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Solutions of the Helmholtz equation given by solutions of the eikonal equation
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I. Rubalcava-Garćıa
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Universidad Aut́onoma de Puebla, 72570 Puebla, Pue., México.
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We find the form of the refractive index such that a solution,S, of the eikonal equation yields an exact solution,exp(ik0S), of the corre-
sponding Helmholtz equation.
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Hallamos la forma deĺındice de refracción tal que una solución, S, de la ecuacíon iconal produce una solución exacta,exp(ik0S), de la
ecuacíon de Helmholtz correspondiente.
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1. Introduction

In a recent paper [1], it has been shown that if a function
S satisfies the Laplace equation thenexp(iS/~) is an ex-
act solution of the Schrödinger equation, with a velocity-
independent potentialV (determined byS), if and only if S
is a solution of the Hamilton–Jacobi equation with the same
potentialV . As pointed out in Ref. 1, there exists a similar
relation between solutions of the Helmholtz equation and so-
lutions of the eikonal equation. The aim of this note is to give
a proof of this relationship and to present some explicit ex-
amples, characterized by various refractive indices (see also
Ref. 2).

The Helmholtz equation is obtained from the wave equa-
tion in the case of a monochromatic wave. Substituting

Ψ(r, t) = ψ(r) e−iωt,

whereω is a constant, into the wave equation

∇2Ψ− n2

c2

∂2Ψ
∂t2

= 0,

wheren is the refractive index of the medium, one finds that
ψ(r) must obey the Helmholtz equation

∇2ψ + k2ψ = 0,

where
k =

nω

c
.

On the other hand, the eikonal equation,

|∇S|2 = n2,

arises in geometrical optics. The orthogonal trajectories to
the level surfaces ofS are possible light rays in a medium

with the refractive indexn. The eikonal equation is an ap-
proximation to the Helmholtz equation, in the short wave-
length limit, in the sense that if one looks for a solution of
the Helmholtz equation of the formψ = exp(ik0S) with
k0 ≡ ω/c and

S = S0 +
1

ik0
S1 +

(
1

ik0

)2

S2 + · · · ,

then one finds thatS0 obeys the eikonal equation.
In Sec. 2 we show that if a functionS satisfies the

Laplace equation, thenexp(ik0S) is anexactsolution of the
Helmholtz equation, corresponding to a refractive index de-
termined byS, if and only if S is a solution of the eikonal
equation, with the same refractive index. In Sec. 3 we give
some examples of this relationship.

2. Sharing solutions

We shall consider solutions of the Helmholtz equation

∇2ψ + k2ψ = 0 (1)

of the form
ψ = exp(ik0S), (2)

whereS is a real-valued function andk0 is a real constant.
Substitution of (2) into Eq. (1) yields

∇2ψ + k2ψ = ψ
(
ik0∇2S − k0

2|∇S|2 + k2
)
.

This last equation shows that, assuming thatS satisfies
Laplace’s equation

∇2S = 0, (3)

ψ is a solution of the Helmholtz equation (1) if and only ifS
is a solution of the eikonal equation

|∇S|2 = n2, (4)
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with
k = nk0. (5)

(Cf. Ref. 3.)
Instead of looking for simultaneous solutions of Eqs. (3)

and (4) for a given refractive index (whose existence is not
guaranteed), we choose a solution of the Laplace equation
(containing free parameters, if possible) anddefinethe re-
fractive index by means of Eq. (4) (cf. Ref. 1).

3. Examples

In this section we consider some solutions of the Laplace
equation and compute the corresponding refractive index.
According to the result of Sec. 2, the proposed solutions of
the Laplace equation lead immediately to solutions of the
eikonal equation and of the Helmholtz equation, for that re-
fractive index.

3.1. Constant refractive index

A somewhat trivial solution of the Laplace equation is given
by any linear function of the Cartesian coordinates

S = a1x + a2y + a3z, (6)

wherea1, a2, a3 are arbitrary real constants. Substituting this
expression into Eq. (4) one obtains the constant refractive in-
dex equal to the norm of the vector(a1, a2, a3),

n = |(a1, a2, a3)|.

Thus, taking into account that the refractive index depends
on the norm of the vector(a1, a2, a3) only, we parameterize
the vector(a1, a2, a3) with the aid of spherical coordinates,
so thatS can be expressed in the form

S = n0(x sin θ cosφ + y sin θ sin φ + z cos θ). (7)

In this manner,S is a complete solution (because it contains
two arbitrary parameters,θ and φ) of the eikonal equation
corresponding to the constant refractive indexn0.

Given a complete solution of the eikonal equation, for
some specific refractive index, we can find all the possible
light rays in a medium with that refractive index, following
the same procedure as in the case of a complete solution of
the Hamilton–Jacobi equation: IfS(x, y, z, P1, P2) is a solu-
tion of the eikonal equation containing two independent pa-
rameters,P1, P2, then defining

Qi ≡ ∂S

∂Pi
(8)

(i = 1, 2), Eqs. (8) determine the light rays in terms of the
four parametersP1, P2, Q1, Q2.

In the case of the eikonal function (6), identifyingP1, P2

with θ, φ, Eqs. (8) give two linear equations for the coordi-
natesx, y, z, each representing a plane and, therefore, their
intersection is some straight line, as expected in the case of a

medium with constant refractive index. The level surfaces of
S (the wavefronts) are planes and the corresponding solutions
of the Helmholtz equation,ψ = exp(ik0S), are plane waves.
As is well known, any solution of the Helmholtz equation
with constant refractive index can be expressed as a superpo-
sition of plane waves with constant coefficients.

3.2. A refractive index with cylindrical symmetry

A second example is given by the function

S = 1
2a[(x2 − y2) cos θ + 2xy sin θ] + bz, (9)

wherea, b, andθ are constants. One can readily verify that
this function satisfies the Laplace equation for all values of
a, b, andθ, and that [see Eq. (4)]

n =
√

a2(x2 + y2) + b2. (10)

Thus, the refractive index depends only onx2+y2, and it con-
tains the constantsa andb. This means thatS contains one
free parameter only (the angleθ) and, therefore, by contrast
with (6), is not a complete solution of the eikonal equation.
Nevertheless, finding the orthogonal trajectories of the level
surfaces ofS one obtains an infinite number of possible light
rays in a medium with refractive index (10).

3.3. A refractive index with spherical symmetry

The function
S =

a√
x2 + y2 + z2

, (11)

wherea is a constant, is a solution of the Laplace equation,
except at the origin. According to Eq. (4), the corresponding
refractive index is given by

n =
a

x2 + y2 + z2
. (12)

Since the constanta appears in the refractive index, the
eikonal function (11) does not contain free parameters and,
therefore, it does not give us directly all the possible light
rays in a medium with the refractive index (12). The wave-
fronts corresponding to (11) are spheres centered at the ori-
gin, and the orthogonal trajectories of these wavefronts are
radial straight lines, which are some of the possible light rays
in such a medium. The spherical symmetry of the refrac-
tive index (12) implies that each light ray must lie in a plane
passing through the origin (in a similar way as in classical
mechanics the orbits of a particle in a central field of force lie
in planes passing through the center of force).

4. Concluding remarks

It is interesting that in the relationship between exact solu-
tions of the Schr̈odinger equation and the Hamilton–Jacobi
equation, studied in Ref. 1, and in the relationship between
exact solutions of the Helmholtz equation and the eikonal
equation considered here, the Laplace equation appears, but
in both cases it is not clear the physical or geometrical mean-
ing of this condition.
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