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Evaluation and measurement of forces between two conducting spheres
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The forces between pairs of conducting spheres at different separations and with fixed potential differences are evaluated using bispherice
coordinates on the basis of Ref. 1. The experimental arrangement, the method and the results of the measurement of such forces are reporte
The analysis of the measurements is carried out by comparison with the forces evaluated for the corresponding values of the geometrical an
electrical parameters, finding a good agreement.

Keywords: Conducting spheres; electrostatic force.

Se evdlan las fuerzas entre pares de esferas conductoras a diferentes separaciones y con diferencias de potencial fijas, usando coordena
bieskricas con base en la Ref. 1. Se reportan el arreglo experimenta&tadary los resultados de la medinide tales fuerzas. El alisis de

las mediciones se realiza comparando con las fuerzas evaluadas para los valores correspondientesndettos gao&tricos y eéctricos,
mostéandose un buen acuerdo.

Descriptores: Esferas conductoras; fuerza electatisia.

PACS: 41.10 Dq

1. Introduction kept at a fixed potential difference, but differ in the geome-
try of the conductors, namely spherical and cylindrical, re-
This didactic article is aimed at both students and teaChe@pectively. In Ref. 2 the cylindrical geometry was chosen be-
of advanced undergraduate or graduate courses of electrgayse of its simple solution and corresponding didactic value;
magnetism. The references “On the evaluation of the came experimental work for the measurement of the forces be-
pacitance of bispherical capacitors” [1], Forces between tW@yeen pairs of cylinders at a fixed potential difference and
uniformly charged cylinders versus forces between two congjfferent separations has also been doBE Ip Ref. 2 it was
ducting cylinders” [2], and “Measurement of forces betweengso recognized that the solution for the spherical geometry
two parallel conducting cylinders” [3] provide the mathemat- hased on Ref. 1 could also be constructed, but requires some
ical, physical and experimental background of the problemy|aporate mathematics. Next we provide the details of such a

studied in the present article. _ construction, using some equations of Ref. 1 as presented in
The work deals with the forces between pairs of conductyhe Appendix.

ing spheres at different separations and with fixed potential e assume that one of the spherical conductors defined
differences. The gvaluatlon of suqh forces is developed ity = n; is kept at an electrical potenti&} while the other
Sec. 2 on the basis of the work ofo@gora and Ley Koo, gefined by = 7, is grounded. The electrical force on either

using bispherical coordinates for the description of the aspne is evaluated by integrating the Maxwell stress tensor
sociated electric field 1]. The experimental arrangement,

the method of measurement, and the data on the geometrical, 7 EE 7 E-E 1)
electrical and force variables are reported in Sec. 3, including 4 8w

a comparison with the forces evaluated according to the regyer its area,

sults of the previous section. Section 4 contains a discussion

of the above results, as well as other points of didactic inter- F= fd&i T= j[dc‘i- {EE_ T £ E] 2)
est. The Appendix presents the key equationsigingeded 4m 8
for the development of Sec. 2. In the case of conductors both the area elements and the

2. Evaluation of the forces from the electric €lectric intensity field are perpendicular to the surface. Con-

. . Lo . : sequently, the contribution of the second term in Eq. (2) is
field described in bispherical coordinates a half of that of the first term. Specifically, the force on the

The evaluation to be developed in this section on the basis dfrounded conductor is evaluated by using the electric field in-

Ref. 1 had already been anticipated in Ref. 2. Both article$€NSity from Eq. (A.10) and the unit vectgifrom Eq. (A.3),
deal with the same electrostatic problems of two conductor@Ptaining
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In the evaluation of this integral it can be pointed out that

the product of the scale factaish,,, Egs. (A.2), the unit vec- Glastar 4
tor 7js, Eq. (A.3), and the factorsgs hns — cos £)*/2 of the T .
electric intensity field, Eq. (A.10), leads to the cancelation AN
of the binomial factors. The integration over the azimuthal - @
angle gives zero for the terms in the transverse directions " Telescope ad
andy, and2 for the longitudinal term along. The remain- i \
ing integrations ove for the two terms in the binomial mul- o]
tiplying k£ correspond to the matrix element of €ps pigl
\
/Tr d¢ sin €N, Py(cos €) cos €Ny Py (cos €) FIGURE 1. Experimental arrangement to measure the forces be-
0 tween conducting spheres.
(I+1)
= 11,0
2+ 1)(20+3) 3. Measurement of the forces and comparison
l 5 with their calculated values
@-n@E+y " , , ,
(4) The experimental arrangement for measuring the electrical
forces between conducting spheres, maintained at fixed po-
and the orthonormality integral tential differences, involved electrical, aligning and force
. measuring instrumentations, as sketched in Fig. 1 and de-
/ de sin NPy (cos €) Ny Py (cos €) = 6. (5) scribed next. A PASCO ES-9070 Kilovolt power Supply
Jo with an output varying from 0 to 6 Kilovolts provided the
The final result is potential difference between the conducting copper spheres.
A cathetometer, with a length of 50 cm and an accuracy
of = 0.001 cm, was used to establish the vertical align-
L V2 Cicosh my)(l+ %) ment of the spheres and to measure their separation. An
By = kj Z sinh[(1 + 2)(m — n2)] Ohaus 300D electronic balance, with a capacity of 30 g, an
=0 2\~ 12 accuracy oft0.001 g and a reproducibility af 0.007 g, was
Cy(cosh my) (1 + %) used to measure the electrostatic force between the spheres.
X {sinh[(l+ %)(7)1 — )] Some of the_ details about the geometrical, electri-
) cal and mechanical arrangements and measurements are
— cosh nz{CHl(COSh m)(l+3) l+1 also described following the successive steps of the ex-
sinh(I + %)(771 —n2)] /(21 +1)(2] + 3) periment. Spheres with different combinations of diame-
ters2R =1.775, 1.111, 0.952, and 0.873 cm were used. One
Ci—1(coshm)(l = 3) ! g Of the spheres was hung from a horizontal glass rod using
sinh[(l — %)(Th —n2)] /(21 —1)(20 + 1)} - (6 a thin # 32 copper wire; the other sphere is supported by

a 20 cm high dielectric base resting on the plate of the bal-
Since the force is proportional to the square of the potenance (Fig. 1). The upper and lower spheres are connected
tial difference it is convenient to use the reduced fafgé’2.  to the positive and negative terminals of the power supply,
Its value depends only on the coordintgsandns of each  respectively, using # 32 copper wires. The voltage applied
sphere, which are determined by the geometrical paramde the spheres was measured with a high voltage tip cou-
tersRy, R andd through Egs. (A.4) and (A.6). Its experi- pled to a Fluke 79 digital multimeter; the chosen values were
mental value can be determined from measurements with dift’ = 7.5, 10.9, 14.2, 17.5 and 20.5 statvolts. The balance was
ferent values of the potential difference. placed on a concrete base in order to eliminate any vibrations,
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) ()
and it had a servomechanism to keep its plate fixed. The 1
vertical alignment between the upper sphere and the lower 0.15 — k
one was checked with the axis of the cathetometer’s lens.
The error for misalignment was estimated to be of the or- « R
der of + 0.01 cm. The cathetometer was used to measure %10 —
the closest distancA between the upper and lower spheres,
leading to the distancé= A+ R, + R, between their respec- 005 \
tive centres. Before the voltage is applied to the spheres, the
reading of the balance is adjusted to zero, 0.000 g; after the T T
voltageV is applied by turning on the power supply, the at- 0.00
traction between the spheres produces a negative reading 32 36 40 44 48
in grams. The numerical value of the force of attraction in d (em)
dynes is obtained as the product of this reading times the lo-
cal value of the acceleration of gravity, g = 978 ctnfer 7
Puebla City. If the spheres are not properly aligned, the up- AN
per sphere moves and the balance reading oscillates. Whe
the alignment is achieved, the upper sphere remains at res 4
and the balance reading is stable after a situation of electro-.
mechanical equilibrium is reached. This provides a criterion % 0-10 —
about the quality of the alignment. Each time it was satis- @ h
fied, the reading of the balance and the separation betweel
the spheres\ indicated by the cathetometer’s vernier were 0.05 —| Y
written down. The separation between the spheres was sys
tematically changed by raising the upper sphere. 1
The numerical results of the measured geometrical, elec- 16 40 44 48 52
trical and force parameters are reported in Table | and Figs. 2- dhem)
3, including the comparison with the theoretical values for
the reduced forcd” /V?2 from Eq. (6). The first three sets
of measurements involve pairs of spheres with different radii
and the same value of the potential difference, and they are 015 —  ®
presented graphically in Figs. 2a-c. The last two sets of
measurements correspond to a pair of spheres with the sam 7 S
radii R; = Ry = 1.775 for two different values of the poten-
tial difference, and are incorporated in Figs. 3a and 3b.
The theoretical formula of Eq. (6) is an infinite series, . BN
but its fast convergence has been numerically tested. Fot e
the first four sets of data in Table I, two or three terms are &8s =
sufficient to achieve convergence of the evaluated forces to R — 3
the reported accuracy. For the last set of data the number o \ \ \ \ ‘
terms had to be increased to 5-10 as the separation betwee e 0 44 0
the spherea\ became smaller from 0.22 to 0.02 cm.
The numerical comparison of the measured and evaluFIGURE 2. Reduced force versus distance for pairs of spheres with
ated values of the reduced forces, as reported in the lagedii @) R1 = 1.775cm, R, = 0.873cm, b) By = 1.775cm,
two columns of Table | and their graphical representations infiz = 0.952 and ¢)R, = 1.775cm, Rz = 1.11lcm. Experi-
Figs. 2 and 3, show their overall good agreement for sphere@ental _values in c_|rcles with error bars and theoretical values from
of different sizes at different distances and different potentiarEq' (6) in broken-line curves.
differences.
The last two sets of data faf = 20.5 and 3.75 statvolts ) )
cover the large and small separation domains, respectivel. Discussion
The continuous smooth increasing variation of the reduced
force as the separation decreases can be followed in the Tahe evaluation of the forces between conducting spheres
ble I. Notice the different scales for the reduced force inat given separations and potential differences has been dis-
Figs. 3a and 3b, which are necessary in order to appreciagissed in Sec. 2. The corresponding method and numeri-
the changes in the respective domains. For very small separaal results of measurement of the geometrical, electrical and
tions the voltage was reduced in order to avoid the dischargirce parameters have been reported in Sec. 3, including a
between the spheres. comparison with the values of the reduced force evaluated on

Force/V

(®)

0.10 —

Force/V ?
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TABLE |. Numerical values of the radii of the spheres &d R, (cm), the potential difference V (statvolts), distance between their centers
d(cm), reading of the balandd (g) and corresponding forde (dynes), measured reduced foEg¢V 2, and its counterpart evaluated from
Eq. (6)F;/V? ((dynes/statvoltS).

R: R» 1% d M F F/V? F/V?
1.775 0.873 20.5 4.72 13 13 0.0310.001 0.021
4.23 19 19 0.045 0.003 0.033
3.87 26 25 0.59¢ 0.004 0.051
3.50 43 42 0.100- 0.005 0.091
3.19 82 80 0.19@- 0.008 0.170
1.775 0.952 20.5 4.95 13 13 0.0310.003 0.032
4,52 19 18 0.043 0.004 0.045
4.16 26 25 0.05% 0.004 0.063
3.86 36 35 0.083 0.005 0.088
3.65 46 45 0.10% 0.005 0.115
3.46 64 63 0.156- 0.007 0.156
1.775 1.111 20.5 4.99 18 18 0.0430.004 0.039
4.65 22 21 0.05@ 0.004 0.051
4.38 26 25 0.05% 0.004 0.065
4.17 32 31 0.074- 0.004 0.081
3.86 47 46 0.109 0.005 0.119
3.64 67 65 0.155 0.007 0.165
1.775 1.775 20.5 8.30 7 7 0.01#70.003 0.012
7.40 9 9 0.02% 0.003 0.18
6.61 13 13 0.03% 0.003 0.027
5.95 20 20 0.04% 0.004 0.041
5.44 28 27 0.064- 0.004 0.060
5.07 38 37 0.088- 0.005 0.083
4.80 47 46 0.10% 0.005 0.110
4.50 67 65 0.155 0.007 0.159
4.33 86 84 0.20@: 0.008 0.206
4.20 108 106 0.252 0.009 0.259
1.775 1.775 3.75 4.26 3 3 0.240.08 0.23
3.77 12 12 0.8+ 0.02 0.90
3.67 30 29 2.1 0.4 1.73
3.63 46 45 3.2+ 0.6 2.64
3.62 56 55 3.9: 0.7 3.0
3.59 87 85 6+ 1 5.4
3.58 190 186 132 7.25
3.57 241 236 1% 3 10.9
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FIGURE 3. Reduced force versus distance for a pair of spheres with equaRadti 1.775 cm for large and small separations.

the basis of Eqg. (6). A good agreement between the experi-
mental and theoretical values was found.

W
AT

Some general and some specific points of didactic inter- S
A
R

A3
est are worth pointing out. The problem of the forces between ' ‘::‘\‘ N
two conductors involves geometrical and electrical elements. 33
In the cases of Refs. 2 and 3 and this work, the choices of
coordinates allow the simultaneous incorporation of both el-
ements in the formulation and solution of the problem. For
the cylindrical conductors the lowest harmonic term in bipo-
lar coordinates gives the exact solution to the probleth [
For the spherical conductors, the use of bispherical coordi-
nates leads to th&— separable harmonic expansion of the
electrostatic potential of Eq. (A.7), which in turn generates
the electric intensity field of Eq. (A.10), and this is the basis
for obtaining Egs. (3)-(6) for the force between the spheres.
The fast convergence of the latter is an indication that it has
indeed incorporated both the geometrical and electrical ele-
ments in the right combination. As a point of comparison, the
solution based on the infinite set of charge images on both
spheres, obtained by Maxwell3][ involves a much more
slowly convergent series.

A
Ak

The original question “Under what conditions can the
force between two conducting spheres be approximated by
Coulomb’s law?” which motivated our writing of Refs. 2
and 3 and the present article, was already answered in Ref. 2.
Here it can be taken up again emphasizing that the inverse
square law is valid for point charges or for uniformly charged
spheresie, monopole-monopole interaction. The charge dis-
tributions in the conducting spheres studied in the present
work are given by Eq. (A.12) and its counterpart fo&= 7;.
Figures 4 illustrate the charge distributions on the surfaces of
a) a pair of sphere with the same rafti = R, = 1.775 cm
and b) two spheres with very different radil, = 1.775 (b)
and R.2 = 0.01 .Cm’ respectively, as _functllons of tfgeb|- FIGURE 4 a) Surface distributions(d, &) for a pair of spheres with
spherical coordinate and the separation distahceheir de- equal radiiR; = R, = 1.775 cm. b) Two spheres with different
partures from uniform distributions reflect the importance of 5qii R, = 1.775 cm andR, = 0.01 cm as functions of the bi-
the electrostatic induction effect, and translate into deviationgpherical coordinate and separation distafice
from Coulomb’s force.
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A Appendix
The transformation equations between bispherical and carte- The positions of the conducting spheres are defined by
sian coordinates are the respective values of the coordinate- n; > 0 andn =
_asinfcosy _ asinsing 12 < 0 with the corresponding radii
cosh n —cos¢’”  cosh n — cosé¢’
L ﬁsinhn . A1) Ry = acschny,
coshy—cosE . Ry = —acsch, (A4)
The scale factors and unit vectors in biespherical coordi-
nates are given by, ]
a and centres on the z-axis at ,
he =hy = ———,
cosh n —cos¢
. z1 = acothny,
h, = —2snE (A2)
cosh 1 — cos§ 29 = a cothns. (A.5)
and
. h —1)(i jsin @) — ksinh 7si o i .
£ = (cosh ncos§ = 1)(icosp +Jsin ¢) sinh 7sin g The spheres become points in the limiting situa-

cosh 7 — cos ¢ tionsn; — oo ands, — —oo for which the radii of Eq. (A.4)

sinh nsin & (i cos @ + jsin @) + k(cosh ncos€ —1)  vanish and:; — a,z; — —a in Eq. (A.5); these points are

= cosh 1 — cos & > the so-called poles. The distance between the poles for the

A . . spheres described by Egs. (A.4)and (A.5) can be written in

p=—1smp+jcosy (A-3)  terms of the radii and the distance between the centres of the
|  spheresl as

oy — V(d+ Ri+ Ro)(d+ Ry — RZ)(d— Ry — Rp)(d — Ry + Rp) (A6)

The electrostatic potential function between the spherical condugterg, at a potential’; andn = ), connected to the
ground is given by the biespherical harmonic expansion

o

Cy(cosh ny)
s 1 =V sh n — s ¢)1/2 :
6l6-19) = Vileosh 1 —cos V7 3 ot

sinh [(1+ )~ m)NiPleoss), (A7)

where
1
Ci(coshny) = /’T sinf/NzPl(cosf/)df“’7 (coshr — cosé) 3
o (coshm —cos€’)2 -
14 = ZCI(COShm)NzPl(COS €. (A9)
= 2[N (SGCh 771)2 1=0
1

I 11 3 3 ) The reader may notice the presence of the binomial in

X2 P15+ g+ il gisechtm) (A8)  Eq. (A7), which is a reflection of th&— separability of the
Laplace equation. It is also easy to verify that the poten-
tial function satisfies the boundary condition at the respective
electrodes.

are the coefficients in the normalized Legendre polynomial The electric intensity field is obtained as the negative gra-
expansion of the inverse square root of the binomial dient of Eq. (A.7):
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. 0 .0 . 0
(& n, ) [5h58§ n+@h¢8w]¢(§’n ©)
o % s C’l coshm) [ dP(cos&) sin &
T (cosh = cos ) ZZ: sinh [( )( —n2)] {5 {Nl d& + 2(coshn — cos &) NIPZ(COSS)]

sinh g sinh [(I + %)(77 —12)]
2(cosh n — cos€)

3)cosh (1 )1 - m)| +

it [ (0 5)(0 = )|+ 0+ [mnose)}. a10)

In particular, on the grounded spherical conductor it be-
comes ! The total charge on the sphere is obtained by integrating
Eqg. (A.12) over its surface,

3
2

= V]
EEn=1n2,¢) = 777;1((303}1772 ~ cos€)

s Cl(coshm)(l—i—%) " 2
S e B VA8, A1) Qa= /0 /0 o(€.m, @) hedeh,di

=0 n=nz
which is perpendicular to the spherical surface. The same o= Ci(coshm)(I + 1)
holds at the other electrode. 27Ta Z Snh [+ 1) (m — )]
The electric charge distribution on the grounded sphere = n= e
follows from Gauss’s law, / de sin EN, Py(cos €)
X
o (coshmy —cos€)z
o(§,m=mn2,p) = E&n=mv) > 1YCy(cosh i )Cy(cosh )
N =MN2,p) = oS cos
o az (coshm)Ci(coshns) =y 4 o)
Vi 3 = Slnh +5)(m —1n2)]
= ———(coshne — cos§)?
Ta
. Cj(cosh I+1
X Z teoshn)(+3) b cose) (A12)
2 sinh [(1+ 2)(m — 112)]
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