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Two—photon absorption is theoretically analyzed within the semiclassical formalism of radiation—matter interaction. We consider an ensem-
ble of inhomogeneously broadened three—level atoms subjected to the action of two counterpropagating fields of the same frequency. By
concentrating in the limit of large detuning in one—photon transitions, we solve perturbatively the Bloch equations in a non-usual way. In this
way we derive an analytical expression for the width of the two—photon resonance that makes evident sub-Doppler two—photon spectroscopy.
We also derive an analytical expression for the Stark shift of the two—photon resonance.
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Se analiza tericamente la absor@n de dos fotones dentro del formalismo seasato de la interacon entre la radiaéin y la materia. Con-
sideramos un conjunto, con ensanchamiento inh@meg, dé&atomos de tres niveles sometido a la anaile dos campos contrapropagantes
de igual frequencia. Resolvemos perturbativamente las ecuaciones de Bloch del sistema de una forma no usuaidomes e efinite

de alta desintdi de las transiciones a un éot De esta forma obtenemos una expresinaitica para la anchura de la resonancia a dos
fotones en la que se pone de manifiesto la posibilidad de especfimstdp-Doppler a dos fotones. Tam@biobtenemos una exprési
analtica para el desplazamiento Stark de la resonancia a dos fotones.

Descriptores: Espectroscopiaptic clantica; precesos a dos fotones

PACS: 42.50.-p; 42.62.Fi.

1. Introduction by the linewidths of the two successive one—photon absorp-

tions. TPA also allows the coherent excitation of molecules
Two—photon absorption (TPA) is one of the most basicto states whose energies fall in the far ultraviolet, by making
radiation—matter interaction mechanisms. It consists in theise of visible radiation, for which coherent sources are easily
excitation of an atom or molecule from a lower quantum stateavailable.

1) to an excited stat2) of the same parity agl) in a sin- One of the most outstanding features of TPA is that it al-
gle step. In this case the initia! and finaI.s'tates cannot 'bR)WS sub—Doppler precision measurements [Raman scatter-
connected through an electric-dipole transition. Thus parityng also allows the investigation of transitions in which the
conservation implies that two light quanta must be absorbeghitia| and final states are of the same parity. With respect to
simultaneously. The theory of TPA was first developed bypgppler compensation, in Raman scattering it is only partial
Maria Goppert-Mayer in 1931 in her Ph.D. Thesig]. [ and the degree of compensation depends on the energy differ-

As a multiphoton process, TPA is closely related to Ra-ence between the initial and final molecular states]. This last
man scattering. In the latter process, one photon is absorbegct was first analyzed by Vasilenka al. [4] in 1970 and
while the other is simultaneously emitted, the energy dif-observed in 1974 5] 6]. Doppler broadening comes from
ference being retained by the molecule. While spontaneouge fact that atoms moving with different velocities “see” the
Raman scattering was observed as early as 1948TPA  field with different frequencies because of the Doppler effect.
was not observed until 19613][after the advent of the laser This is a source of inhomogeneity that increases the mea-
(in fact TPA is one of the first nonlinear optical phenomenasured absorption linewidth. In one—photon transitions this
demonstrated with the aid of laser radiation). The reason folimitation cannot be easily overcome unless subtle phenom-
that delay in the observation of the two multiphoton processegna such as the Lamb-dip produced by spectral hole burn-
lies in the fact that while in spontaneous Raman scattering thig are exploited. In TPA, however, there is a simple way
scattered light intensity is proportional to the intensity of theof (almost) getting rid of Doppler broadening. This occurs
incoming radiation, in TPA the power absorbed is propor-when the two photons inducing the transition come from two
tional to the square of the intensity of the incoming field andcounterpropagaﬁng beams of equa| frequency_ In this case
thus higher excitation energy is required for TPA. all atoms are in resonance with the two—photon process since

TPA is a very important tool in laser spectroscopy as itthe Doppler frequency shifts of the two photons “seen” by the
makes possible the transition between two states that cannatom are opposite among them, independent of the atom’s ve-
be connected by electric—dipole interaction. Of course theskocity. Hence the sum of the energies of the two photons, as
transitions can also be investigated by making use of resd'seen” by any atom, is twice the energy of a single photon
nant one—photon processes through an intermediate level, bmtthe laboratory frame, and the inhomogeneity almost disap-
in this case the measured linewidth of the process is increasgzkars.
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In quantum optics textbooks, TPA is often introduced af- ) A 15
ter field quantization q]. Nevertheless TPA does not need
the existence of photons to be understood and some textbook i‘”ZO
analyze the phenomenon from a semiclassical point of view O
[8] that is, by treating matter quantum—mechanically and ra- 0 A
diation classically (in this semiclassical approach one must A
understand that the word photon refers to the amount of en-
ergy absorbed by the atom, not to any quantum already exis- A
tent in the free electromagnetic field). There are several ways E,®
of studying TPA in this semiclassical approach: derivation of —
nonlinear susceptibilities, application of standard perturba-
tion theory, even derivation of exact analytical results. Nev-
ertheless to our knowledge no standard textbook derives the
main characteristics of TPA (such as Doppler compensation 1 A J
and the Stark shift of the resonance) within the semiclassical _ _
frame. In this article we give a compact and clear presental_ileu_RE 1. Energy level diagram of the three—level atoms consid-
tion of TPA from a semiclassical point of view, by solving ered in the model. See text.
perturbatively the equations of motion for the density matrix
elements. transitions ar¢l) —— |0) and|0) «—— |2). Thus the dipole—

moment operator is written as

o,
01 Ez,(D

2. Semiclassical density matrix equations fi=pi20 |2) (0] +p02 |0) (2] +p10 |1) (O] +p01 [0) (1], (3)

Let us consider a classical monochromatic electromagnetiﬁ,hereﬂij = (i| i |j), that can be taken to be real without loss
field of the form of generality through proper choice of the basis states phases
(mij = pj;). The interaction hamiltonian of an atom located
at z readsH; (z,t) = —p - E(z,t) and the total hamilto-

. . o . .__.. . nian that governs the coherent evolution of the atoms is then
wheree is the unit polarization vector (linear polarization is ~ =~

. . Hg = H H,, where th rip$ i t not
considered) and’; and E, are the constant real amplitudes 5 o + Hy, where the subscriph is used to denote

. the Schodinger picture implicitly adopted. Before solving
of two counterpropagating plane waves of angular frequencyhe Schédinger equation, it is convenient to remove fast os-
w and wavenumbeét, which travel along the axis. Note that X

this form of writing the total field is completely general for cillations at optical frequencies appearing in the hamiltonian.

. . .This is accomplished by transforming from the Sitinger
the superposition of two counterpropagating monochromatic . X : . . : .
linearly polarized waves of equal polarization, since any de_plcture to the field—interaction picture. The appropriate uni-
. i’ : t?ry operator for making such transformation is
phasing between them can be removed by suitable choice 0
time and space origins. This field represents a standing wave = iw —iw
P g P J U(t) =e"12) (2] +]0) (0] + e 1) (1] (4)

when E; = FE5 and a traveling wave if eitheE; or E5 is

taken to be zero. _ . Note that this operator is similar to that defining the Dirac
This classical field interacts with a medium composed Ofpicture but, instead of removing the fast free atomic evo-

three—level atoms (Fig. 1): levells) and|2) of the same par-  |ytion (which would be accomplished with the operator
ity, and contrary to that of the intermediate ley@l. Thisis 7, (t) = eiw20t |2) (2] +]0) (0] +e~01t |1) (1[), we remove
the simplest level scheme that allows the description of TPApe fast dynamics originating from the optical frequency of
interms of the usual electric—dipole Hamiltonian. In this way, the field. In the new picture, the state vedoy of the system

the transition|1) «—— |2) is produced via the virtual transi- 5 . . .
tions|1) «—— |0) and|0) «—— |2) (state|0) is kept far from <|¢> =v WS)) obeys the following Schidinger equation:

resonance). The existence of an intermediate level enhances d R
the excitation probability between statg$ and |2) as will ihd— [v) = H [¥),
be shown. t

~ The unperturbed hamiltoniafi, of the three—level atoms \yhere the hamiltoniadl in the new picture is calculated (]
is given by (see level diagram in Fig.1) through

E(z,t) = e[E cos (wt + kz) — Eycos (wt — kz)], (1)

Ho = h (w20 [2) (2] — wor [1) (1]), 2 " o~ A oU ~

H=UHgU '+ iha—U*I. (5)
and the origin of energies has been taken at the intermediate ¢
state|0). Since leveld2) and|1) have the same parity, and After performing the rotating wave approximation?7, §]
contrary to that of staté0), the allowed electric—dipole (that consists in removing fast oscillating terms) the hamil-
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tonian reads decay with the same constap{absence of dephasing colli-
~ sions [l1]). The second contribution (pump) guarantees that
H (2) = 1 (=02 2) (2 + 61 [1) (1] the ground statél) is asymptotically filled in the absence

_uE2) (0| — E[0) (1] + h.e), (6) Of interaction. With this choice fofp, Tr (p) = 1 always.
We adopt this simple limit because the expressions are much

where clearer and the details of the relaxation processes do not mod-
ik ks ify the essential physics of TPA.
E = 16" — g, (7 By substituting Egs.(6) and (12) into Eq.(11), the final
_ Mio-e M2 -€ equations of evolution of the population matrix elements run
b1(2) = 7&(2), = , (8)
MHio - €
= — ) E - E‘»< 1
01(2) = @ = Wo1(20); () (Ot vd:)om=vpm tip(Bpor = Epao). (13)

. ) . 0t +v0, =— +1(Epyp— E*
and h.c. stands for hermitian—conjugate [Under a unitary (& ) poo oo (Epro por)

transformation, any operat@ls (in the Schdinger picture) —ip (Epoz — E*pao), (14)
transforms according to the ru@ = UOsU . Notice that P
H is not transformed in the same way]. Note that the new (O +v0:2) pr1 =7 (1= pu1) + 7 (Epor — Epro),  (15)
picture, in combination with the rotating wave approxima- (9, + vd.) pa1 = — (v — i6) pa1 +iE (po1 — pao), (16)
tion, yields a hamiltonian independent of timé& (uE) is
half the complex Rabi fr_equency of the field associat_e_d With (9, + 00, pao = — (7 _ Z,6 — A) .
the lower (upper) transition of an atom located at position 2
Now we determine the evolution equation of the density +ipE (poo — pa2) — iE* pay, (17)
matrix (more properly: the population matrix, see below).
We choqse tolworl.< with the dens!ty matrix mstegd of the state (O +v0.) por = — (7 _ i5 + A) oon
vector since in this way relaxation and pumping processes 2
can be (phenomenologically) incorporated into the model in
a simple way. As we are considering not a single molecule
but a large number of molecules which are moving at diﬁer'where
ent velocities, an ensemble average must be performed. The
gnsemblg averaged_density matrix is usually_called popula- § =81 + 8y = 2w — way, (19)
tion matrix [11]. This ensemble must be defined for each
velocity and, since the interaction depends on space, the pop- A =01 — d2 = wap — wor, (20)
ulation matrix must also be defined as a function of the posi-
tion 2 have the meaning of two—photon detuning and intermediate
level detuning, respectively (see Fig.1). The above equations
Pviz,t) =N ()7 pa(v52,1). (10)  should be complemented with the evolution equation of the
a electromagnetic field. Nevertheless we shall considass a
Herep is the population matrixp, is the density matrix for ~Parameter. This corresponds to a physical situation in which
an atom labeled by, anda runs a|0ng all molecules with ve- the gas of molecules is confined within a small region of the
locity v that, at timet, are withinz andz + dz . A (v) isthe ~ space which is large compared with the radiation wavelength
number of such molecules, which is assumed to be indepeiut small enough for neglecting field depletion (thin film ap-
dent ofz andt (homogeneity and stationarity of the velocity Proximation).
distribution is assumed). The equation of evolution of the  Note thatA is a structural parameter of the atoms, and we
population matrix is formally like the Sctdinger—von Neu-  shall consider only the case in whighis a very large quan-
mann equation governing the evolution of the density matrixity as compared with the rest of frequenciesd, E) appear-

+1F (p11 — poo) + i,UE*PZIa (18)

of a single atom, plus an additional term!1]: ing in the problem. This limit guarantees that one—photon
R R processes.g. the electric—dipole transitions) «—— |0) and
(O +v0;) pij = (ih)~" {H, ﬁ} o+ (Fﬁ) o (11)  |0) «— |2)) are severely punished since the one-photon de-
1] 1]

tuningsé; (= A) andd, (= —A) are much larger than the

(i,j =0,1,2). I'p describes irreversible processes (re|ax-vx{idths of the one-photon resonances. For example, con-
ations and pumping) antl is a generalized Liouvillian. In sider the statef2) = 85,5, [0) = 7P and[1) = 652

this article we shall consider the simple expression of Cs. In this case 12] wpy = 4.098 - 10'®s~! and
R woo = 0.489 - 108571 and thusA = —3.609 - 108571,
(Fﬁ) = —Ypij + 701051, (12) Csis a gas and the one—photon transitions width can be es-
ij

timated to be given by their Doppler width which, at room
with § the Kronecker delta. The first contribution describestemperature are (see Sec.24§ - 1085~ and2.21 - 109s5~!
relaxations in a situation in which all density matrix elementsfor the upper and lower transitions, respectively: in this case
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there are nine orders of magnitude betwéeand the width  tude as the rest of the frequencies present in the problem and

of the one—photon resonances. 0 < ¢ < 1 (smallness parameter). We also make a series
Equations (13)-(18) do not admit a simple analytical so-expansion of the density matrix elements of the form

lution in the general case but can be solved perturbatively in

the case of very largA. This is done in the next section. n _(n
Y pij Ze piy (2). (21)

3. Perturbative solution of the steady state Substituting this expansion in the population matrix equa-

In this section we solve perturbatively the equations of evolutlons and identifying terms of equal powersdrone gets

tion of the density matrix in steady stg@ — 0). Note that B (n) , (n) « (n

this is the state asymptotically reached by the system due to = — (V0= +7) pag + —ip (Ep02 — E"pao ) ’ (22)
the presence of relaxations. Here we present the main results

and leave the details to Appendix A. As commented, we shall Y) Poo P10

consider the limitA > ~,4, E. We also consider that the , ) . (n)
inhomogeneous width, (see Sec. 4) is small as compared +ip (Ep02 — E"pag ) ; (23)

with A, that is, we assume tha&t > kv with & the field (n) (n) § (n)
wavenumber. This can be made formally explicit by writng 0 = —7 + (v0: +7) pi1” +i (EP - Ep ) . (24)
A = ¢~'A; with A a quantity of the same order of magni-

0=ty —i0) o) B (el - o), (25)
—isAipse ™ = (00, +y — 140) pSy) — iuE (péﬁ) - 053)) +iE* oY, (26)
381l = (00, — i30) o — B (o} — %)) — By, (27)

wheren runs from—1 to co. Note that these equations re-
fer to an ensemble of atoms moving with velocityocated scence intensity from the system, which is directly propor-
at z. These equations can be solved at each ondef . tional to the amount of population excited to the upper level.
We can integrate the first four equations to obtain the popuThe fluorescence signal collected by a detector will come
lations p(" and the two—photon coherenpgf if we know  from all atoms (all velocities) existing within a finite region
the value of the one photon coherences at this oygft and  (of length L) of the system. Thus it is necessary to perform
p20>) These quantities are obtained from the two last equaboth spatial and velocity averages. The spatial average reads
tions. Note that the form of these last two equations (which 1

relate two consecutive orders) allow the values of the one- <p§§) (v)> = f/ dz p(") (v, 2), (28)
photon coherences at a given orde# 1 to be algebraically ? 0

determined in terms of the previous ordern particular, for  where we shall take, as already commenteds> A (with A

n=—1we obtalnpm) = pg%) =0, srncepfj = 0. These the light wavelength) since typically the detector will collect
values allow to solve, from the first four equatrons for thethe fluorescence from a "macroscopic” region of the system.
rest of matrix elements at order= 0. Next, p01 andp It is evident that only the spatial dc componentoé@f) (v, 2)

are determined from the last two equations and so on. Thernill contribute to the spatial average (28) sinte> A, as

is just a single point that deserves some explanation and costated. Consequently it will suffice to calculate only those
cerns the integration in of the first four equations. Notice terms.

that although we do not know any boundary conditions (in ~ With respect to the velocity average a few words are in
terms ofz) for the variables, we can make use of the knowl-order. In a gas, inhomogeneous broadening is due to the
edge that, when the field is offf = 0), all variables must Doppler effect which is different for each atomic velocity.
vanish at any order blﬂu , which must be equal to unity The atomic velocities of a gas obey the Maxwell-Boltzmann
sinceTr () = 1. In Appendix A the equations are solved distribution

systematically. In the following we make use of the result of 1 A 2
the integration. g(v) = w/m P [ (*) ]

2%k 2kv \° (29)
4. \elocity and space averages TV eXp Yo/VIn2) |

We must concentrate on the calculation of a quantity directlywith « the most probable velocity given by= /2kgT/m
related with measurement. We shall consider the fluore- (kg is Boltzmann’s constanf]’ is the absolute temperature,
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andm is the molecular mass)y, = 2v/In2ku is the inho-  Note thats” combines withA; " in both orders: = 2 and
mogeneous HWHM (half-width at half maximum) in terms n = 3 to yield A™", leading to a final expression indepen-
of the frequency? = 2kwv (the factor2 is added for later dent ofs. Next we analyze these expressions.
convenience, since in TPA it is not the radiation frequency
-or its wavenumber- that is the important parameter but twice

its value). The problem with the Gaussian distribution is that5
some integrals appearing in the final expressions cannot be’
evaluated analytically. In order to obtain analytic expression% 1
as simple as possible, we shall consider a Lorentzian distri- ™

bution for the atomic velocities .
1 ok In order to analyze the strength and width of the resonance
u Yo

L(v) = — 5 5 =— o (30) it suffices to consider the dominant terivy. General re-
TU v T g + (2kv) sults are: (i) TPA is proportional to the squared field intensity

wherey, = 2ku is the inhomogeneous HWHM (half-width (¢2)2, (i) The existence of an intermediate level with a fi-

at half maximum) in terms of the frequen@y= 2kv. The re- nite detuningA enhances the probability of the process (the
sults obtained with this distribution will differ quantitatively SmallerA the larger amount of excited population), and (iii)

but not qualitatively from the Gaussian distribution, as will The maximum transfer of population is producedat 0

Analysis of the results

Strength and width of the resonance

be shown. (this result will be corrected at the next order; see next sub-
The averaged population of the excited level is then calSection). Let us consider some special cases.
culated through In the case of homogeneous broaderiifig= 0),
+oo
()= @y w) cw. @ o _ o (02 AL 444211
oo z NSO =8u* | — | ————. (36)
A 1+ 62

Clearly the averaging order is unimportant. We could first

perform the velocity average and then the spatial average, oljqie that Nbom s proportional to(A* + 442 + 1), which
taining th'e'same result. F_rom the compu.tat|onal weyvpomiin its turn is proportional to the mean value of the squared
howeve_r it is more convenient to perform fII’S'F the spatial av+jg1q intensity -a signature of two—photon absorption. This
erage sincen this way the ac-components (in termg of ¢, (o1 5 six times larger for standing waves than for traveling
pyy’ are removed from the calculations from the beginning. \yaves. Note that this (important) numerical factor is the sin-
From Eqgs.(84) and (86) of Appendix B, the fully averaged e gifference between standing and traveling wave configu-
population of the upper level reads, up to orefér rations in this homogeneous broadening limit. We conclude
_ 2 (2)> 3< (3)> — N, + N that, from an experimental point of view, it is most conve-
{p22) = ¢ <p22 tet (P ) =Nt s nient to illuminate the cell with a traveling wave and make it
where reflect on a mirror located after the cell in order to produce
. ~ A ) a standing wave. This represents no extra energetic cost and
Ny = 82 (qu) (1+%) (1 +47) + 44 , (32) thefluorescence signal collected in this way is 6 times larger
Y
and

(147,)°+62 1462 than without the mirror.
With a non-null inhomogeneous broadening two limits of
interest are: a) excitation with a traveling wave £ 0)

AN
N3 = 16p> (u®—1) (1+A42)0 <7A> (Bi+Bz2), (33)

*\  (L+7
NG =8 () Urnl @)
YA) (1+7,) +0
pog| 2 11 1
1— = = = 3
(1+S2)2 Fo \ 14062 (14+7,)° +62 and b) excitation with a standing wave & 1)
By=2(14 A% — LFW) sw ooV 4 2045
1 -~ \2 52 N2 :8,u 7A ~ + IND) S| (38)
(1+9,)° + o] (1+52) (1+90)° +6

In writing Egs.(32) and (33) we have introduced the notation
Note that the effect of the inhomogeneous broadening is
b1 =9, b2 = A9, (34) dramatically different for traveling wave or for standing
wave cases: ify, > 1 (.e. v, > -+, inhomo-
geneous limit) NJW — 0, whereas in the same limit
(35) N$W —(2/3) NSV where NY™5"W is obtained from
Nbom py putting A = 1.

and the normalized frequencies

2
S

2

,’5/1)57’
Y
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In order to make clearer comparisons among differenbbtained; nevertheless in the special case of large inhomoge-
cases we next analyze the maximum/éf (that occurs at neous broadeninffy, > 1: f — —1/2,w — oo) the width

6 = 0 as stated) and its width in terms &f readsl*" (3, — oo) = 2(1 + 1/27,) which tends to the
The maximum ofV, reads homogeneous width for sufficiently large inhomogeneous
9N 2 4 2 < 42 broadening. This last result is a fundamental property of
N = 8p° <¢A> {(A +a4 +}) +4AT] (39)  TPA: sub—Doppler spectroscopy can be performed in TPA
gl (1+%) experiments by using a standing wave -6, 9].
In Fig. 2, N3*** (normalized to its maximum value, In Fig. 3 we plotl'/,om, as given by Eq.(40), as a func-

for A = 1 and?, = 0) is plotted as a function of the tion of the normalized inhomogeneous widih for A = 1

inhomogeneous-to-homogeneous widths ratidor differ-  andA = 0.5. Clearly, for any value ofl different from zero,

ent values ofA. Clearly, forA = 1 (standing wave) TPAis T/, first grows until it reaches a maximum and finally de-

almost insensitive to the amount of inhomogeneous broaderreases tending to unity for large enough Of course the

ing, whereas forl = 0 (travelling wave) the decrease in TPA optimum situation corresponds tb= 1 [A # 1 can be un-

is dramatic for ratios as moderateas= 1 or larger. derstood as the sum of a traveling wave and a standing wave.
As a function of the normalized detunidgN, has a bell Thus the result in that case is the sum of the two contribu-

shape whose FWHN is easily calculated from Eq.(32), and tions. As theT'W contribution is less important the larger is

reads v, and the contribution of th&'W is basically independent
of ~, this explains the above result. The main difference be-
=4 { w+ (w—1)"f24 (w—1) f] , (40) tweenA = 1andA # 1 lies in the strength of the resonance
as shown in Fig. 2]. Thus for large enough the inhomo-
w=(1+ %)2 , (41)  geneous broadening does not contribute at all to the width of
A e the resonance.
f= 11+ AT —4(1+%)A ) (42) In Fig. 4 we show the same representation for= 1
21+ AT +4(1+7,) A (full line) together with the numerical integration assuming a

For a homogeneously broadened liffig = 0: w = 1) the ~ Gaussian velocity distribution. It can be seen that the depen-
width readslo, = 2 (i.e. in terms of the detuning the  dence is qualitatively the same and that only relatively small
width reads2). In the special case of a traveling wave humerical deviations are appreciated between both cases.
(A=0:f=1/2) the width read® ™" = 2(1+7,), i.e, This confirms that the exact form of the velocity distribution
the width is the sum of the homogeneous and inhomogeneou§ Not very important, whenever it is bell shaped.
widths. For a standing wavgl = 1) no simple expression is

5.2. Shift of the resonance

1.0 ' ' L ' As we have seen, at ordet the maximum of the reso-
- . nance is located at = 0. Nevertheless, two—photon pro-
08l Ny cesses induce a shift of the resonance, the so called Stark
' Tt— A=1 n shift. This shift is only captured at third order of the per-
- e — — turbative expansion. Making use of Egs. (32) and (33), we
0.6 ] computed (N, + N3) /06 = 0 and obtain
— Mmax . 2
N5t : sk =2 (1 + 4%) (4 — 1) (fA)
0.4 —
\ LAY A (14 5) (24 550/2477) 43)
A=0.5 (1+ A%) + 442 (14 7,)° ’
0.2+ T e ____ -
which is the Stark shift. Note that this shift is proportional
- A=0 7 to (¢?/vA), and is thus of order. Note also that whenever
0.0 A S S —— u = 1[i.e.when both one-photon transitions have equal elec-
0 2 4 6 8 10 tric dipole matrix elements, see Eq.(8)] the shift vanishes. We
see that the sign of the shift depends both on the sign of the
yV / Y intermediate level detuningy and on the asymmetry between

both one—photon transitions through the quantjty — 1).

FIGURE 2. Maximum value of the population excited to the upper ) ) o .
Particular cases of interest are: a) excitation with a trav-

atomic level as a function of the inhomogeneous to homogeneous

width ratio, /v for several values oft. N2*** is N&** normal-  €ling wave @ = 0)
ized to its maximum value (that corresponds to a homogeneously y 9
broadened mediumy( = 0) pumped by a standing wavd (= 1)). 5%“22/% =9 (MQ - 1) <7A> ) (44)
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FIGURE 3. Width of the two photon resonance normalized to the
homogeneous width as a function ¢f/~ for two values ofA.
(Notice that for a traveling waved = 0, the width grows linearly
with the inhomogeneous width &8s, /7.

Y, /Y

FIGURE 5. Dependence of the Stark shift en /~ for a standing
wave (A = 1) for both Lorentzian (full line) and Gaussian (dashed
line) velocity distributions.

1.2

r 1.1

hom

6. Conclusion

In this article we have analytically studied two—photon ab-
sorption (TPA) in an inhomogeneously broadened medium
pumped by two counterpropagating light beams of equal fre-
quency. By making use of perturbative techniques, we have
derived explicit analytical expressions for the strength and
width of the resonance as well as for the Stark shift in the
case of Lorentzian broadening. Comparison with Gaussian
broadening (numerically computed) has shown that the qual-
itative features of TPA are quite independent of the specific
type of inhomogeneous broadening.

1.0

Appendix A
v, /Yy

At ordere~! one trivially gets

FIGURE 4. As in Fig.3 for a standing waveA( = 1) for both

tions.

2
5Stark - (/J’ - 1) (jA)

Lorentzian (full line) and Gaussian (dashed line) velocity distribu- p((ﬁ) = pé%) =0. (46)
At ordere® the equations are
which is independent of the inhomogeneous broadening, and ©) ©
b) excitation with a standing wavet(= 1) 002p39 = —VP23 » (47)
5+ 37 +’~Y2 ( ) UapoO - *’YPE)%), (48)
e SO , (45
1+2(1+4,)° vd.pfY =1 -7p7, (49)
) _
which tendst@ %)V, /2 for 4, —oc. InFig. 5631 . /6T vd.py) = — (v —i8) py, (50)
is represented as a function of the inhomogeneous width for a . © (0
both Lorentzian broadening (Eq.(43)) and Gaussian broad- ”62%0 = _*Ap +ikp (/000 - P22)
ening. Again it can be appreciated that the results are very e (0)
—iF P21 (51)

similar for both types of inhomogeneous broadening.
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TA,M L (0 (0 i}
1182,001 = +2Ap01 +iE (pn p00> v@ngll) _ —’yp(l) n (E p(()l) Ep(1)> ’ (59)
—iE*up® . .
Erupats G200, pl) = — (v - i0) ) + B (upéll) —olt). (60)
whose solution is .
I VR W C VNN )
A (v,2) =1, (53) vd.pl = <'V 25> P30 AlP
0 0 0
Py (v,2) = ply) (v.2) = p§) (v,2) =0, (54) +iEp (Péo) - pég)) —iE*pY, (61)
and . .
2 : : vd.ppy = — (7 - Z5> oY+ 5 Aiply
ph (v,2) = =% (6167 — goe™%) (55 2 5
. 1 1 AL 1
Pgo) (v,2) = 0. (56) +iE (p(ll) - Pgo)> —iE Mpgl), (62)
Atordere! the equations are and integration along has to be carried out. By using
. Egs. (55), it is straightforward to obtain that
vd.pYy = —pSy +in (Ep(z) E p%)) ; (57)
(1) _ .
. * pu ( ) _07 Z—07172 (63)
vdply = =0l +i (Bl — B*pfY)
oV (v ):7% [(ﬁe2ikz2¢1¢2+¢%€2ikz] (64)
— i (E,mgl; - E*pgy) . (58) 21 % A, | Dy Dy | D_ !
| and
(2) (’U Z) — 427‘” _ ¢%¢2 e?’ikz + ﬁ + 2¢1¢% 62’]627 ﬁ+2¢%¢2 efikz ¢1¢2 731kz (65)
P20 Y AT D. D, Dy D_ D, D_ :

-2 2 3 2
(2) _ it [ 1d2 sy [(Y+Dy) 01 20105\ | ke
ror (U’ Z) A% { D+ ‘ * |: 2,&2 D+ DO ¢

_ |:<’7+D—)¢2 +(¢2 +2¢2¢)2>:| —zkz ¢1¢2 —Szk'z} (66)

2u? D_ Dy D_

with |

Dy =~ —i(67F 2kv), (67)

Do =~ —id. (68) v0.p53 = Py +ip (Ep( ) — Bl )) (69)

9 i .
. At ordere” it is not necegsgry to ((:gc;mpute all the terms vazpéo) _ —7p§)2) +i (Ep<2) E pg))
since we are only mterested,né2 andpsyq (the latter is nec-
)] 3 ; i i . (2) « (2)

essary for calculating,. at orderc°) [Notice that if one is —ip (EP(]2 _E p20> . (70)
interested only in the analysis of the strength and width of the
resonance (and not of the Stark shift), it is enough to calcu- 5 — (v —i5) oD 1y (2) _ (2))

e . ) e .05 = — (v — i8) sy +iE () — p (71)
late the non-oscillating term in Eq.(73) by direct substitution 21 ( )P ( o1 20
of (65) in Eq.(69), quite a simple task. The rest of the terms P 5 @ A1 (@3
are necessary for obtaning 2) which becomes a simple v ngo —\7~ P20 = 175720

but tedious task]. The necessary equations are @ @ @
| +ipk (Poo — P22 ) —iE pyy, (72)

and the searched quantities are given by

@) P, 95 | A3
Py (v,2) = ,_}/AQ { D + Do

1642 1 o (7-1—2'1611) [ o7 b5 :|ei2kz

A2 v — 2ikv +

} +cc + — DiDy | DoD~

+ c.c. + terms withe™4%=  (73)
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8 + tkv 2%z L ik
o83 (v,2) = 2 [(ﬁ + ¢ — mqh@e k= _ c.c} + terms withe™™  (n # 0, £2), (74)
1

(2) _ Audi9o 2 Pi+¢3 o1 95
por (v,2) = AZD, [v—i-Do—i—(,u 1) <2 Do +D++D_

2102 2 ¢35 | ¢+ ¢ i2k
- D 2 —1) (2= renz
AZD, Y4+ Dy +2(p* —1) ot oo e
213 { 2 ( ot ¢%+¢%)} —i2k
— +D_+2 —-1)(2—+ e erE
A?D, | (*~1) Do ' D:
+ terms withe™**  (n # 0, £2) (75)
from the three first equations and, from the last equation,
p;%) (v,2) = Pg?f)’+)eikz + pé%’_)e_ikz + terms with ™% n £ +1 (76)
where
2 2 2
G _ Spor [ | (WP =1) 4@ |y, (P12 3 Do
= — 2 M2y 2 7Y
50 AT { [ Dz D.F o1 + 267 + De Dy " D, +Dgr
42 (4 (v +ikv) 2,2 Dy Y 2
— — 4-— =4 T
D (DO D (v — 2ikv) 9102 + Dy + v + 2ikv %2
2 2 :
(W*—=1) /1 2 4 < 1 (v + ikv) > 4
+ | =5+ )- —t , (77
[ Dy <D D0> D* \D_ ' Dy (y — 2ikv) o200 (77)
and
2 2 2
(3,-) 8z (M — 1) 4p 4 2 (:“ - 1) 2 3 Do
=— — 2 Mo 2, 2 2y
P20 A? { D2 |D_\2 ¢g + 205 + Do Do + D + D2

D \ Do ' D_(y+ 2ikv) Dy v — 2ikv
2 2 :
o —1 1 2 4 1 — ikv
(AR O S 2 W (R S G LU | 7 Qo
Dy \D: Do) Di\Dy Dyl(y+ 2ikv)

Finally, at orders3 we are only interested in obtaining
the value of the population of the excited level. Thus we onlyAppendiX B
need

2 o
(] +WM)]¢§¢§+[4D+W}¢;

+

vazp;?é) — 7/)(2?5) + iu(Epff;) _ E*p%)). (79 At order <2 the spatially—averaged population of the excited
5 level, Eq.(73), is
The spatial dc-component p§2) finally reads
A Tt | ¢35 | 49103
3202 (12 —1) [ (6 — 2k P2 (w)) =L [ + 224 +ee (81)
RORCE T Uit (62 + 62) 6! (053 ¢ )>z VA2 | Dy T D- T Dy

22,dc A?, ‘D |4
+
Now the averaging over velocities has to be carried outw As
_ . (2 .
+ <‘5 k;’ 02 + 0+ kv ¢2 + g (qﬁ + ¢%)> only appears |rp§2) (v) throughD (v) the only integrals to

|D4| |D_|? |Dy? be done are of the type
P193 6 + 2kv 2, 2\ .4 1 [t 2 Y

x 10 AR odl. 60 o= [ dk) . (@82
| Dol D_|* (1% 02) 02 s ( )75+(2kv)272+(5j:2kv)2 (62)
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whose result is (n =1,2) whose resultis
int= — 2 83)
m =7
and thus the averaged upper level population results to be 2 (v + %)2 + 52
2 2
@) i v+ Yo 4 . _ Y00 (v +7) By + ) +9
p = o1+ ¢ ints (2) = .
< 22> VAL (7+%)2+52( 1+ 4i) (v +70)* + 62 27

v

| (84)  The final result reads

+4¢7¢3

At ordere? the situation is similar. Now the integrals that 3) ) o [ o ? 3
appear when making the velocity averaging of Eq.(80) are of P22 = 164 (1+4%) (u* = 1)0 A,
the typeint, and also of the type

1 1
I Yo < y2A2< _
1 I IS N 2
ZntQ (n) - - /;oo d(Zk’U) ’}/,g + (2]€U)2 Yo |-D0‘ Yo |:(’Y +71;)2 -+ (52:|
(2kv) . (85) L2 ) 292 (1+A4%) (v + ) (86)
2 4 2
v2 + (6 + 2kv) | Do| {(7 + ’Yu)2 + 52}
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