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Spatial average symmetry associated to unconventional polarization
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GIPYS, Centro de Investigaciones enÓptica, A. C., Loma del Bosque 115,

Colonia Lomas del Campestre, 37150 León, Guanajuato, Ḿexico.
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The spatial average Stokes vector is proposed as a quantitative criterion to test the spatial average symmetry associated to the cross section
of unconventional polarized light. Experimental and numerical results for azimuthal and radial polarization are presented using images and
algebraic representations.
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Se propone el promedio espacial del vector de Stokes como un criterio cuantitativo para evaluar el promedio de la simetrı́a axial asociado
a la seccíon transversal de luz polarizada no-convencional. Utilizando representaciones algebráicas e iḿagenes se presentan resultados
experimentales y nuḿericos para polarización acimutal y radial.

Descriptores: Polarizacíon; luz polarizada no-convencional; vectores de Stokes.
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1. Introduction

A conventional polarization state of light is associated to ho-
mogeneous distributions of amplitude and phase; it is the
typical polarization described in most textbooks [1]. On
the other hand, the use and application of spatially non-
homogeneous or unconventional polarization states of light
have increased [2, 3]. Special cases of unconventional po-
larization modes are the azimuthal, radial, spiral, and vor-
tex states, which can be easily generated by using any of
the commercially available options [4,5] or the experimen-
tal arrangements recently reported [2,3,5-8]. This situation
has created the need to design and construct both active (ad-
justments inside the source) and passive (adjustments out-
side the source) polarization converters, as well the need
to characterize the quality of the beam’s cross-section ob-
tained [2-8]. Motivated by the impressive use of these uncon-
ventional axially-symmetric polarized beams of light, in this
work, the experimental Stokes vector associated to a propa-
gating beam of light in air is reported, using images. The ap-
plication of the Stokes vector analysis to the results obtained
gives us the possibility to propose a simple quality criterion
for the spatial average symmetry associated to any axially
symmetric polarized light generated by any means. Experi-
mental and numerical results for azimuthal and radial uncon-
ventional polarized light, generated by a commercial passive
converter, are presented here.

2. Unconventional polarized light

The paraxial solution for the electric field propagation along
thez-direction can be expressed as

E(r, t) = Re[E(r) exp(i(kz − ωt))], (1)

where the general representation for a spatially non-
homogeneous polarized beam of light on the (x, y) plane,
based on the linear superposition of Hermite-Gauss modes,
is given by [2,3,9]

E(r) = A00exψ10(r) + A01exψ01(r)

+ A10eyψ10(r) + A11eyψ01(r), (2)

whereex,y are the unitary vectors described with respect to a
rectangular Cartesian coordinate system, andψmn(r) are the
Hermite-Gauss solutions of orderm + n = 1. From Eq. (2),
it follows that the electric field associated to an azimuthally
polarized mode is obtained when [2,3]

A01 =
1√
2

= A10, A00 = 0 = A11 (3)

The electric field corresponding to a radially polarized mode
is reached when [2,3]

A00 =
1√
2

= A11, A01 = 0 = A10. (4)

Some examples of this kind of electric field distributions
can be seen when light is scattered by a metallic cylinder [7],
or when a beam of linear polarized light propagates through
an array of pie shaped wave retarders [10]. A tutorial related
with the generation of cylindrical vector beams, from which
radial and azimuthal polarizations are special cases, can be
freely downloaded [3].

On the other hand, the polarized state of light has been
defined for conventional polarization through the Stokes vec-
tor as [1]
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whereIj(r) denotes the intensity associated to the analyzed
polarization statesj = x, y, 45, 135, r, l; x represents linear
horizontal,y vertical, 45◦ and 135◦, respectively, and circu-
lar right-,r, and left-hand,l, polarizations, respectively. It is
assumed that these relationships are also valid for images reg-
istered by a CMOS or a CCD camera when a quarter- (QWP),
a half-waveplate (HWP) and a linear polarizer (LP) are used
to analyze the contribution from the azimuthal and the radial
distributions of unconventional polarization [8].

In Ref. 9, authors have algebraically reported the Stokes
parameters, Eq. (5), associated to a radially polarized beam,
Eqs. (2,4), is given by

S = [S0 S1 S2 S3]T = [1 0 0 0]T (6)

whereT denotes the transpose matrix operation. This result
has been interpreted as a spatial average with no tendency to
any polarization state, as is also the case presented for un-
polarized light [9]. Indeed, it is a simple exercise to test the
result provided by Eq. (5) is also obtained for the azimuthal
polarization, Eqs. (2,3). Eq. (5) can also be conceptualized
as the vector superposition of perfectly axially symmetric dis-
tributed electric field components; in this case, the azimuthal
and radial distributions, respectively [9]. This is a very im-
portant result because it can be used as a quantitative measure
of the spatial average symmetry associated to any unconven-
tional polarization state.

In this sense, we propose the complete Stokes vector as
the measure of the Spatial Average Symmetry, SAS, because
it represents the intensity spatial average over the cross sec-
tion of the beam of light

S ≡ 〈S〉spa = [S0 S1 S2 S3]T , (7)

where〈. . .〉 represents the spatial average operation. We pro-
pose Eq. (7) as a criterion to test the axially symmetrical po-
larization distribution associated to any unconventional po-
larization beam generated by any means. It is particularly
important when an experimental result is compared with its
numerically simulated counterpart, allowing a more complete
analysis. Equation (7) can also be used to test the quality of
the experimental arrangement employed to convert linear po-
larized states to unconventional polarization states, using any
kind of converter. We prove its validity for the two most com-
monly used forms of unconventional polarization: azimuthal
and radial. The beam quality factorM2 has been defined as

the degree of deviation of an arbitrary beam with respect to a
Gaussian beam, and it is employed to calculate its capability
to be collimated efficiently [11]. The Spatial Average Sym-
metry, Eq. (7), is not limited to the Gaussian shape, and can
be applied to any spatially uniformly collimated (spatially fil-
tered) conventional incident polarized beam before its trans-
formation to unconventional polarization by passive polariza-
tion converters. The interested reader can calculate the main
characteristics of the local polarization ellipse at each point,
by applying both, the azimuthal (ψ) and the ellipticity (χ)
angles, to the measured Stokes parameters [1,8]

ψ =
1
2

arctan
(

S3

S1

)
, χ =

1
2

arcsin
(

S3

S0

)
(8)

3. Experimental results

Figure 1 represents a top view of the experimental setup em-
ployed to generate the azimuthal and the radial polarized
beams, and to analyze their contribution to the six basic po-
larization states.

A laser diode is employed as the source of monochro-
matic light (Thorlabs, laser diode model DPSS, @532 nm),
which is spatially filtered to produce a uniform intensity,
which is then collimated by a lens, L1. A linear polarizer with
its transmission axis parallel to the optical table generates a
conventional linear polarization incident at the S-waveplate
(Altechna, model RCP-515-06), which generates the uncon-
ventional polarizations reported here, except along the optical
axis, where there exists a singularity [12]. The Stokes param-
eters for both azimuthal and radial polarizations are obtained
by applying Eq. (5) to the beam generated, and the spatial
average symmetry, (Eq. 7), is calculated by using a Matlab
code generated by authors.

Figure 2 shows the normalized experimental Stokes pa-
rameters for azimuthal polarized light.

Figure 2(a) represents the total intensity measured di-
rectly by the CMOS camera (the intensity depends on the
exposure time; it has been registered trying not to saturate the
image). Similar images were taken several times, with differ-
ent exposure times, exhibiting high reproducibility, where a
small deviation from a perfect symmetry can be seen directly
from Fig. 2(a). It is important to take into account that the
intensity distribution generated is supposed to be associated

FIGURE 1. Schematic diagram employed for the experimental de-
termination of the Spatial Average Symmetry associated to uncon-
ventional polarized beams of light. A light beam is spatially fil-
tered and then collimated by lens L1; LP represents a linear polar-
izer; SWP represents the S-waveplate converter; QWP and HWP
represent quarter- and half-waveplates, respectively; L2 is a lens
employed to form an image on the plane of a CMOS camera.
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FIGURE 2. Stokes parameters associated to the experimental azimuthal polarization, (a) intensity spatial distribution as detected by the
CMOS camera, (b)S0, (c)S1, (d)S2, (e)S3. Spatial average symmetry,〈S〉spa = [1.0000 0.0005±0.0022 0.0282±0.0055 0.1528±
0.0048]T . Values are plotted in terms of pixels, and the intensity values have been normalized.

FIGURE 3. Analyzed polarization states associated to theoretical azimuthal polarization. Figs. (a), (b), (c), and (d) correspond to linear
polarization states x, y, 45◦, and 135◦, respectively, while (e) and (f) correspond to circular right- and left-hand polarizations, respectively.
Values are plotted in terms of pixels, and the intensity values have been normalized.
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FIGURE 4. Stokes parameters associated to theoretical azimuthal polarizations, (a)S0, (b) S1, (c) S2, (d) S3. Spatial average symmetry,
〈S〉spa = [1.0000 0.0000 0.0000 0.0000]T . Values are plotted in terms of pixels, and the intensity values have been normalized.

only to to azimuthally distributed polarization; however, it
must be tested by the user in order to check the quality of
the unconventional polarization generated. Figure 2(b) is as-
sociated to theS0 total intensity measured according to Eq.
(5); note it is not axially symmetric, but shows only pos-
itive values, as expected for the total intensity distributed
spatially. All the Stokes parameters reduce their intensities
with respect to the original image, due to the attenuation
present within the polarization state analyzer setup (Fig. 1).
This intensity reduction is clearly noted in the S0 element,
Fig. 2(b). Figure 2(c) represents S1, with both positive and
negative contributions to the intensity spatial distribution.
Figure 2(d) shows the contribution to linear 45◦, 135◦ po-
larizations. Finally, Fig. 2(e) shows the radial polarization
contribution to circular polarization. Note that a visual ap-
preciation does not allow determining if there exists any pref-

erential or dominant polarization associated to Fig. 2; this
is only qualitative information. This means that even when
the experimental determination of the Stokes vector images
provides more information, it is not conclusive, because it
lacks numerical evaluation, which provides the average ten-
dency followed by the polarization analyzed. On the other
hand, the use of the Spatial Average Symmetry, SAS, defined
by Eq. (7), plays a very important role, because it allows
one to compute every Stokes image parameter in order to
get the complete Stokes vector. The spatial average of the
Stokes image parameters over the area of the image, Fig. 2,
provides〈S〉spa = [1.0000 0.0005 ± 0.0022 0.0282 ±
0.0055 0.1528 ± 0.0048]T . The error values have been
added as result of the standard deviation given by repeated
experiments. Now, the Stokes parameter images provide

FIGURE 5. Stokes parameters associated to experimental radial polarization mode, (a) intensity spatial distribution as detected by the CMOS
camera, (b)S0, (c) S1, (d) S2, (e)S3. Spatial average symmetry,〈S〉spa = [1.0000 0.0851 ± 0.0101 0.1013 ± 0.0046 − 0.0879 ±
0.0072]T . Values are plotted in terms of pixels and the intensity values have been normalized.
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FIGURE 6. Stokes parameters associated to theoretical radial polarization, (a)S0, (b) S1, (c) S2, (d) S3. Spatial average symmetry,
〈S〉spa = [1.0000 0.0000 0.0000 0.0000]T . Values are plotted in terms of pixels and the intensity values have been normalized.

quantitative information. The result obtained shows a Stokes
spatial average tendency associated to a slightly elliptical left-
hand polarization state. In this case, this means that the az-
imuthally polarized mode beam does not exhibit a perfectly
axially symmetric polarization distribution, a fact that is con-
sistent with the image associated to the Stokes element S0

(Fig. 2(b)).

The numerical simulations associated to the six polariza-
tion states are depicted in Fig. 3, where an azimuthal po-
larization mode (Eqs. 2, 3) is analyzed. Figure 3(a) corre-
sponds to an azimuthal polarization analyzed with a linear
horizontal polarizer (transmission axis set at 0◦); the spatial
intensity distribution is aligned along the vertical direction
because the transmission axis is parallel to the electric field
distributions associated to the analyzed beam. The remaining
Figs. 3(b)-3(d), were obtained by rotating the linear polarizer
at 90◦, 45◦, 135◦, respectively. Figures 3(e) and 3(f) show
the same contribution to circular right- and left-handed po-
larization contributions.

Applying Eq. (7) to the spatial intensity polarizations of
Fig. 3, the theoretical Stokes parameters are obtained (Fig. 4).

From Fig. 4, the first element shows a perfect axial (in
this case, circular) symmetry, while the second and the third
elements apparently contribute with similar spatial average
values to linear horizontal (x)/vertical (y), and 45◦/135◦

polarization, respectively. Taking into account the polar-
ization invariance associated to a perfectly circularly sym-
metric pattern, the same spatial polarization pattern for S1

and S2 should be expected, with the only difference that
one is rotated 45◦ when compared to the other. This re-
sult is consistent with Figs. 4(b) and 4(c). The fourth el-
ement shows the same contribution to circular right- and
left-hand polarizations, discarding any predominant contri-
bution. The apparent conclusion, based only on the vi-
sual appreciation of the theoretical results, seems to show
that there is no spatial average tendency to any polariza-
tion state. However, the quantitative information is provided
by the Spatial Average Symmetry, Eq. (7), once it is ap-
plied to the Stokes parameters images depicted in Fig. 4, giv-
ing 〈S〉spa = [1.0000 0.0000 0.0000 0.0000]T , a result
consistent with the expected algebraic formulation, Eq. (6).

Figures 5 and 6 show the experimental and the numerical
simulated results, respectively, obtained for a radial polariza-
tion mode. From Fig. 5(a), note that the radial polarization
generated is not perfectly symmetric, even when a linearly
polarized collimated beam with uniform intensity was inci-
dent on the polarization converter. The Stokes parameter S0,
Fig. 5(b), also exhibits the effect of the intensity diattenuation
due to the linear analyzer. Figures 5(c) and 5(d) represent the
second and third Stokes elements, respectively, and they are
very similar, with the exception that one is rotated 45◦ with
respect to the other. The Stokes element S3 shows spatial
contributions to both, right- and left-hand polarizations.

Once again, Fig. 5 provides only qualitative information.
The quantitative information is obtained by applying the Spa-
tial Average Symmetry, Eq. (7), to the experimentally de-
termined Stokes image parameters depicted in Fig. 5, where
〈S〉spa = [1.0000 0.0851± 0.0101 0.1013± 0.0046 −
0.0879 ± 0.0072]T . The error values have been added as re-
sult of the standard deviation given by repeated experiments.
Note that there is not any perfect axial symmetry for the ex-
perimental radial polarization mode, even when the Stokes
spatial average tendency is an elliptical right-hand polariza-
tion; its contribution to the circular right-hand polarization is
an order of magnitude higher than the one exhibited for the
azimuthal polarization mode.

The theoretical results obtained for the radial polariza-
tion mode (Fig. 6) can be easily understood considering
that the intensity associated to the electric field components
is transmitted along the transmission axis of the linear po-
larizer employed as analyzer (Figs. 6(a)-6(b)). On the
other hand, the SAS calculated from the theoretical Stokes
image parameters, Fig. 6, is provided to be〈S〉spa =
[1.0000 0.0000 0.0000 0.0000))]T . In this case of per-
fect axial (circular) symmetry, there is no spatial average ten-
dency to any polarization state, which is consistent with the
algebraic result provided by Eq. (6).

4. Conclusions

Stokes parameters have been determined, both experimen-
tally and theoretically, for azimuthal and radial unconven-
tional polarizations, using images and algebraic basic expres-
sions. The spatial average Stokes was proposed as a way
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to quantify the spatial average symmetry associated to the
beam’s cross-section when unconventional azimuthal and ra-
dial polarizations have been generated from conventional lin-
ear polarization states using a commercial passive converter.
The results obtained are consistent with the theoretical con-
siderations.

It is important to point out that the intention of this report
is not to test the quality of the polarization modes generated
by the commercial device employed here, because it depends
on many factors related with the experimental conditions em-
ployed (centered incident beam, alignment of the mark with
respect to the incident linear polarization, incidence direction
perpendicular to the face of the S-waveplate, and diameter
of the spatial filter employed, among other experimental fac-

tors). The objective of this report is just to show the impor-
tance of the spatial average Stokes vector, denoted here as the
Spatial Average Symmetry, Eq. (7), because it provides quan-
titative information of the spatial average intensity associated
to unconventional polarization states. The application of the
proposed criterion to other arbitrary unconventional polariza-
tion modes could be a useful tool.
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