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A mean field model for Brownian and turbulent coagulation of polydispersed aerosols is proposed. This model is based on a discrete bal
equation that gives the rate of change for the number density of particles with diameters within a given range in terms of the rates of forma
and loss of particles in all other diameter ranges. A monomer structure for the particles is not considered in this model, differing in this se
from the Smoluchowsky theory. Instead, it uses a probabilistic estimate of formation or loss of particles which depends on the diame
ranges of the colliding particles. To test this model, five aerosol coagulation experiments, carried ouhaKjft], Rooker and Davies [2],

and Okuyamaet al. [3] were used to try to reproduce the results. The computer simulation results were found in good agreement with t
experimental data.
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En este trabajo se propone un modelo de campo medio para describir el proceso de la évalgrdaciiana turbulenta de los aerosoles
polidispersos. Este modelo considera una ecuade balance discreta que proporciona la rapidez de cambio de la densidadete de
parfculas con cametros en un intervalo de tafies del aerosol. A diferencia de la teode Smoluchowski, en este modelo no se considera
la estructura monoarica de las paitulas y se realiza una estimaoiprobabilstica de formadin y pérdida de paftulas dependiente de
los intervalos de dimetros de las pdculas incidentes. Para evaluar el desefiopgeéste modelo se realizaron simulaciones tratando de
reproducir los resultados de tres series de experimentos de coaguleglizados por Kinet al. [1], Rooker y Davies [2], y Okuyamat

al. [3]. Los resultados obtenidos coinciden satisfactoriamente con los datos experimentales.

Descriptores: Aerosoles polidispersos; coagulacibrowniana; coagulain turbulenta; modelagh matenatica.
PACS: 82.70.Rr; 92.20.Bk; 92.20.Mt.

1. Introduction The first theoretical description of the coagulation phe-
nomenon was proposed by Smoluchowsky in 1917 [4,5]. He
Coagulation is an important process of growing and the sizeonsidered the problem of finding the time evolution of the
distribution of fine particles (with diameters ranging from particle size distribution of spherical particles in aerosols, all
0.01 to 1.00um) in aerosols. Air pollution models, which of them with the same diameter, initially. Within the Smolu-
take into account the transport and dispersion phenomena ehowsky's theoretical framework, at any time, each aerosol
atmospheric aerosols, must include the coagulation procegsrticle could be formed by an integer number of base parti-
for the proper assessment of their impacts on air quality. Alse@les (or monomers), which would be the smallest, simple and
in engineering areas where the processes depend on the pstable particles in the aerosol, and the density of the num-
ticle size distribution€.g. painting, residual water treatment, ber of particles withc monomersyn,,, as a function of time,
etc.) the aerosol coagulation is a relevant phenomenon. Aswaould be the solution of the following balance equation:
result of the fossil fuel combustion in industry, a wide vari- -
ety of fine and large particles are produced and emitted to the dnp 1
atmosphere together with the residual gases of combustion. a2 D Kignin; - ;Kiknink @)
The initial size distribution of these aerosol particles changes =
during the first minutes after emission due to a growing prowherekK;; is a coagulation kernel describing the mechanism
cess such as that of coagulation [4,5]. In general, the maithe mechanism which allows particles to collide each other
mechanisms that allow the coagulation of the atmospherif4]. The first term at the right hand side of Eq. (1) is the pro-
aerosol are the brownian motion and turbulence [6,7,8,9]. Alduction of the particles witk monomers due to collisions of
though both mechanisms act simultaneously, while the moveparticles withi andj monomers such that+ j = k , and the
ment of the big particles is controled by the mean wind andsecond term is the consumption of particles witmonomers
atmospheric turbulence, the movement of fine particles is redue to collisions with other aerosol particles. The main as-
lated mainly to the brownian motion. Under atmosphericsumptions behind the Smoluchowsky theory are as follows:
conditions with high turbulence intensity, turbulent coagula-only binary collisions are considered, the collisions conserve
tion will dominate the coagulation process of both large andhe mass and volume, and the aerosol particles coagulate eact
fine particles [6,7]. time they collide.

i+j=k
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The Smoluchowsky’s theory is the basis for numeroushe production (or consumption) of the aerosol particles in a
applications both theoretical and experimental [4,5,10,11]given(3; can be considered as a function of three factors: the
however, its application is restricted to monodispersedrobability f when one collision takes place in the system,
aerosols. It has been observed that Smoluchowsky’s theomyhich is determined by the particular mechanism promoting
fails in predicting the size distribution of the aerosol parti- collisions (brownian motion, turbulence, or some others); the
cles when they are polydispersed, that is, when the aerosprobabilityp;; when such a collision involves particles of two
particles are not considered to be made of monomers. Iparticular intervald3; and(3;; and the probabilit;ij when
practice, it is not always possible (or easy) identify aerosol’'ssuch a collision produce a particle in a given intef$al The
monomers [10], so this forces one to describe the aerosol si@st two factors may be expressed by just one probabfljty

distribution in terms of size ranges (or bins). given by

In this work, we propose a mean field model for the co-
agulation process (brownian and turbulent) of polydispersed p _ K(ri, Dy i, D; ) { nin; Zf i.= j. )
aerosols. As in the Smoluchowsky’s theory, we assumed that ~ v nn 2ningifi#j

the aerosol is constituted of spherical particles which coagu- h h bl dn. d he densiti f th
late each time they collide. Also, only binary collisions are"/"€'¢ the variables; andn; denote the densities of the

considered, and mass and volume are assumed to be cd?H'f“bef of aerosol parFicIes B and B, rgspectively, and_
served by collisions. However, the size distribution of the/t IS @ proper coagulation kernel determined by the particu-

aerosol particles will be described, not in terms of the den!ar mechanisms which produce the collisions. The keffiel

sity of the number of the particles made by a given numbePf course, will be a function o_f_ the properties of the C.O"id'
of monomers, but in terms of the density of the number ofN9 pf_m'des' _Su_Ch as the radjj andr;, and the browma_n
aerosol particles whose diameters range within a given dianfi!ffusion coefficientsD; and D;, and some other properties
eter interval. Furthermore, the production (and consumption&ssoc"”‘te‘j with the motion regime of the gas where the parti-
of aerosol particles let us thought that they are also regulate es are suspended, such as the turbulenc_:e parameters.

by the probability that one collision produces a new parti-  NOW: the rate of change in the density of the number
cle where diameter ranges within some given diameter inter®f @€rosol particles with diameters ranging3ncan be ex-

val. This mean field coagulation model (hereafter referred aBressed by the following balance equation:

MFC model) has been tested under both brownian and turbu- M M

lent conditions in some experiments alrea(_jy reported in lit- dny, _ 1 Z Py fj _ Z Py(1— Q). A3)
erature, such as those of Rooker and Davies [2] and &im dt 2 ) ]

al. [1] for brownian coagulation, and those of Okuyaeta

al. [3] for turbulent brownian coagulation. The simulation where the first term in the right hand side represents the cre-
results were found in a very good agreement with the experiation of particles inl3;, due to collisions of particles d®;
mental ones. andB;, and the second term represents the consumption of
these particles by their collisions with particles belonging to
other subintervals. In this balance equation, we did not in-
clude terms to represent the effects of a loss of particles by

Our system a polydisperse aerosol constituted by sphericafechanisms such as wallkadherer)ce or others. .
particles whose diameters range within a diameter interval The probability facto);; takes into account the polydis-
B. The whole diameter spectruf is divided into a given ~Perse nature of the aerosol, which is related to the volume
number) of subintervals (not necessarily all with the sameconservation in the collisions. Although, it may be possible
length), which we will denote b@;, i = 1,2, .. .M. The set to determine this probability experimentally [12], however,

2. The mean field coagulation model

of partial spectr®; is assumed to be a partition & i.e. for the purposes of this work we estimated it numerically as
follows: for each triplet®;, 3;, %), we considered particle
B = Aﬁ Bi, BinBi=¢ i#j radii, ; andr;, running with very small steps along the in-
i=1

tervalsl3; andf3;, respectively, and the respective particle vol-
The concentration of aerosol particles will be described bymes,V; andV;, were calculated in each case. Furthermore,
the variablesq, (k = 1, 2, ...M), which denote the den- since volume is assumed to be conserved by coagulation, the
sity of the number of aerosol particles with diameters ranging/olume of the new particle i¥ = V; + V;. Then, each
in B,. Coagulation of the aerosol particles is assumed to bé&me V' was consistent with the radius of a particlef3p a
driven only by binary collisions which preserve mass and vol-counterg}; was increased by 1. Finally, the probabili®;
ume. When a collision takes place in the system, involvingvas estimated by dividing the coum;ég by the total number
one particle of3; and another of3;, the colliding particles  of cases.
will coagulate to produce a new particle which may belong  In the computer implementation of the MFC model, the
to 3; or 3;, or some other intervd}, depending on the vol- probability factoerfj was introduced by means of a lookup
ume of the particle created, which must be equal to the surtable. In Fig. 1, an schematic illustration of the vaIueQ(;Jf
of the volumes of the colliding particles. This means thatfor different inputs is presented.
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Here, however, we interpreted the particle ragliandr;
as their respective mean-valuegjrandf3;, and the diffusion
coefficientsD; and D; as those ones which are consistent
with such mean radii Eq. (5):

@O0

O
O -
D, =2 (5)
3 O 37 pdp;
@ Podan O where
2 GE
S 2\ —1].de
T C.=1 1257404 _— 6
: f i:@ +dpi[ " eXp< 2X )] ©
\\L:::J' . . . . .
PaiEmn is the Cunningham slip correction factor, amds the Boltz-
? 9 i@ mann constanf is the absolute temperatugeijs the air vis-
- o cosity,dp; is the mean diameter of particles in tReinterval,
and )\ is the mean free path of air molecules.
! 1 ’ ¢ 4 ° : For brownian coagulation under turbulent conditions, the
Bi coagulation kernel is considered, in general, as a superposi-
@ m O s D o tion of the brownian kernell z, and some other kerné&{ 1
© @ © e which represents the effect of turbulence on the coagulation
FIGURE 1. Schematic illustration of the values QF;. process.
. ae . _
Inclusion of the probabilityQ;; to consider the poly- Kpr =Kp+ Kr ©)

dispersed nature of the aerosol explicitly makes one of the

main differences of the MFC model with other coagulation In literature, one can find several expressions for
models [4,5,11,13]. In general, in fact, only few coagula-Kr [19,20,21]. In this work we have used the turbulent ker-
tion models include this aerosol characteristic in its expresnel derived by Kruis and Kuster [21]:

sions. For example, in the model developed by Jacobson in 12

1994 [14,15,16,17], he proposed a numencgl seml—l_mpllcn Kp=e, (87T> (ri + rj)2 (wg " w?)m ®)
scheme to solve the monomer Smoluchowsky’s equation, and 3

introduced a volume fractiorf;;, to distribute the volume . . . . .
e\gvhere e. iIs an empirical coefficient (with values ranging

of the particle formed by coagulation between adjacent siz 1 to 3.5) th i troduced aul h lisi
bins (k and k+1) when the coagulated particle results with e(rf?_m_ o .h) 1 z(ijt__we m(;[ro uce tt)o modulate the co (IjSIOﬂ
volume between the volumes of the particles in these pingnciency, the radii; andr;, as above, are Interpreted as

This fraction indicates what part of the volume of the newNe mean radii ir8; andB;, andw, andw,. are the relative
particle will be assigned to bih and what part will be as- particle velocities related to inertial and shear turbulent ef-

signed to bink + 1. fects. The expressions defining these last two parameters are

Although the factorsf;;, and Qf’j play similar roles in described in Table I.
the respective models, in the sense that both of them have
introduced to take into account the aerosol's polydispersed. Results
nature, there are important differences between them. In the
Jacobson’s modef;;;represents a volume splitting-criterion In order to test the MFC model, we carried out computer sim-
which distributes the volume of the coagulated particle beulations for three series of coagulation experiments we found
tween adjacent size-bins, but in the MFC mod@ﬁj is just inliterature. The coagulation experiments of two of these se-
the probability of creating a particle in the bip as aresult of  ries were performed for brownian coagulation under no tur-
the collision of particles of the bing; and3;. Furthermore, bulent conditions (experiments of Kiet al. [1], and Rooker
while in the MFC model the size of the bins is arbitrary, in & Davies [2]). The experiments in the other one were per-
the Jacobson’s model, the size of one bin is proportional tdormed under conditions of low and medium turbulence in-
the preceding bin, with a constant volume ratio. tensity (experiments of Okuyanea al. [3]).

Application of Eqg. (3) to study the coagulation process
requires the knowledge of the coagulation kerfglwhich . .
describes the mechanism by which the aerosol particles ar%' Brownian coagulation

driven to collide. For brownian coagulation of particles SUSC 01 the case of pure brownian coagulation we used the ex-

pended in_a gas under otherwise equilibrium condi_tions, W%erimental data obtained by Kiet al. [1] (where a NaCl

have considered the well known kernel [4, 10, 18] given by aerosol was considered) and from Rooker & Davies [2] (with
Kp =4n(r; +r;)(D; + Dj). (4) aCaCQ aerosol). A general description of the experimental
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TABLE |. Turbulent Coagulation Kernel by Kruis and Kusters (1997)

B(vi,v5) = (%”)1/2 (ri +75) (w3 +w?)'/?

2 2,2
wg =3(1 = )55 X ©@+6)

(0;+0;)%—40,0;

(F0)(+0))

1 1
X {(1+9i>(1+0j) T (000 (A+965)

0;0;
Cc;Ccj

2
<1+b 0;

145276,
1+6,

Y(1+65)

(05+0;+20;0,)+b(07+63 —20;0;)+b>(670;+0,07+26,;0;)

(0:+0;)(14+6;)(1+6,)

b%(v2070,+~%0,07+270,0,)

¥(0;4605)(1+~0;) (1+70;)

radii of the particles as calculated from their volumess (3v;/4m)*/?

relative particle velocity due to inertial turbulent effects

relative particle velocity due to shear turbulent effects

Ce,i(2pp+pys)r

e

w? = 0.238bv? (—; L + = o + 2%
0:=7- 0;= ;—JL
T, = 0.4v7
v 4 [11b%0; 1+b270i) i 4
v? T oy—1 0\ 146, v(1+6;) v T oy-1
Vivi
vio  (0340;4270,0;)+bv(07 403 —20,0,)
v0;+05)(1+76;)(1+~0;)
Where:
B(vi,v;) original Kruis and Kuster turbulent kernel
Ti, Ty
pf fluid density
Pp particle density
Wa
We
€ kinetic energy dissipation rate per mass unit
v kinematic viscosity of fluid
I dynamic viscosity of fluid
vy rms fluid velocity
Vi, U5 rms particles velocities
5 spectrum constant ranging from 10 to 100
b added mass coefficient
0; dimensionless particle relaxation time
T Lagrangian time scale
Tiy Tj relaxation times of particles =
Cei Cunningham slip correction factor

conditions is presented in Table Il. In both cases, the experi-

In this equation, the first term in the right hand side repre-

mental procedure was oriented to evaluate the density of theents the lost of particles by coagulation, and the second one

total number of aerosol particlesas a function of time, and

represents the lost of particles by adherence in walls in the

also for calculating the coefficients of coagulation and wallexperimental setup. Her& and L denote, respectively, the
adherence from the experimental data by using the followingoefficients of coagulation and wall adherence which were

equation:
dN

— = —-KN?+LN

dt

9)

determined experimentally.
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TABLE Il. General characteristics of the coagulation experiments carried out bykain(2003) and Rooker & Davies (1979).

Kim et al. (2003)

Experimental conditions: Mean geometric diametern)  No (#/cnt) L Experiment duration (s)
e NaCl Aerosol (initially monodispersed)

e Constant temperature and pressure 0.050 1,230,000 x9@1* 3226

e Diameters: 0.050 and 0.115n 0.115 1,150,000 2.0 107° 1800

e Duration: 1800 — 3226 s

Rooker and Davies (1979)

Experimental conditions: Experiment ID No (#/crh) L Experiment duration (s)
e CaCQ Aerosol
e Constant temperature and pressure C50 12,060 48971 1800
e Diameter range: 0.005 - 0.030n C63 15,150 1.5% 10°* 1800
e Duration: 1800 s C90 254,440 1.8910°* 1800
TABLE IIl. Diameter intervals Rused in the MFC model in the computer simulations of the coagulation experiments by Kim et al. anc
Rooker & Davies.
Experiments of Kim et al. Experiments of Rooker & Davies
Exp. 0.050pm Exp. 0.115um
Interval Diameter Rangeun) Interval Diameter Range:(n) Interval Diameter Range:(n)
1 0.010 to 0.090 1 0.025 to 0.050 1 0.005 to 0.010
2 0.090 to 0.180 2 0.050 to 0.060 2 0.010 to 0.015
3 0.180 to 0.360 3 0.060 to 0.080 3 0.015 to 0.020
4 0.080 to 0.100 4 0.020 to 0.025
5 0.100to0 0.130 5 0.025 to 0.030
6 0.130to 0.260 6 0.030t0 0.100
7 0.260 to 0.520
8 0.520 to 0.800
9 0.800 to 1.600

10 1.600 to 4.000

In the computer simulations that we carried out with theures we can observe that the MFC model was able to repro-
MFC model, the diameter range was divided in three and teduce well the experimental data satisfactorily.
subintervals in the case of the experiments of Kim et al. [1],
and in six diameter subintervals in the case of the experiments
of Rooker & Davies [2], such as described in Table 1ll. The5.  Turbulent brownian coagulation
density of the number of particles in each subinterval was nu-
merically evaluated during 1800 and 3226 s in the first casdn order to test the MFC model under turbulent conditions,
and during 1800 s in the second one, with time steps of 1¥/ealso tried to reproduce the experimental data obtained by
in all cases. For comparison purposes, the density of the td@kuyamaet al. [3]. The coagulation experiments in this case
tal number of particles was calculated, each time-step, fronere carried out using an aerosol of tobacco smog particles.
the densities in the subintervals considered, and it was cotn these experiments, the aerosol was stirred with different
rected to take into account the wall adherence effect by usingPeeds during 300 to 500 s (see Table 1V), measuring the
the wall adherence coefficiert, provided by the authors of density of the number of tobacco particles at several times.
each experiment (see Table I1). Initial densities of the number of particles ranging from 1.30
In Figs. 2 and 3 we presented the coagulation data ob0 2.00x 107 were used. For the computer simulations, we
tained by Kimet al. [1] and by Rooker & Davies [2]. For considered the experiments performed by Okuyatra. [3]
comparison purposes, we have also included the simulatiownder low and medium turbulence intensity conditions (that
results that we obtained with the MFC model. In these fig-IS, with stirring speeds of 600, 1440 and 1800 rpm).
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TABLE IV. General conditions of the turbulent coagulation experiments carried out by Okwetaah§1977)

Experimental conditions:

- Aerosol: tobacco smog

- Constant temperature and pressure

- Stirring speeds: 600, 1440 and 1800 rpm
- Experiment duration: 300 — 500 s

Stirring speed (rpm) N@#/en?) o Mean geometric diametep) Kinetic energy dissipation rate), (cn/s*)
600 2.00< 107 1.34 0.94 30,000
1440 1.30x107 1.34 0.94 824,043
1800 2.00x 107 1.31 0.84 810,000
1 ¢ 0.050 ym EXPERIMENT C50
1T 8 e
0.8 —
O
£ 08
= .
& _
=
= 07 =
0.6 : | T |
0 400 800 1200 1600 2000
TIME (s)
EXPERIMENT C63 i
a 1000 2000 3000 1 & Experimental data
TIME (s) — MFC model -
¢ Experimental data 0.9 Brownian Kernel
— MFC model - ]
1 —q 0.115 pm Brownian Kernel % 4.8 o
0.8
T T T T | |
0 400 800 1200 1600 2000
2 - TIME {s)
=z
EXPERIMENT C90
0.4
2
0.2 T I T ‘ 1 2
0 400 800 1200 1600
TIME (s)

0 400 800 1200 1600 2000
TIME {s)

FIGURE 2. Brownian Coagulation. Comparison of the MFC model FIGURE 3. Brownian Coagulation. Comparison of the MFC model
results (solid lines) for the density of the total number of aerosol results (solid lines) for the density of the total number of aerosol
particles as function of time against coagulation experimental dataparticles as function of time against coagulation experimental data
(circles) obtained by Kimet al. (2003) working with a NaCl  (circles) obtained by Rooker & Davies (1979) using a CgCO
aerosol. aerosol.
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In the simulations with the MFC model, it was
considered a range of particle diameters from 0.08 to
5.50 um, which includes more than 90% of the par-
ticles which were present in each experiment.  This
range was divided in the following nine subinter-
vals: 0.08-0.10, 0.10-0.20, 0.20-0.32, 0.32-0.64,
0.64-1.24, 1.24-2.00, 2.00-2.50, 2.50-4.00, and
4.00 - 5.5Qum. The densities of the number of particles
for each interval were numerically calculated in the simula-
tions for times of 300 and 500 s, using a time step of 1 s.
With these densities, it was calculated the density of the total
number of particles also as function of time.

In Fig. 4 we presented the experimental data (circles)
and the results obtained with the MFC model (solid lines)
for the different stirring-speeds we considered. For the co-
agulation experiment carried out at low turbulence intensity
(600 rpm) we used a collision efficieney = 1, and for the
experiments performed at medium turbulence intensity (1440
and 1800 rpm) we used. = 3.5. It can be observed in these
figures that the MFC model also was able again to repro-
duce satisfactorily well the coagulation experimental-data of
Okuyamaet al. (1977).

6. Conclusions

In this paper, we presented a simple mean field coagulation
model for polydispersed aerosols, as well as the results found
using such a model to reproduce numerically data obtained
by Kim et al. (2003) and Rooker & Davies (1979) in ex-
periments of pure brownian coagulation, and by Okuyama
et al. (1977) in experiments of turbulent brownian coagu-
lation. No matter the simplicity and the mean field nature
of the model, the simulations carried out showed a very satis-
factory agreement between its estimates and the experimental
data for the density of the total number of aerosol particles.

FIGURE 4. Turbulent Coagulation. Comparison of the estimates [t would have also be interesting to have compared the sim-
obtained with the MFC model against the turbulent coagulation ex-ulation results obtained for the number of densities at each

perimental data obtained by Okuyamizal. (1977) working with a
tobacco smog aerosol stirred at 600, 1440 and 1800 rpm.

subinterval of particle diameters, however, no experimental
results were found in literature about this item.
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