL (10) CABCD..n0A0BoCoP ... oMGN  where the coefficients

cABcp...MN are constants totally symmetric in thed

Th.us, accqrding to Egs. (7) and (1,0)’ the compongnts of thgpinor indices [6,7]. Explicitly, the spherical harmonics are
spinor equivalent of a vector are given in terms of its Carte—given by

sian components by

(the tensor indices are raised or lowered by meaé’/adind
di;), hence Eq. (4) is equivalent to

20)! [20 + 1 1 1/2
; :i(v vy oL ylm:(_l)m( ') - ' |
1= ) 12 ok il 4 (I +m)l(l —m)!
1 (I—m) Ls, (I+m) 2's
Voo = ———= (Vg — 10y ). 11
2 \/5( v) (1) x ool 0158 .. 6%, (17)
In general, the spinor equivalent of a tensgr..;, is defined ! !
by where the parenthesis denotes symmetrization on the indices
1 1 . 1 enclosed€.9, M(apc) = §(Mapc + Mpca + Moas +

tABC’DmEF:ﬁUZAB EUJCD - ﬁUkEFtij--k- (12)  Macp + Mcpa + Mpac)). Since the number af*’s and
of 6'’s appearing in Eq. (17) coincide, the spherical harmon-
Then one finds thatygop...gr IS totally symmetric if and ics (17) are invariant under the transformation
only if ¢;;..., is symmetric and tracefree [6,7].

OA — eia/QOA (18)
Given a one-index spinor field one can construct the
real vector field (which implies thab? — e~**/254). A quantityn has spin
R weight s if under the transformation in Eq. (18) transforms
R; = —oiap? P (13)  according ton — ey, Thus, the ordinary spherical har-

i monics have spin weight 0.
and the complex vector field ) ) ) ) )
The spin-weighted spherical harmonics, for an integral

M; = o4 B, (14)  spin weights, can be defined by [9]
which, according to Eq. (9), satisfy {81;” Y2 s Yim, f0<s<i
R;R" = —(cacepp +eapepo)p PPypCyP Yim = (19)
~ L ooa1l/2_
= (Ma), (~)* [EE5] 8 Y, i —j<s <O,
(G—s)
A — TATB, C . D B
MM (EAchAD T eapeclVTYIYTY where the operator§ andd, acting on a function with spin
= 2(phy)?, weights are defined by
and, similarly,R;M* = 0, M;M* = 0; hence,R;, Re M;, on = — (ag + 7,2' Dy — scot 9) n
Im M; are orthogonal to each other and have the magnitude sing "~
VA 4. = —sin®0 (9 + 550s) (nsin~*0),
, N 20
In what follows we will make use of the spinor fietd', _ i (20)
with components on = — (89 — sin98¢ + scot 0) n

( 0! ) - ( 1972 cos(8/2) ) (15) = —sin""0 (9 — 5ig0s) (nsin®0),
2 el¢/2 Sin(9/2> ’ thUSY}'m = (]Y}m'

O
wheref and¢ are the usual polar and azimuth angles asso- The operator§ andd appear in the usual vector operators
ciated with the spherical coordinates. The spinor fiefd  in spherical coordinates
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1 - ‘ 1 ‘

Vf:(8Tf)er—§5f(e9—i—ze¢)—§8f(e9—ze¢), (21)
2 1 _
V.F= —%a,.(rzpo) + ﬁr(aF_l —3F), (22)
VxF= \/%T(SF,l +3F 1) e + ﬁ 0, (rF_1) +3Fy | (eq + iey) + ﬁ Or(rFyy) — aFoi (eg —iey), (23)
where
1 1 |
Fo= _EF"*“ Far = iﬁF' (eo £ies). (24) 3 Multipole expansion of the magnetostatic

eld

Owing to Egs. (9) and (16), these definitions are equivalent

to Fy = Fapo?0®, Fi = Fapo®oP, F_1 = Fap0o*o”,  The magnetostatic field in vacuum obeys the equations
where F4 g is the spinor equwalent of the vector fiel A

hence, the componeift, (s = 0,+1) has spin weighs. In VxB= —J, V-B=0, (29)

terms of its spin-weighted components (24), a vector field can
be written as wherelJ is the current density. By combining Egs. (29) one

finds that
1
- a ' 4m 47
V2Fye, \/§F*1(89+Ze¢) V2(r-B):—?r~V><J=? V-(rxJ) (30)
41 .
+ \[Fﬂ(eg —iey). (25) (cf. Ref. 1, Eq. (16.86)); hence,
i / V(' x J )
Equations (19) imply that Py

12 and assuming that the pointis outside a sphere enclosing
d }/Jm = [ (.] + 1) - 3(5 + 1)} s+1ij7 the sources,

(26)
63}fjm = _[.](.] + 1) - S(S - 1)]1/2 S—ly}m'

o 15‘3 i 4 Yim X
Furthermore, any function with spin weightcan be ex- 1o m ritt
panded in a series in the spin-weighted spherical harmon-
ics with spin weights and, for a fixed value of, the spin- X /T”Ylm(e’, V' - (x' x I(x')) do'
weighted spherical harmonics are orthonormal [9,7]

27 7 Z 2l47r : lemH_l ¢)
/ / Yim $Yirm sin0d0dp = 6,51 0mm.  (27) Lo
0
The spin-weighted spherical harmonig$},,,, can also X / v x J(r') - V' ('Y (0, 47)) dv'. (31)
be expressed in terms ofando as [6,7]
Thus, Y 0.9)
2j+1 (25)! e, B= Z fm A% (32)
Y., =(—1)" . ’
stim ( ) |: A (j + m)|(] _ m)' 2l + ]. T‘Z+2
(j—m) 1's, (j4m) 2's where, making use of Eqs. (21) and (26),
2j)! 1/2 — .
(j—i_s(){](')]_s)'} 0(101 _..01 0102,..02) . (28) Al :%/r % J(I‘) 'V(TlYlm(G,gb))dv
j+s j—s )
This expression applies also wheis a half-integer with = /TZJ(P) -t X VY (0, ¢) dv
) 1 -
j=0,1/21,..., —pe [ 1306) e x [V (e + i)
m,:—j,—j—i—l,...,j, +E§m(e9—ie¢)]dv
5:7]77]4»177.7 \/—
(1Yim J 1Y J_1)dv (33
and shows thatY;,, has spin weighs. V2ie fm LT ) (33)
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(cf. Ref. 5, Eq. (41.e)). Sinc#, is a constant (or, equiva-
lently, +1Yoo = 0), we haveagy = 0. Furthermore, from the
relationYy,,, = (—1)™Y; _,, it follows that (r x NAP = ir(J, 10408 — J_10%0P),

Al = (71)mal7_m.
Using Eq. (25) we find that x J = (ir/v/2)[J_1(es +
iey) + Ji1(eg — iey)], therefore, the spinor equivalent of and making use of Eq. (28) we see that, for 1, the (com-
r x J is given by plex conjugates of the) multipole coefficients (33) can also be
| written as

__ii+D

/ P (1Y Tt = 1Yo Ji1) do

@l
: \/ﬁic
(I—m) s, (I4+m) 2's (I—m) s, (I4+m) 2's
—1)™(20)! 20+1 1
&5-);( 1)’\/ v T U LG Bt g e
— v . - .
ic( )! 141 -1 -1 I+1

(I—m) 1's, (I4+m) 2's

(1™ [20+1 1 B —
B \/Qc(l—l)!\/ dr (l—&-m)!(l—m)!/rl rxd) Mol 02 5% dv. (34)

-1 -1

Sincev/2 T0(40p) IS the spinor equivalent af, this last ex-

pression shows that the coefficients, are proportional to II\/Iaking use of Egs. (23) and (26) one finds that the field in

the components of the spinor equivalent of the tracefree symeq. (37) can be written in the forlB = V x A, with
metric part of

o A 4T apm )
/(r X J)lx]xk' .. '$7,L dv - Z 21 + 1 Tl+1 2 l(l 4 1)

l,m

(cf. Ref. 4, Eq. (78)). X[—1Yim(eq +ieg) + 1Yim(es —ieg)], (38)
By virtue of the completeness of the spin-weighted spher-

ical harmonics, the remaining components of the magnetigyhich, in turn, can be expressedAs=r x Vi, with
induction can be expressed in the form

4m Alm lem
+ _
By (r) lezfz(m)(r)ilﬁm(eﬁ), (35) ¥ = _27; AU+ 1I(l+1) L’
for some function#l(jf). SinceV - B = 0, making use of whichis a solution of the Laplace equation. Alternatively, the
Egs. (22), (26), (32), and (35) one finds that field (37) can be written in terms of a scalar potential;, in
the formB = — V), With
(=) (+) ] 21 aT  apm
flm (T) + flm (7") - l+ 1 21 + 1 Tl+2 . 471_ i iflm

(’OM:ZQH—H—HNH’ (39)

Similarly, sinceV x B = 0 outside the sources, from 1m

Egs. (23) and (35) one obtaigﬁ,é;)(r)— l(ﬂt)(r) = 0. Hence,
which also satisfies the Laplace equation.
(i)( )= l A aim (36) The components of the spinor equivalent of the vector
2(1+1) 21+ 1 ri+2’ field (37) are [see Egs. (16)]

lm

Thus, 4 m
BOP =30 A (oY)

4 1 7 - 2l+1\/§7'l+2
T Qm ,m

B= L P Y

22l+1rl+2ll e oVix

l
bm +1/ = —1Yimo%o” +

1 7 l+1 [+1
X —1Ylm(99 + ie¢) + 5\/ m 1Y2m(90 - ie¢)] . (37)
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(I—m) 1s, (I+m) 2's

dr 1 V2 (™R @L 1) a —
BCD = m (C D 1... 2/\2.../\2) 40
2[21+1<z+m>!u—m>!} (S e A A RN (40)
bm (1+1) o's, (I+1) b's
(cf. Ref. 4, Eq. (72)). Hence, owing to Eqgs. (11) and (17), the Cartesian compon@tzrefgiven by
B, +iB, = V2B = —Zi 2 ) mt 1) Y aim Yisimin
o T 241 |20+3 1 gz
B, = \@312_2 A m;l(l-ﬁ-m—f—l)(l—m-kl) 2 Yit1m (a1)
c L2041 |20+3 [+1 27

lm

dr [2l1+1 1/2 atm Vi1 m—1
B, —iB, = —V2B'"' =) ———(-m+2)(1— 1 m_ Zltlm-1
o v2 21—}—1{21—#3( m+2)(l—m+1) 14+1 2

lm

These expressions show explicitly that the Cartesian compdthe tensor equivalents of/2 a(4aB), 23A4BB), ...,
nents ofB satisfy the Laplace equation, which was to be ex-/2(475)) in such a way that the symmetric tracefree part
pected since Egs. (29) imply that, outside the sources, thef [(r x J)iaz/z” - - - 2™ dv is the symmetric tracefree part of
magnetic induction (and, hence, each Cartesian componeantd’ - - - h™.
of B) satisfies the Laplace equation. The directions oh, b, ...,h need not be different; if the
Under a rotation about the origin, each point of the spaceproducta*a® appear times in the right-hand side of Eq.
r, is transformed into a point’ = R(r), whereR is an  (44) then by means of a rotation one can align the neuis
orthogonal linear transformation, and any scalar functionwith the vector equivalent af(“a?) (i.e., o is proportional
f, is transformed into the functio® f, with (Rf)(r) =  to ;! after the rotation), then, with respect to the new axes,
f(R™1(r)); thus, the scalar potentigly is transformed into
(45)

47 apm RYim W= a1 == apt =0
Rom = E

I+1 > .
L,m 2+1i+1r (hencea; _;, a;,—i41, - .., a;,—1+p—1 a@lso vanish). In the ex-

treme case wherg = [, only qyq is different from zero and
the corresponding multipole field is axially symmetric. Thus,
by means of a rotation (42) one can eliminate at least two,
! ; and at mosgl, 2!-pole momentsi,,,.
RYim = Z Dy (R) Yo For instance, for any given bounded current distribution
m/==l there exist two vectors, b, such that

sincer is invariant under the rotations about the origin. On
the other hand,

where theD! , are the WigneD functions (seeg.g, Refs. .
10, 11); hence, under a rotatidt) the multipole moment;,,, /(r x 1)) dv = al'b?) — Lakb,67. (46)
is replaced by

l
Z DL (R) aim (42) One can write down analogous expressionsifor 3, but
mm " they become highly involved, by contrast with the spinor ex-
pression (44).
The orthogonality of the spin-weighted spherical har-
mABmLE/ P (e x JYAB o€ . 0P 5F .. 5D) gy, (43) monics is useful if the expansion df.;(r) in terms of the

TT spin-weighted spherical harmonics of the corresponding spin

m/=—1

The integrals

weight is known. For example, the current density of a rotat-
appearing in Eq. (34) are the components of a totally symmeing uniformly charged sphere is of the form

ric 2(-index spinor; therefore there exidtone-index spinors
ad, g4, ..., 4 (the principal spinors ofn458 L) such that
mAP L = alAgP . A1) and sincemP " is the spinor  for some functiony(r); therefore,
equivalent of a real tensor (which amounts to the conditions
@im = (—1)™ay, ), mABL must be of the form [12,7]

J =g(r)sinf ey,

Ji1 = (+i/V2)g(r) sin 6.

AB-L _ (AsBpC72D . KoL)
m =a"av5s KR (44) Writing sin 6 in terms ofsin(#/2) andcos(6/2) we obtain

which means that the!-pole moment of a given current
distribution is determined by real vectors,a, b, ..., h sinf = 2sin(6/2) cos(0/2) = 20'0* = —26'6°
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(see Egs. (15) and (3)) which, according to Eq. (28), is pro-
portional to; Y1 or to _;Y3g. Thus, from Egs. (33) and (27)

one finds that thenly nonvanishing multipole momentis, o(r) = Z in W /r’lp(r’)Ylm(H’, @) dv'
hence the exterior field is exactly that of an ideal point dipole. ILm 20+1
Similarly, the field produced by a current distribution whose Yim (0, 6)
angular dependence is given by spin-weighted spherical har- = Z l+{ , (49)
monics with a single value dfis a2!-pole field. 2l + 1 "

with
4. Multipole expansion of the electrostatic field by = / 7 p(2) Vi (0, &) dv. (50)

Note thatb;,,, = (—1)"b,_,, but in the present case the
monopole momenty,, need not be equal to zero.
Substituting Eq. (17) into Eq. (50) we get the equivalent

The basic equations for the electrostatic field in vacuum are

V xE =0, V- E = 47mp, (47)  expression for the electric moments
B = ( 1)m(21)! 2041 1 1/2
wherep is the electric charge density. The first of these equa- ™ /! 4 (L+m)!l(l —m)!

tions implies the existence of a scalar potentialsuch that

. g . X (I—m) s, (I4+m) 2's
E = —V, which, therefore, satisfies the Poisson equation

X /p(r)rl ool 01 5%6% ... 6% du.
! 1

V2 = —4mp. (48)
Recalling thaty/2 ro(46%) is the spinor equivalent af, one
finds that the moments,,, are proportional to the compo-
Hence, nents of the spinor equivalent of the tracefree part of
p(r') ' /pxixj <™ dv.
v —r/|

By comparing Egs. (39) and (49) it follows that the analogs

of Egs. (37), (40), and (41) are obtained by replacipg by

(I + 1)by,y, in those equations; in this manner we find that the
| spherical components of the electrostatic field are given by

and, ifr is outside a sphere enclosing the charges,

dr (14 1)y l 1 l )
= Z 20+ 1T2m Yime, — 1 _1Yim(eq +iey) + Tri 1Yim(eq ze¢)1 (51)
and the components of its spinor equivalent are
" (1—m) L's, (I4+m) 2's
4r 1 (—1)™V2 20+ 1)! b T e o
AB _ m AB ol 0262 ...5Y
E 72 {21+1(l+m)!(l—m)'] 1! 2 2 9 2o c (52)
l,m (I4+1) o's, (I4+1) b's
Therefore,
By +iFE _—Zi 2 e ma U+ mt 1) Y g Y1
T T Lol 1 2043 P
dr 2041 2 Yiim
E, = Z {21+3(l+ —|—1)(l—m—|—1)] bim mEuat (53)

dr [2l+1 1/2 Yit1m—1
Z {2l+3(l—m+2)(l—m+l)] bim — 5
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Since the electrostatic potential is a scalar function, froma, b, ..., h are the vector equivalents of 2 a4aP),
Eq. (49) it follows that under rotations the multipole momentsy/2 5435, ... v/27A55). Aligning the z-axis witha one
b transform in the same manner as the multipole momentebtains

a;m (see Eq. (42)). The coefficients,, are essentially the
components of the totally symmeti2¢-index spinor

/p(r)rl oA PGP .G gy
—_—
l l
and therefore there exigtone-index spinorse?, 34, ...,
n?, such that

/p(r)rl oA oP P .50 du,
! l

which means that the tracefree part opziz? - - - 2™ dv is
equal to the symmetric tracefree partadt’ - - - h™, where

by=b-1=-=b—pt1=0,

wherep is the number of times that the direction @fs re-
peated among the directionsafb, ...,h. Hence, by means
of a suitable rotation, one can eliming2g multipole mo-
ments.

It may be remarked that the expressions for the static
fields derived abovee(g, Egs. (32), (37), (41), (51), and (52))
can be employed directly in the solution of boundary value
problems €.g, if the field is known on the points of theaxis
one can find the multipole moments making use of Eqgs. (37)
or (51)).
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