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Variational anisotropic model of Wannier excitons compared with
fractional-dimensional space approach
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Binding energy of Wannier excitons in a quantum well of thickness studied using two models: a two-parameter trial wave function and a
fractional-dimensional space with dimens®® « 6 3. Since both models provide quantitative measures of the exciton spatial anisotropy
asL changes, we give physical arguments for a plausible definitien-efa(L).

Keywords: Electron states and collective excitations in multilayers; quantum wells; mesoscopic and nanoscale systems.

Se estudia la eneig de amarre de excitones de Wannier en un poaatico de anchd. utilizando dos modelos: una furici de onda de
prueba con dos pametros y un espacio de dimebrisifraccional con dimenéh2 6 « 6 3. Ya que ambos modelos proporcionan medidas
cuantitativas de la anisotr@pespacial del exdn al cambia, damos argumentossicos para una plausible defirboidea = a(L).

Descriptores:Estados electinicos y excitaciones colectivas en multicapas; pozasticos; sistemas mes@gicos y de escala nandgica.

PACS: 73.21.-b; 02.90.4p

1. Introduction it deals with concepts such as metric space, integration mea-
sure, density of mutually perpendicular lines, etc. Also we
The electronic properties of highly inhomogeneous systemshould mention a paper by Wilsod][ which offers a simi-
such as confined systems have received much attention duar axiomatic description of spaces with non integer dimen-
among other reasons, to the possibility of growing high-sions. There exists interesting work on isotropic interactions
quality nanostructures with prescribed configurations, allow4in solids making use of fractional dimensionality—¥]. In
ing the control of physical properties such as carrier denparticular, we will employ here some of the results of a paper
sities, band gaps and bandwidths, and even dimensionalitisy He [7] where a simple hydrogenic Sdiinger equation
On the other hand excitons are important excitatidfs$tfat  is solved in the fractional dimensional space yielding exciton
strongly affect the electronic and optical properties of low-wave functions, bound energies and associated optical spec-
dimensional solids?]. tra as a function of spatial dimensionality.

The purpose of this paper is two-fold; in the first place  The structure of this paper is the following; in Sec. 2
we present a variational model calculation for large excitongve present a variational approach of an isotropic exciton in
(Wannier-Mott excitons) in a semiconducting quantum wella quantum well. In Sec. 3 we present results of fractional-
structure as a function of the width of the quantum well todimensional spaces for excitons and Sec. 4 is devoted to com-
exhibit their behavior between two and three dimensions (20parison of results of Secs. 2 and 3 and discussion.
and 3D). Secondly, we compare the variational exciton bind-
ing energy with the energy of an exciton in a space of alfep  Trial wavefunction for excitons between 2D
dimensions ¢D) where« is a real number between 2 and 3.

. : : ) . . and 3D.
In general, a fractional-dimensional space is an interesting
mathematical concept where the dimension is determined bype two-particle Hamiltonian in a quantum well can be writ-
the degree of anisotropy. In other words the anisotropic interge, g5
action in a 3D space becomes isotropic in a lower fractional- _
dimensional space. HY(x1,y1, 21,22, Y2,22) = By W(1, Y1, 21, T2, Y2, 22) , (1)

~ Amathematical basis for spaces with "non integer dimenyyhere  is the total energy of the system and we use the la-
sion” was developed by StillingeB] with five axioms; four  pels 1 and 2 for particles, andp, (electron and hole) is
of them topological and the fifth of them specifies an inte-gefined as

gration measure. In this formalism the dimensiens not PN PN
restricted to the positive integers buis a real positive num- H = Hy + Hy + Vip, 2)
ber and thex-dimensional space behaves like a conventional, 4 the Hamiltonian of each particle is

Euclidean vector space. The article of Stillinger is interest- N

ing from the mathematical point of view but it is probably H - —h V24V, (2) 3)
more indicated for mathematicians than for physicists since 2m,, " ’
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with v =1, 2, m, are the effective massed/, (z,) is  confinementz-direction both charged particles, and p,
the transverse confinement potential of each carrier and thiglectron and hole) are in their respective groundstate and

Coulomb interaction potential is they are free to move perpendicularly to thelirection in-
~ 12 teracting through a screened Coulomb potential
‘/int (T1—7‘2): 5 5 3’ (4)
6\/(901—1‘2) +(1—y2) + (21— 22) Vo = —€*/e|fi — .
wheree is the appropriate dielectric screening of the semi- _ . o
conductor media. A similar calculation of the exciton binding energy was per-
We assume that the electron and the hole are confined Hprmed by Bastardet al.[9] with two types of trial function.
an infinite square well potential of thicknebs One of them describes a 2D exciton since the main depen-
dence is on the 2D relative coordinatend corresponds to
Vi, (z,) = { 0 la| < Ly2 , our Eg. (5) withy = 0. By a 2D system we mean an exciton
0o |z > L/2 which is the solution of a bidimensional Sélinger equa-

and propose in cylindrical coordinates a binding variationation with a coulombic interaction term proportionalo* in
calculation of an exciton through the use of a two-parametePolar coordinates. The second one describes 3D exciton since

trial wave function §] the dependence is on the 3D relative coordinate

W = N cos (mz1/L) cos (mz2/L) 2} 1/2

{PQ + (21 — 22)

2 2 2 2 1/2
* exp{ {ﬁ e ) } } ©) corresponds to our Eq. (5) with = (. Although the real
. . . . : 1/2

where p and z; — z, describe the relative motion of the Coulomb potential proportional t§* + 2]~ can not be
electron-hole pair in the excitodN is the normalization con- exactly separated inandz coordinates, the 2D approachis a
stant andy and 3 are parameters chosen in such a way thagood approximation when the confinement in theirection
they minimize the exciton binding energy. Notice that the ar-s very strong and the wave functions in that direction are in
gument of the exponential in Eq. (5) describes in general atheir groundstate (very narrow 2D quantum layeis).[
anisotropic wavefunction. The system assumes that in the The exciton binding energy is obtained by minimizing
| with respect toy and3 the following expression:

h2ﬁ2 21/262ﬂ3 0 dq v 1/2
F(v,8)—E,=— / {qG s)+ — (¢* + 232 sGy (s)|, (6)
.0) ~ By A EPGI() Jo o (g2 +282)%° () ﬂ( ) 1(s)
whereF is an energy measured from the top of the valence bapds the band gaps = ¢ + % (q2 + 262)1/2,
™ dr? 3L 32r* exp(—5F)sinh(%f)
GO(S)ZW ﬁ+7_L43 27\ 2 )
s+ (%) s 5 52+ (%)
i (s) 2w {147T282 n 3s1L n 4874 n 6478 5674 967r6}
! - 3 3 5.2  JT4c  T76a3
s()y U0 2 T3 T IA? LA LSs
+ 2m {567r4 | om0 | Bt | B2m } exp(—sL)
3 4 643 ' 13 5 o2 - )
5(52+(2T7r)2) L*s = LSs L Lbs

and itis found thatv =2 = v2 /32G (7). According to quan-
tum variation method, with these expressions we proceed tg  Excitons in fractional-dimensional spaces.
find the values ofy, and 3, that minimize the energy for

different values ofL to obtain the exciton binding energy In a space ofv dimension &D) the Laplace operator pro-
Ep = |F (v, 80) — E,| (which is defined as a positive quan- posed by Stillingerd] is

tity). In the Fig. 1 one of the curves (solid line) shows the

exciton binding energy as a function bf This figure shows V2 — 19 <,,,o¢—1 8) _ i

that binding energies decreasedascreases, which is con- re=t gr or h2r2’

sistent with the values of the effective exciton Bohr radius,,are

a2 = ae/4 for 2D anda; 3 = a. for 3D meaning a more - h?2 O (. 09,0

spread groundstate wave function with increasing "= T sn®—2000 (Sm 39) @)
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40 . . . . . T

] ] where [ is the angular-momentum quantum number
354 i which satisfies the same rule as in a 3D system,
1) 1 namelyl = 0,1,2,....n — 1.

i )l The expressions (7) for all the resulting bound-state ra-

> 1 . . .

Q 254 4 dial and angular wave functions in arD space and the cor-
[1'd \

g \ 1 responding discrete bound-state energies are

w 204 \ .

O] \ 1 E

e AN

3 1.5 ~ N En,a = Eg - < 2 (9)
S N ] (n+ 252)

@ R 2

where n indicates the principal quantum number (starting
] with n = 1) and« the dimensionE, = (u/€*m.) Ey is
0o ; T - T : p : - the _effectiv_e Rydberg constant, = (mee/u) ag is the ef-

WELL THICKNESS (L/a.) f_ectlve exciton Bohr radius, wherBy anday .’_:1re, respec-

° tively, the atomic Rydberg energy and atomic Bohr radius,

FIGURE 1. Normalized exciton binding energies vs normalized andm, is the free electron mass. It should be noted that the
quantum well thicknesﬂ/ge. _Sol?d line indicate_s the vgriatio_nal bound-state energy only depends on the principal quantum
energyEs/E. and dash line indicates the fractional-dimensional number and that the orbital energy degeneracy is the same
result] By — Fql. for 1 < a < 3 [7]. Here we write only the groundstate wave
functions []:

corresponds to an angular momentun< r < oo and
0 < 0 < = are the radial distance and the related angle

a 1/2
measured relative to an axis passing through the origin. Th|sR ol )_<( 1)22 > /exp[_ 2 <r>]7 (10)
«

laplacian is to be applied to any functigiir, ) in an aD “T (a) a2 a—1\ae
space where the integration measure can be calculated using _— 1/2
the following formula: Op.a () =T (9) <2(a_1)> (11)
’ 2 7T ()
/ dr — M /dwafl /dg sin®=2¢ where the first subindex iR indicates the principal quantum
aD r (“T_l) ’ number and the second subindexiirand the first subindex
in © indicated.

wherel'(z) is the gamma functionl[l] anddr represents the FromEq. (9)E 3 — Ey = —E., E1 92— E; = —4E, and
volume element in the.D space. E,1 — E; = —o0. This results are consistent with the well-

Therefore the Wannier-Mott exciton time-independentknown excitonic spectra in 30], with the excitonic spectra
Schibdinger equation in anD space can be expressed asin 2D [10] and with the theoretical result of the fictitious sys-
follows: tem in 1D first studied by Loudon12]. As discussed above,

) o ) a mathematical approach to excitons in 2D is a good approxi-

A O (010 Fooe mation for very narrow quantum layers but the mathematical

r + ¥ (r,0)
2ure—1 or or 2ur?  er
= (E—Eg)(r.0), (8)

solution of excitons in 1D (vanishing both transverse dimen-
sions) leads to nonphysical stateR2]f

wherel? is given by Eq. (7).« is the dimension of a solid 4, Discussion

(herel < a < 3), radial distance- and related anglé are

two coordinates describing the relative distance vector  In order to compare the binding energ§: . — £,| as a

the aD spacer is the dielectric constant of the background, function of dimensior2 < a < 3 with the results of the vari-

E is the exciton energy measure from the top of the valencational calculation of Sec. 2, we need a modekot= «(L).

band, ang. is the reduced mass. For this purpose, from the variational wavefunctions we show
Equation (8) can be separatediaér, §) = R (r)© (),  inFig. 2 our calculation of

to yield (<| |2> )1/2

2 Ze — Zh )

LR o) + E’; ((E E,)+ < ) | e
an

)| PR (*),)""

r2

R'(r)+ 2

r

. , (being equal tc(<y2>1s)1/2 from symmetry considerations),
0" (0) + [(a = 2) ctg] © (6) + 1 (I + = 2) O (0) = 0, which yield measures of the exciton size in the and
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FIGURE 2. Variational calculation of |z, — zx|” 1s 1z /ae
(solid line) and 2 | '/? /a. (dashed line) vsL/a., which
yield information of excitons spatial extensions.

The agreement between the variational and the fractional
dimension models is reasonable. Obviously the choice of
a(L) is not unique since there exist several possible expres-
sions for« satisfying the aforementioned requirements. In

terms of
9 1/2
(e ==l),.)
1s

and (<x2>15)1/2 it is possible to introduce other formulae
with one or more adjustable parameters in order to obtain an
even better agreement in Fig. 1. However, within the spirit of
simplicity, we think that Eq.(12) contains the more important
physical information.

With quantum mechanical theory it is relatively easy to
accurately describe the transition of a 3D exciton to a low di-
mensional regime, and for this purpose we employed here a
variational method. However, to assign a “fractional dimen-
sion” to a 3D anisotropic physical entity (such as an exciton)
is not a straightforward task, despite the fractional dimen-

z—directions. This figure shows how both quantities ap-gjonality is a well define concept from the axiomatic math-

proach asymptotically the 3D bulk value for large as ex-

ematical point of view. Therefore it is necessary to resort

pected. On the other hand, since the exciton size is larger iReyristic arguments, as we did here. In other words, we ex-

2D thanin 3D,

((e),,)""?

grows asL decreases until it reaches the 2D bulk value.

Meanwhile

(=),

decreases asdecreases until it vanishes fbr= 0, since the

choice of hard-walls as confinement potential does not allo

any “spill over” of the wavefunctions outside the well.
Here we propose a simple way to findL) based on the
range of values of

(=), )"

and its monotonically behavior:

9 1/2
o =2+ ({lze =), )

which agrees with the values= 2 for L = 0 anda = 3 for
very largeL. Substitution of this recipe af in Eq. (9) yields
the dashed curve in Fig. 1.

12)

pect to have given an outline of how to interpret physically
the exciton spatial form in a fractional dimensional mathe-
matical formalism.

In summary, we have compared two different approaches
for anisotropic excitons in a quantum well. One of them is de-
rived directly from conventional quantum mechanical meth-
ods, whereas the other is the result of a more or less sophisti-
cated mathematical formalism. Although the latter approach

s a relatively novel one and gives by construction the right

results when the dimension is an integer, it is not clear how
it can be employed. Here we gave a plausible definition of
for non integer values, which is not unique, but contains the
main physical features of the system.

We hope that this article may stimulate further studies
of both anisotropic systems and fractional-dimensional ap-
proaches in low-dimensional systems.
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